ON A WEAK VARIANT OF THE GEOMETRIC TORSION CONJECTURE

ANNA CADORET AND AKIO TAMAGAWA

ABSTRACT. A consequence of the geometric torsion conjecture for abelian varieties over function fields
is the following. Let k be an algebraically closed field of characteristic 0. For any integers d, g > 0 there
exists an integer N := N(k,d, g) > 1 such that for any function field L/k with transcendence degree 1
and genus < g and any d-dimensional abelian variety A — L containing no nontrivial k-isotrivial abelian
subvariety, A(L)tors C A[N]. In this paper, we deal with a weak variant of this statement, where A — L
runs only over abelian varieties obtained from a fixed (d-dimensional) abelian variety by base change.
More precisely, let K/k be a function field with transcendence degree 1 and A — K an abelian variety
containing no nontrivial k-isotrivial abelian subvariety. Then we show that if K has genus > 1 or if
A — K has semistable reduction over all but possibly one place, then, for any integer g > 0, there exists
an integer N := N (A, g) > 1 such that for any finite extension L/K with genus < g, A(L)tors C A[N].
Previous works of the authors show that this holds — without any restriction on K — for the ¢-primary
torsion (with £ a fixed prime). So, it is enough to prove that there exists an integer N := N(A4,g) > 1
such that for any finite extension L/K with genus < g, the prime divisors of |A(L)¢ors| are all < N.
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1. INTRODUCTION

The torsion conjecture for abelian varieties over finitely generated fields of characteristic
0 asserts that for any finitely generated field F of characteristic 0 and integer d > 1 there
exists an integer N := N(F,d) > 1 such that for any d-dimensional abelian variety A — F,
A(F)tors C A[N]. One can state a geometric variant of this conjecture over function fields.

Conjecture 1.1. Let k be an algebraically closed field of characteristic 0. Then, for any function
field L/k and any integer d > 0, there exists an integer N := N(L/k,d) > 1 such that for any
d-dimensional abelian variety A — L containing no nontrivial k-isotrivial abelian subvariety,
A(L)tors C A[N].

Classical arguments (hyperplane section, Weil restriction) show! that conjecture 1.1 (for all d)
is equivalent to conjecture 1.1 for L = k(IF’,i) (and for all d), and that conjecture 1.1 implies the
following uniform version: For any integers d, g > 0 there exists an integer N := N(k,d,g) > 1
such that for any function field L/k with transcendence degree 1 and genus < g and any d-
dimensional abelian variety A — L containing no nontrivial k-isotrivial abelian subvariety,

IMore precisely, assume conjecture 1.1 for L = k(P}) (and for all d). If L = k(C) with C' — k a smooth,
proper, connected curve, let C' — P be a non-constant morphism of degree, say, y. Then the Weil restriction
Resyc) Jk(BL y(4) — E(P;) is a yd-dimensional abelian variety containing no nontrivial k-isotrivial abelian sub-
variety and Resk(@/k(Pi)(A)(k(IP,lc)) ~ A(Kk(C)). Now, since a curve of genus < g has gonality < 2t2, one gets
the desired uniform version of conjecture 1.1, by setting N (k,d, g) := N(k(P}), [££2] d). If L = k(S) with S — k
a smooth, projective, connected scheme, fix a closed embedding S — Pj,. Then any curve obtained by cutting
S with (dim(S) — 1) hyperplanes has same (arithmetic) genus, say, g. Given a d-dimensional abelian variety
A — k(S) with zero section € and a k(S)-rational torsion point P of order, say, N, there exists a non-empty open
subscheme U C S such that the smooth, projective morphism A — k(S) and the sections ¢, P : Spec(k(S)) — A
extend to a smooth, projective morphism A — U and sections €, P : U — A, respectively. By Grothendieck’s
rigidity theorem [MF82, Th. 6.14, Chap 6 §3], A — U is an abelian scheme with zero section . Now, by
considering suitable hyperplane sections, one gets a curve C' of genus < g on S, such that C N U # () and that
Apcy = Axuk(C) — k(C) contains no nontrivial k-isotrivial abelian subvariety. Since Aycy has a k(C)-rational
torsion point Py(cy := P xu k(C) of order N, N(L/k,d) := N(k,d, g) has the desired property.
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A(L)tors C A[N]. In this note, we deal with a weak variant of this statement, where A — L
runs only over abelian varieties obtained from a fixed (d-dimensional) abelian variety by base
change.

More precisely, let k£ be an algebraically closed field of characteristic 0 and let X be a smooth,
separated and connected curve over k with generic point n. Let X denote the smooth compact-
ification of X, and gx the genus of X. Write m; (X) for the etale fundamental group of X. Let
A — X be an abelian scheme such that A, contains no nontrivial k-isotrivial abelian subvariety.
For any prime ¢, let p4 4 : m1(X) — GL(A,[¢]) denote the canonical representation of m1(X) on
the group of (generic) ¢-torsion points and let X[¢] — X be the finite etale cover corresponding
to the inclusion of open subgroups ker(pa ) C m1(X). For any v € A,[f], write X, — X for the
finite etale cover corresponding to the inclusion of open subgroups Stab, (x)(v) C 71(X). Set:

g(n) = min{gx, vea,n]*-

(Here, given an integer n > 0, we will write A,[n]* for the set of torsion points of order exactly
n). We consider the following:

Conjecture 1.2. lim g(n) = +oc.

n—oo

4

Previous works of the authors show that the “vertical” part of conjecture 1.2 holds, that is,
for any prime ¢, lim g({") = +oo [CT08, Th. 1.1]. So, here, we focus on the “horizontal” part
n—oo

of conjecture 1.2. Namely, we show:

Theorem 1.3. Assume either that gx > 1 or that A — X has semistable reduction over all
except possibly one point of X ~ X. Then:
lim  g(¢) = 4o0.
£l—00; £: prime
So, the only problem to complete the proof of conjecture 1.2 is to remove, in theorem 1.3, the
semistability assumption when gx = 0.

There is also an arithmetic motivation for this work, namely, the torsion conjecture for fibers
of abelian schemes. More precisely, let F' be a finitely generated field of characteristic 0, X a
smooth, separated and geometrically connected curve over F, and A — X an abelian scheme.
Then this amounts to showing (cf. [CT08, Lemma 4.4]) that X,(F) =0, v € A,)[N]*, N > 0
(depending on A). For example, when applied to the “universal” elliptic scheme & — X :=
P!\ {0,1728, 00} defined by:

9 3 36 1
Eivy Fay = = e T T s
this assertion is closely related to the celebrated theorem of Mazur, Kamienny, Merel and others
establishing the torsion conjecture for elliptic curves.

Recall that, from Mordell’s conjecture [FW92|, X, (F) is finite if gx, > 2. In the “vertical”
situation of [CTO08, Th. 1.1], one can use this combined with a projective system argument to
show that X, (F) =0, v € A,[¢"]*, n > 0 [CT08, Cor. 1.2]. Unfortunately, such an argument is
not available in the “horizontal” situation. However, combining [CT08, Cor. 1.2] and Mordell’s
conjecture applied to theorem 1.3, one can state the following arithmetic result:

Corollary 1.4. Let F be a finitely generated field of characteristic 0, X a smooth, separated
and geometrically connected curve over F and A — X an abelian scheme. Assume either that X
has genus > 1 or that A — X has semistable reduction over all except possibly one (geometric)
point of X ~ X. Then, for each prime { there exists an integer n(f) > 1 such that:

(i) n(€) =1 for £>>0;

(i) the set of x € X(F) such that £"|| Ay (F)iors| is finite for any £ > 0.
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The present paper is organized as follows. In section 2, we perform two reductions. In
subsection 2.1, we show that theorem 1.3 for gx > 2 follows from the geometric Lang-Néron
theorem and, in subsection 2.2, we invoke a semisimplicity argument to show that, when gx = 1,
it is enough to prove that g(¢) > 2 for £ > 0. Section 3 is devoted to the proof of theorem 1.3. In
subsection 3.1 we complete the proof of theorem 1.3 when gx = 1. The heart of this subsection
is corollary 3.6, which asserts that for any integer B > 1 and ¢ > 0 (depending on B) the
image of 71(X) acting on a nonzero 71 (X )-submodule of A, [¢] contains no abelian subgroups of
index < Bj; the proof of this statement involves several arguments of arithmetic, geometric and
group-theoretic nature. In subsection 3.2, we carry out the proof of theorem 1.3 when gx = 0.
The argument here, based on the Riemann-Hurwitz formula and the specific structure of m (X)
when gx = 0, is rather of combinatorial nature. Eventually, subsection 3.3 is devoted to the
proof of corollary 1.4.

2. REDUCTION STEPS

In the rest of this paper, we follow the notations of section 1, unless otherwise stated. In par-
ticular, k£ denotes an algebraically closed field of characteristic 0, X denotes a smooth, separated
and connected curve over k with generic point 1, and A — X denotes an abelian scheme such
that A, contains no nontrivial k-isotrivial abelian subvariety. Let K = k(7)) denote the function
field of X.

For each prime /, let G, denote the image of pa ¢ : m1(X) — GL(A,[¢]). More generally, given
a 71 (X)-submodule M C A,[¢], we will write pa s : m1(X) — GL(M) for the corresponding
representation and denote by Gj; and Ky its image and kernel respectively. We will consider,
in particular, 7 (X)-submodules of the form M (v) := F¢[Gov] C Ay[f], v € Ay[l].

2.1. Proof of theorem 1.3 — gx > 2. From the following geometric variant of the Lang-Néron
theorem [LN59]:

Theorem 2.1. The abelian group A, (K) is finitely generated. In particular, its torsion subgroup
Ay (K)tors is finite.

one can deduce:

Lemma 2.2. (1) A,[0% =0for £> 0.
(2) Elim min{|Gvl},eq, g« = +oo. In particular, glim min{|Gum|}ornrca, g = +0o0.
—00 =00

Proof. (1) is straightforward, as A,[¢]% = A,(K)[f]. As for the first assertion of (2), suppose
that for some integer B > 1 and infinitely many primes ¢, there exists v € A,[¢]* such that
|Gev| < B. From Riemann’s existence theorem, there are only finitely many possibilities for
finite etale covers of X with degree < B. So, up to replacing X by a finite etale cover, one may
assume that for infinitely many primes ¢ there exists v € A;[¢]* such that |Gyv| = 1, which
contradicts (1). The second assertion of (2) follows from the first, since |G| > |Gyv| holds for
any v € M ~{0}. O

For each P € X ~ X, let I pe C Gy be the inertia group at P (well-defined up to conjugacy).

Lemma 2.3. Let v € A,[f]. For each Q € X, ~ Xy, let e(Q) > 1 be the ramification index at
Q@ in the cover m, : X, — X. Then one has:

20x, =2 =|Gw|29x —2)+ Y. D (e(@Q-1)

PeX~X Qery H(P)

=|Gw|(29x —2)+ Y (IGe| —|Ip\Gewl)
PeX~X
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Proof. This is the Riemann-Hurwitz formula for the (ramified) cover m, : X, — X. For the
second equality, observe that 7, !(P) is identified with Ip,\Gev. O

Now, one obtains:
Corollary 2.4. Conjecture 1.2 holds for gx > 2.

Proof. By lemma 2.3, one has 2gx, — 2 > |Gyv|(2gx — 2), hence gx, > |Gyv|(gx — 1) + 1. Now,
the assertion follows from lemma 2.2 (2). O

So, we will now focus on the cases when X has genus 0 or 1. Also, without loss of generality,
one may and will assume that X . X is exactly the set of places where A — X has bad reduction.

When gx = 1, one can make a further reduction: to prove theorem 1.3 when gx = 1, it is
enough to prove that g(¢) > 2 for £ > 0. We establish this result in the next subsection.

2.2. Semisimplicity.

Lemma 2.5. Let O be a noetherian integral domain and set S := Spec(O). Let F' be the field
of fractions of O and assume that F is perfect. Let R be an (a not necessarily commutative)
O-algebra, and M a left R-module which is finitely generated as an O-module. Assume that
Mp := M ®0 F is semisimple as a left Rp-module, where Rp := R Qo F'. Then there exists a
non-empty open subset U C S, such that, for each p € U, M) := M @0 k(p) is semisimple as
a left Ry -module, where Ry, == R ®0o k(p) and k(p) denotes the residue field at p.

Proof. One may write Mp = @;_;M; p, where M; r is a simple Rp-submodule for each ¢ =
1,...,r. Define M; to be the inverse image of M; r in M, which is an R-submodule of M and is
finitely generated as an O-module, since O is noetherian. It is easy to check that the natural map
M;®o0 F — M; r is an isomorphism. Accordingly, the natural map j : ©;_,; M; — M becomes an
isomorphism after tensored with F over O. Since both the source and the target of j are finitely
generated O-modules, j already becomes an isomorphism after tensored with O[1/f] over O for
some f € O~ {0}. So, up to replacing O by such O[1/f], one may assume that M = @!_; M;.
Thus, by considering each factor M; one by one, one may assume that Mg is a simple Rp-
module. Similarly, up to replacing O by O[1/f] for some f € O ~ {0}, one may assume that M
is a free O-module. In particular, the natural map Endo(M) — Endo(M) ®o F = Endp(MFp)
is injective.

Next, up to replacing R by the image of R in Endp (M ), one may assume that R < Endo(M).
In particular, R is finitely generated as an O-module, and R «— Rp — Endp(M) ®o F =
Endp(Mp). Let Z and Zp denote the centers of R and Rp, respectively. Then Z coincides with
the inverse image of Zr in R, and the natural map Z ®o F — Zp is an isomorphism.

Since My is a faithful, simple Rp-module, Zr is a field and Rp is a central simple algebra
over Zr. Observe that Z is an integral domain and that Zg is identified with the field of frac-
tions of Z. Let R°P? and R}?” denote the opposite algebras of R and Rp, respectively, and
consider the natural O-algebra homomorphism m : R ®7 RP? — Endyz_ modue(R) defined by
m(a @ b)(x) = axb. This map tensored with F' over O is identified with the natural F-algebra
homomorphism Rp @z, R¥’ — Endz, vector space(RF), which is an isomorphism, as Rp is a
central simple algebra over Zp. Since both the source and the target of m are finitely generated
O-modules, the map m already becomes an isomorphism after tensored with O[1/f] over O
for some f € O ~ {0}. So, up to replacing O by such O[1/f], one may assume that m is an
isomorphism.

Since F' is perfect, the finite extension Zp/F is separable. In other words, the finite morphism
7 : Spec(Z) — Spec(O) = S obtained by the natural homomorphism O — Z is generically etale,
hence there exists a non-empty open subset U of S over which 7 is etale. Let p € U. Then
Zypy = Z @0 k(p) is a finite direct product of finite separable extensions of #(p). This fact,

together with the fact that the natural map Ry ®z,,, RZIg;) — Endz,_,, module(Rx(y)), Which
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is identified with m ®o x(p), is an isomorphism, implies that R, is a semisimple algebra. In
particular, M, ;) is a semisimple R, )-module, as desired. []

Proposition 2.6. A,[{] is a semisimple F¢[G¢]-module for £ > 0.

Proof. First, by taking a suitable model of A — X — k, one may reduce the problem to the
case where k is of finite transcendence degree over Q. Second, by considering the base change
of A - X — k with respect to any embedding k& — C, one may reduce the problem to the
case where k = C. Now, consider the complex-analytification A" — X of A — X. The
(singular) homology groups Hi (A", Z), v € X" form a local system on X" or, equivalently,
a m(X)-module M, which is free of rank 2dim(A,) as a Z-module. By definition, Mg, is
identified with A,[¢] as a 7’ (X*")-module. (Here, 7.(X ") acts on A,[¢] via the compari-
son isomorphism 7.7 (X%)" 5 m(X).) In particular, the image of ©”’(X ) in GL(Mg,) is
identified with Gy. Set R := Z[r}’(X®")]. Then, by [D71, Th. (4.2.6)], Mg is a semisimple
Rg-module. Thus, the assertion follows from lemma 2.5. (See also [FW92, Chap. VI].) O

Remark 2.7. As the proof shows, proposition 2.6 remains true when X is a smooth, connected k-scheme of
arbitrary dimension and A — X is an arbitrary abelian scheme (without the non-isotriviality assumption).

Lemma 2.8. Let F be a field. Let G be a finite group and M an F[G]-module of finite dimension
over F'. Letv € M~ {0} and set M (v) := F[Gv] C M. Let L : M(v) — F be a nonzero F-linear
form. Assume that M(v) is a simple F[G]-module. Then:

|G| < |£(G)|Himr M),

Proof. Set r := dimp(M (v)). Consider the first case L(v) # 0 and the second case L(v) = 0
separately. In the first case, one has M(v) = Fuv @ ker(£). In this case, set e; := v and let

€2,...,er be an F-basis of ker(£). In the second case, one has Fv C ker(£) and r > 2. In
this case, set e; := v, take es € M(v) \ ker(£) and take an F-basis of ker(£) in the form of
e1,es,...,e.. Then, in both cases, € := (e1,...,e,) forms an F-basis of M(v). Consider the

dual F-basis ey,... e/ of M(v)" := Homp(M (v),F). Then, by definition, £ = ae) for some
a € F*, where k = 1 (resp. k = 2) in the first (resp. second) case. Given g € G, write Cy;
(resp. Rg,;) for the ith column (resp. row) of the matrix of g written in ¢, i =1,...,r. Then:

&= L(Gv) = {L(gv)}gec = {L(99"0)}g.gec = {aRgxCy 1}ggec
Since M (v) is a simple F[G]-module, M (v)V is a simple F[G]-module as well. In particular,
the g'L = L(g—) = aRyy, g € G generate M(v)" as an F-vector space. Hence, one can fix
an F-basis of the form aRy, k,...,aRy, i for M(v)Y. The matrix A whose rows are the aRy, i,
i=1,...,ris in GL,(F) with the property that ACy; € £", g € G. Hence:
Gv ={Cy1}sec C ATLET,
from which the desired inequality follows. [l.

Proposition 2.9. Assume that gx = 1 and that g(¢) > 2 for £ > 0. Then elim g(0) = +o0.
—00

Proof. Let £ be a prime and v € A,[¢]*. From proposition 2.6, A,[¢] is a semisimple Fy[G/]-
module for ¢ > 0, hence M (v) can be written as a direct sum:

M@w)= P M,
1<i<r
with M; a simple Fy[G¢]-module, i = 1,...,r. For each i = 1,...,r let v; denote the projection
of v onto M;, so that M; = M(v;). Then, since Stab, x)(v) C Stab, (x)(vi), the etale cover
X, — X factors through X, — X,,, hence gx, > 9x,,- Thus, up to replacing v by, say, v1, one
may assume that M (v) is a simple Fy[G/]-module.
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By assumption and lemma 2.3, one has
0<(29(0) —2<) 29x, —2= Y (|G| = Ip\G|) = Y (IGew| = |Tpe\Gevl)
PeX~X bes

for £ > 0, where S := {P € X \ X | Ipy acts nontrivially on Gyv}. In particular, S is non-
empty. Further, since

Ip\Gev| = [(Geo)'re| + flfpe\(Gev N (Gev)Ire)|
[(Gev)'™Pe| + = |G£U N (Gov)'Pe|

IN

1
5|Gevl + *!(Gev)l’”\

one has
2gx, —2 > Z (IGev| — [(Gev)'P]).
PGS
For each P € S, one has M (v)!P¢ C M(v), hence one can choose a nonzero Fy-linear form:

L= Leyp: M(v) > M(v)/M(v)'? - F.
By construction, (Gyv)!»¢ C £71(0) so:
|Gevl = [(Gev)'Pe] = |L(Gev)| - L.
Now, since M (v) is a sirlnple F¢[G¢]-module with F,-dimension < dim(A,[¢]) = 2dim(A4,), one
has |L(Gyv)| > |Gyv|?3mAn) by lemma 2.8. Thus, the assertion follows from lemma 2.2 (2). O

Remark 2.10. The first step of the proof of proposition 2.9 shows that, for £ > 0, there exists v € A,[¢]*
such that gx, = g(¢) and that M (v) is a simple F¢[G¢]-module.

3. PROOF OF THEOREM 1.3
3.1. Proof of theorem 1.3 — gx = 1. The technical core is the following general fact:

Proposition 3.1. There exists an integer B = B(A) > 1, such that for any prime ¢, any
m1(X)-submodule M C A,[¢], and any abelian normal subgroup C C Gy, one has: |C| < B.

Proof. Set d := dim(A,). Consider the following weaker assertion:

Claim 3.2. There exists an integer B' = B'(A) > 1, such that for any prime ¢ and any 71 (X)-
submodule M C Ay[l], one has: |Z(Gu)| < B', where Z(G) stands for the center of a given
group G.

We shall first prove proposition 3.1, assuming claim 3.2. For this, one may ignore finitely many
¢. So, by proposition 2.6, one may assume that A, [¢] is a semisimple 71 (X )-module, hence so is
M c A,[l). Set E :=TF,[C] C Endp,(M). Then E is a commutative algebra of finite dimension,
say, r over Fy. Observe that the action by conjugation of Gy on C' (via group automorphisms)
extends by Fy-linearity to an action on E (via Fy-algebra automorphisms). Further, E is reduced.
Indeed, set J := /0, the radical of E, so that J~ = {0} for some N > 0. The action of G s on
E preserves J. So, the filtration M = JOM > JM D J?M D --- D J¥NM = {0} is G ps-stable.
Since M is semisimple as Gjp/-module, this implies that M ~ @fvzl(Ji_lM/JiM) as Fy[G -
modules, hence, in particular, as E-modules. As J acts trivially on the right-hand side, it also
acts trivially on M. Since E acts faithfully on M by definition, this implies J = {0}, as desired.
Accordingly, F is a finite direct product of finite extensions of F,. As Fy is perfect, E @, Fy is
isomorphic to FZ as Fy-algebra and, in particular:

Autﬂrg_alg (E) C AUth-alg (E T, Fﬁ) ~ S,.



ON A WEAK VARIANT OF THE GEOMETRIC TORSION CONJECTURE 7

Also, since E ®p, Fy ~ ﬁz acts faithfully on M ®p, Fy, one gets
r < dimg, (M) < dimg,(A4,[]) = 2d.

(To see the first inequality, consider the canonical decomposition M ®p, Fy ~ &7_, M; corre-
sponding to the decomposition £ ®p, Fy ~ FZ. Since E ®r, F, acts faithfully on M QF, F,, M;
must be nonzero, or, equivalently, dimE(Mi) > 1, for each i = 1,...,7. Therefore, dimp,(M) =
dimm(M ®F, F,) > r.) Let Hc and N¢ be the image and the kernel of Gy — Autp, q14(E),
respectively. By definition, N¢ coincides with the centralizer of C' in Gjps. Let Yo — X be the
Galois cover corresponding to the quotient m(X)(— Gp) — He. By definition, the image of
71(Ye) in Gy coincides with No. As C' C Z(N¢), one concludes: |C| < |Z(N¢)| < B'(AxxYe)
by claim 3.2. Since [Y¢ : X| = |H¢| < 7! < (2d)! is bounded, there are only finitely many (non-
isomorphic) Galois covers Yo — X by Riemann’s existence theorem. Thus, proposition 3.1
follows.

Next, we shall prove claim 3.2. For this, fix a model A1 — X1 — ki of A — X — k over
a finitely generated field k; (of characteristic 0). Up to enlarging kj, one may assume that
Xi(k1) # 0. Fix 21 € X1(k1), which gives a splitting of the canonical short exact sequence:

1—-m(X) - m(X1) =T — 1

(Here, we identify m(X) = m1((X1),), as the characteristic is 0, and I'p = m1 (Spec(F')) stands
for the absolute Galois group of a given field F'.) In particular, I'y, acts on 71 (X) by conjugation.
For each £ > 0, write pa, o : m1(X1) — GL(A,[¢]) for the corresponding representation (here, we
identify Ay[f] = (A1)n, [¢]). Then, pae = pa, ¢lr (x)- So, writing G ¢ for the image of pa, ¢, one
gets Gy < GLg.

For each 71(X)-submodule M C A,[f], set M*® := A,[(]%m. Then one has M C M*%,
Kppsat = Ky (hence Gypsat = Gpy), and (M$9)%at = M5t Tet us say that M is saturated if
M3 = M. Now, up to replacing M by M?*? if necessary, one may assume that M is saturated
when one proves the assertion of claim 3.2.

Also, by proposition 2.6, there exists an integer N = N(A) > 1, such that for any prime £ > N
Ayl is a semisimple Gy-module. In particular, P := F/[G/] C Endp,(A4,[¢]) is a semisimple
algebra of finite dimension over F,. Let F' be the center of P. Thus, one has a canonical
decomposition P = [[,.; P; and F' = [[,.; Fi, where I is a finite set and P; is a central simple
algebra over F; for each i € I. Since the Brauer group of the finite field F; is trivial, one has
P, ~ M, (F;) for some s; > 1. Further, according to the above decomposition of P, the P-
module A4, [/] is also decomposed canonically: A,[f] = ®;crT; (sometimes called the canonical
isotypical decomposition). More concretely, T; ~ Si@mi = P;A,[{] for each i € I, where m; > 1
and S; is a simple Gy-submodule of A,[¢] on which P acts via the projection P — P; and which
is of dimension s; over F;. (Note that S; % S; if i # j.) In particular, |I| < 2d.

Claim 3.3. There exists an integer B = B1(A) (independent of the choice of the model A1 —
X1 — k1 of A — X — k) satisfying the following property: For any prime £, there ezists a finite
Galois extension ko = ko(€)/k1 with (ke : k1] < Bi, such that any saturated m1(X)-submodule
M C A,[l] is m (X1 Xk, k2)-stable and that the image Go ar of (X1 X, k2) in GL(M) commutes
with Z(Gar).

First, consider a prime ¢ > N. Observe that the action by conjugation of G, on G (via
group automorphisms) extends by Fy-linearity to an action on P (via Fy-algebra automorphisms),
which induces an action on F' (via Fy-algebra automorphisms). One has F' ®p, Fy ~ F; as F-
algebras for some r > 0, and, in particular:

AU-tIF[-alg(F) - AUtE—alg(F QF, ﬁg) ~ §,.
Also, since F @, Fy ~ F, acts faithfully on A,[¢] ®p, Fy, one gets r < dimg,(A,[¢]) = 2d (see

above). Consider the homomorphism p : G1y — Autp,.q4(F) given by the above action. Let
H denote the image of p. As Gy C P and F is the center of P, the homomorphism p factors
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through G1¢ — G1,¢/Gy. Define ks to be the Galois extension corresponding to the quotient
Iy, = m(X1)/m(X) = Gi1p/Gy - H. By definition, [ko : k1] = [H| < r! < (2d)!, and the
image of 71 (X1 Xy, k2) in GL(A,[f]) commutes with F'. Now, let M be a saturated mi(X)-
submodule of A,[f]. Then there exists a subset Ip; C I, such that M = ®cr,,T;. (Indeed, one
has M ~ EBieISZ.@e", where 0 < e; < my, ¢ € I. Now, since M is saturated, e¢; > 1 if and only
if T; C M.) Consider the idempotent ey := (enr;)ier € F = [[;c; Fi, where ep; = 1 (resp.
en,; = 0) for i € Ips (vesp. i € I~ Ips). Then one gets M = epr(A,[¢]), which implies that M
is m1 (X1 X, ka)-stable, as w1 (X1 Xg, k2) commutes with ey € F'. Further, set Py := HieIM b
and Fyy := HieIM F;. Then Fyy is the center of Pys. Since Py = F¢[Gy] in Endg, (M), one has
Z(Gm) = Fu NGy C Fyr. Now, since Go ) commutes with Fyy, it commutes with Z(G ), as
desired.

Second, consider a prime ¢ < N. Let ko be the Galois extension of k; corresponding to the
quotient I'y, — G4 ¢/Gy. By definition, [ky : k1] = [G1 : Go] < |Gie] < |GL(A4,[4))] < M <
N4 and the image of m (X1 Xk, k2) in GL(A,[¢]) coincides with Gy. Thus, any G¢-submodule
M C Al is m (X1 xg, ko)-stable, and the image Go s of m1(X1 Xy, k2) in GL(M) coincides
with Gp. In particular, G s commutes with Z(Gyr). Now, By = max((2d)!, N*¥*) satisfies
the desired property, which completes the proof of claim 3.3.

Claim 3.4. There exists an integer B” = B"(A) satisfying the following property: For any
prime £ and any 71 (X)-submodule M C Ay[f], one has: |Z(Gur)| < B"|Z(Gur)|, where Z(Gar)
denotes the image of Z(Gur) in (Gar)™.

Indeed, to prove claim 3.4, one may ignore finitely many primes ¢ and assume that A,[/] is
semisimple by proposition 2.6. Also, as Gy = Gjysat, one may assume that M is saturated.
Then, as in the proof of claim 3.3, Gy C Pyy and Z(Gy) C Fy;. Consider the determinant
map 07 : Py; — Fyy induced by the determinant maps P (~ GLg, (F};)) — E} for i € Ip;. Note
that ker(dM\Fﬁ) = HieIM s, (F7) has cardinality < HieIM s < (2d)2d, as s; = dimp, (5;) <
dimp, (4,[])) = 2d and |Ip| < |I| < 2d. As Sy (Gar) C Fy; is abelian, it is a quotient of (Gar)?.
Accordingly, d5/(Z(Gyy)) is a quotient of Z(Gpy). Now, one gets:

1Z(Gar)| = [ ker(0a1| 261001 (Z(Gar))| < (2d)*Z(Gaa).

This completes the proof of claim 3.4.

Now, turn to the proof of claim 3.2. Let ky = k2(¢) be as in claim 3.3. Then it follows from the
various definitions that, for each saturated m;(X)-submodule M C A, [¢], one has the following
morphisms of I'y,-modules:

Z(Gun) = Z(Gy) = (Gur)™ « m(X)™,

where T'y, acts trivially on Z(G}y), hence also on Z(Gys). Now, to conclude, one needs one
more specialization step. From now on, write Z = Z(G ) for simplicity.

Consider a model (¥ — Spec(R), x : Spec(R) — X) of (X1 — ki1, z1 : Spec(k1) — X1).
More precisely, R is a finitely generated normal integral Z-algebra with fraction field k; (hence
Spec(R) — Spec(Z) is dominant); X — R is a smooth curve, that is, a proper, smooth, geo-
metrically connected curve over R minus a relatively finite etale divisor, such that X x g ky is
isomorphic to (and will be identified with) X; over ki; and x : Spec(R) — X is an (a unique)
extension of z1 : Spec(k;) — X (under the identification X x g k1 = X7). Fix two primes p # ¢
in the image of Spec(R) — Spec(Z). Choose any closed point s € Spec(R) lying above p, then
one gets a canonical specialization isomorphism for the prime-to-p part of the etale fundamental
groups ([SGA1, Exp. XIII]):

") (X) = (%),
which is compatible with the actions of

Ik, D Ds — Fn(s)v
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where Dy stands for the decomposition group at s. Further, let Rs be the integral closure of R
in ko and let sy be the closed point of Spec(Rz) above s such that Dy, C Ds. Now, one gets
homomorphisms

Z%) < (Ga)™®) 2 () 2P (205),
which are compatible with the actions of I'y, D Ds, — I'y(s,). In particular, the action of D,
on Z%) factors through T'y(,), as 7% s a subquotient of the I',(,,)-module ngl)(/'\,’g)“b.

Note that [[y(s) : Tasp)] < [Ds : Dsy] < [Tk, ¢ Ti,] < By, Since Iy ~ Z is a finitely
generated profinite group, the intersection I' of all open subgroups I C I,y with [['y,) : T'] <
By is again an open subgroup. (The index [FN(S) : T'] is equal to the least common multiple
of 1,..., By, which is independent of ¢.) Write  for the finite extension of k(s) corresponding
to I' C T'y(s), and let ¢ denote the |x|-th power Frobenius element, which is a generator of
I' = T'x. By construction, ¢ acts trivially on the subquotient AL of 7r§p /)(Xg)“b. This implies
that |7(p )| < B(s, By, X) for some constant B(s, By, X) independent of £. More precisely, recall
that the I';(;)-module 7T§p )(Xg)ab can be written canonically as an extension:

1 — T N ,n.gp/)(‘)c'g)ab N H Ta(,]‘)es) — 17
a:prime#p

where Jyp is the jacobian of the smooth compactification X, of X, and T is the subgroup
generated by the images of inertia subgroups at the points of X5 ~ Xs. Denote by Py(t) €
[142p Zalt] the characteristic polynomial of ¢ acting on i )(Xg)ab by conjugation. Then, from
the above exact sequence, one sees that P, has coefficients in Z and that the (complex) absolute
values of the roots of Py are |/£|% (2¢ times) and |k| (max(r — 1,0) times), where g is the genus
of Xy and r is the number of points of X5\ X5. In particular, Py(1) is a nonzero integer, which
is independent of £.

Let T be the inverse image of Z") in 7r§p )(Xg)“b under the map 7r§p )(Xg)ab — (G ),
Then T' is a I'y,,)-submodule of w%p )(Xg)“b of finite index. In particular, the characteristic
polynomial of ¢ acting on T coincides with P;. The surjective map 7' — Z®) factors through
T — Tr, where Tt is the maximal T'-coinvariant (or, equivalently, ¢-coinvariant) quotient of 7.
Thus, one concludes:

Z%) < Tkl = [PV =: B(s, By, &),
where N’ stands for the prime-to-p part of a given positive integer N. (Here, to get the equality
|Tr| = | P4(1)|', consider the elementary divisors of ¢ — Id : T, — Ty, for each prime a # p, where
T, stands for the a-adic part of T'.) Similarly, considering a closed point t € Spec(R) lying above
q, one gets |7(q )| < B(t,B1,X). Set B” = B(s, B1,X)B(t, By, X), then, for any prime ¢, one
gets |Z| < B". This, together with claim 3.4, completes the proof of claim 3.2. OJ

Corollary 3.5. Conjecture 1.2 holds for gx = 1.

Proof. By proposition 2.9, it is enough to prove that g(¢) > 2 for £ > 0. Suppose otherwise,
then there exist infinitely many primes ¢ and v € A,[¢]* such that gx = gx, = 1. Then the
finite etale cover X, — X is automatically Galois and abelian. So C, := Gy, is abelian but,
as well, |Cy| = |Gyv| — +00, by lemma 2.2 (2), which contradicts proposition 3.1. [

Corollary 3.6. For any integer b > 1 there exists an integer N (b, A) > 0 such that for any

nontrivial m1(X)-submodule M C Ay[t], Gy contains no abelian subgroup of index < b for any
> N(bA).
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Proof. Else, there exist b > 1 and infinitely many primes ¢ > 0 such that there exists a
71 (X)-submodule M C A,[¢] with G containing an abelian subgroup Cj of index < b. Set
C := Ngec,9Cog~ "', which is an abelian normal subgroup of Gps of index < bl. Now, by
proposition 3.1, one gets: |Gyr| =[G : C]|C| < b!B, which contradicts lemma 2.2 (2). O

Remark 3.7. The argument of [CT09, Remark 5.8] shows that proposition 3.1 and corollary 3.6 remain true
when X is a smooth, connected k-scheme of arbitrary dimension.

We conclude this subsection with an application of corollary 3.6. For any nontrivial m(X)-
submodule M C A,[¢], write X3; — X for the etale cover corresponding to the inclusion of open
subgroups K = ker(pa ar) C m1(X) and define:

ot (£) = min{gx,, boxnrc 4,0

Corollary 3.8.
th Grot(£) = 400.

Proof. The main point is that Xy — X is Galois with group Gjy.

Claim 3.9. élim Giot(£) = +00 does not hold if and only if there exists a nontrivial m (X)-
submodule M C Ay[f] such that gx,, =0, 1 for infinitely many £ > 0.

Indeed, the “if” implication is straightforward. For the “only if” implication, assume that
Giot(¢) > 2, £ > 0. Then, for £ > 0 and for any nontrivial 7 (X)-submodule M C A,[/],
9xp = Got(£) > 2 so,

|Gu| < [Aut(Xar)| < 84(gx,, —1)
by the Hurwitz bound. Whence min{|Gs|}oxarca, g < 84(gtot(€) — 1). Now, from lemma 2.2
(2), one has zliglo gtot(£) = +00. This completes the proof of claim 3.9.

As a result, the only cases to rule out are:

(i) gx =0 and gx,, = 0, for infinitely many ¢ > 0;
(ii) gx = 0 and gx,, = 1, for infinitely many ¢ > 0;
(iii) gx = 1 and gx,, = 1, for infinitely many ¢ > 0.

For (i), it follows from the classification of finite subgroups of PGLy (k) and Zlim |G| = 400

that the group Gy is either cyclic or dihedral for £ >> 0. In both cases, G contains an abelian
normal subgroup Ay (« Z) with [Gr : A¢] < 2, which contradicts corollary 3.6.

For (ii) and (iii), G is a finite subgroup of the automorphism group of a genus 1 curve. But
such a group contains an abelian normal subgroup A, (« Z2) with [Gy; : A¢] < 6, which, again,
contradicts corollary 3.6. [

Remark 3.10. When k = C and and A, is principally polarized, J.-M. Hwang and W.-K. To proved that a
uniform bound (i.e., depending only on dim(A,)) for the growth of gx(g (> gtot(£)) exists [HT06]. By classical
arguments (Zarhin’s trick and specialization), such a uniform bound also exists only under the assumption that
k has characteristic 0.

3.2. Proof of theorem 1.3 — gx = 0. From now on, we will write PG, S5, PSS C X <
X for the subsets corresponding to the places of potentially good (but not good), semistable
(but not good), potentially semistable (but neither semistable nor potentially good) reduction
respectively. Since we have assumed that X ~ X is exactly the set of places where A — X has
bad reduction, one has X ~ X = PG U SS U PSS. For each place P € X ~ X and prime /,
we will write Ip, for the image of the corresponding inertia group in Gy, which is a finite cyclic
group (as the characteristic of k is 0). From the semistable reduction theorem [SGA7, Exp. IX]:
- If P € PG then there exists an integer Np > 2 such that Igg =1 for any ¢ and that Igg #1
for N < Np and £>> 0. ’
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- If P € SS then Ip, is unipotent of echelon 2.
- If P € PSS then there exists an integer Np > 2 such that I gf is unipotent of echelon 2 for
any ¢ and that Iﬁe is not unipotent for N < Np and £ > 0.
We will sometimes say that A — X has reduction type (np)pc gy, Where
np:= Np, P € PG,
0, PeSS;
Npoo, P € PSS.

Before carrying out the proof of theorem 1.3 when gx = 0, we describe briefly the strategy.

3.2.1. Reduction to a combinatorial problem. For each £ let vy € A;[¢]* such that g(¢) = gx,, -
(If £ > 0, one can even assume that M (vy) is a simple Fy[G(]-module (cf. remark 2.10), though
this fact will not be used in the following.) By lemma 2.3, one has

29x,, —2= 2G|+ > [Ge|(1—ep(uvy)),

PeX~X
with
[ Ip\Govy| -
ep(yy) = —F/——, Pe X\ X.
(ve) |G vy
Set

2gX —2
Apy i = ——e = — 2 — ep(vy),
N [Gevel PEXZX "
N

where 7 := |X ~\ X|. Then: g(¢) > 2 for £ > 0 if and only if \,, > 0 (or, equivalently
> pexx €p(ve) <r—2) for £>> 0; and, by lemma 2.2 (2), zlim g(f) = +o0 if there exists € > 0
=00

such that:
(*) Ay, > € (or, equivalently, Y, ¢y ep(ve) <7 —2—¢) for £>> 0.

Thus, the problem amounts to estimating the size of the “local term” ), ¢y €p(ve).

Under the semistability assumption, this can be done by combinatorial manipulations based
on the specific structure of 71(X) when gx = 0 to complete the proof of theorem 1.3. We
postpone this issue to the next subsection and conclude this one by illustrating another idea,
successfully exploited in [CT08] and [CT09]. Namely, we compare \,, with:

29x70 —2 1
A= 8 "0 Z .
I
PeX\X'RA

LR YR -ED VT o=

PGPG PGSS PePSS

For ¢ > 0, one has:

which shows that:
Jim A= Ai=r -2 2347
PePG

Now, corollary 3.8, together with the fact that A\, < Ay for 0 < £ < ¢, implies that A > 0 so it
is enough to prove that:

lim /\w =\
As Ep(vg)

‘ P ‘

Jim (ep(vr) — —)=0,VPe X X.
b0 [ Ipy]
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To go further, write M(F’) for the set of nontrivial minimal subgroups of a given finite group
F' (equivalently, this is the set of cyclic subgroups of F' with prime order) and, for P € X \ X,

set:
Gro)p = |J  (Gun)”
HeM(Ipy)
Then one has:
Lo ’(GW)'pl) < eplog) < ——(1 - (Geog)ply | [(Geve)lp]
|Geoe| 7T = |Ipyl |G vl |G vl

So, it would be enough to prove that:

lim M:o, Pe X~ X.

too |Gyl

Let vpy be a generator of Ipy, and, when P € PG U PSS, let Pp be the set of prime divisors
of Np. Then one has, for £ > 0:

0 < Gévp\ Z |GZUV‘” | _PePG
|Gy 7. e ’
[(Gove)pl — [(Geve)TP|
0< = PeSS
=[Gl Goo| 177

and

Np
/ '7 e TYpe
0< |(Geve)pl < Z [(Gve) P \ N |(Geve) TPt |

, Pe PSS.
|G |G vy |G vy

Applying this method, one gets.
Proposition 3.11. Conjecture 1.2 holds for dim(A4,) = 1.

Proof. First, M(vg) := F¢[Geve] C Ay[l] coincides with A,[¢] for £ > 0 and v, € A, [¢]*. Indeed,
else, M (vy) is 1-dimensional, which contradicts corollary 3.6. In particular, G, acts faithfully on
Gyvy. So, one may apply lemma 3.12 below and deduce that, in any case,

[(Geve)pl
|G vyl

where Cp > 1 is an integer depending only of the reduction type at P € X ~ X.

< Cpe(f) — 0,

Lemma 3.12. For each prime {, there exists () > 0 depending only on A and ¢, such that
€(l) - 0 (¢ — o) and that \(|qu)| | < €(l) for any £, any v € A,[l]*, and any v € Gy acting
nontrivially on M (v).

Proof. For any v € Gy acting nontrivially on M (v), set M, (v) := F¢[(Gv)?] C M(v)? C M(v).
Since v acts nontrivially on M (v) and dim(M (v)) < 2, the only possibilities are dim(M, (v)) =0

r (dim(M,(v)), dim(M (v)7),dim(M (v))) = (1,1,2). In the former case, (Gyv)” = 0, so there
is nothing to do. In the latter case, up to replacing v by an element of (Gyv)? # ), one may
assume that yv = v hence M, (v) = Fpv. Set Uy, := {g € G¢ | g(M,(v)) = M,(v)} C Gy.
Then, by definition, one has a surjective map U, — (G¢v)?, g — gv, which is 1-to-|G,|, where

[(Gev)| 1
L vl — . _

G, := Stabg,(v). Whence |(Gv)?| = [Uy, : G,] and Gol  [Gei U]

Now, assume that the statement of lemma 3.12 does not hold, that is there exists N > 1 such
that for any integer n > 0 there exists a prime ¢, > n, v, € A,[¢,]* and 7, € Gy, acting non-
trivially on M (v,) such that dim(AZ,, (v,)) = 1 and [Gy,, : U, »,] < N. By Riemann’s existence
theorem, there are only finitely many isomorphism classes of etale covers of X with degree < N.
So, up to replacing X by such a cover, one may assume that Gy, = U,, ,, for infinitely many
n > 0. But, then, Fy v, is a Gy, -submodule of Fy, -dimension 1, which contradicts corollary 3.6
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for ¢, > N(1,A). O

This completes the proof of proposition 3.11. [J

Remark 3.13. Proposition 3.11 is also a direct consequence of the fact that the genus of modular curves
X1(¢) goes to co with ¢ but our proof does not resort to this specific argument.

In fact, since corollary 3.8 takes into account any nontrivial 71 (X )-submodule M C A, [¢], the proof of corollary
3.11 shows the following when dim(A,) is arbitrary. For any v € A,[f]*, set (when it is defined):

g2(£) := min{gx, }uEA,,[é]X, dim (M (v))<2-
Then g2(£) — +o0.
3.2.2. Proof of theorem 1.8 — gx = 0. From now on, write X ~ X = {P1,..., P} and recall that
71(X) is the profinite completion of the group given by the generators 1, ...,7, and the single
relation 7y - - -7, = 1, where ~; is a distinguished generator of inertia at P;, i = 1,...,r. Also,
let 7, ¢ denote the image of ; in Gy (hence Ip, ; = (vi¢)). Eventually, write O;,, for the set of
all w € Gyv such that |(v;,)w| = n. So, in particular, O;; = (Gv)'Pit, and O;, = ) unless
n | p,el-
3.2.2.1. A general computation. For any subset I C {1,...,r}, set
E] = m Oi,l = (Gev)<%|i61>
el
(thus, in particular, Ey = Gyv) and, for each 0 <1i < r, set:

Si= Y. B

IC{1,..r}, [I|=i
T = | U Eql.
IC{1,...r}, [I|=i
Similarly, define the x-variants: for any subset I C {1,...,r},

Ej=E~ |JE,
IcJ

= ) Bl

IC{1,..r}, |I|=i

o= U E3).

Ic{1,..r}, |I|=i

and, for each 0 < i <,

Note that, actually, i; =X5,1=0,...,7.

Now, consider the map v : Gyv — {0,...,r} which sends w € Gyv to

v(w):=|{1<i<r|we By}l

Si= Y |Byl= ) vlw)y= D i@ = ) in = ) in?

1<i<r weGpv 0<i<r 0<ilr 0<i<r

Then,

But, on the other hand, one has:

ii: Z E;f, i:1,...,T.

i<j<r

2More generally, one has ¥; = Zi<j<'r C}Z;
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So, one eventually gets:
Si= ) T
1<i<r
Now, from lemma 2.2 (1), for any ¢ > 0 and any I C {1,...,r} with |I| = r, r — 1, one has
A [0 iel€l) = A 105 = 0, hence, in particular, Er = (. As a result:

and 3; < |Gyv|, i =1,...,r — 3. Whence:

Y1 < (r = 3)|Gev| + Zr_a.
3.2.2.2. Estimate for ,_5. We will now make use of the semistable reduction theorem [SGA?7,
Exp. IX] which implies that for any 1 < i < r with P; € SS and any ¢ > 0, the element ~; ¢ is
unipotent of echelon exactly 2, that is, v;, = I'd + v; o with Vz'2,£ = 0 and v; ¢ # 0; in particular,
7i,¢ has order exactly /.

(1) Everywhere semistable reduction: Fix I C {1,...,r} such that [I| = r — 2 and let w #
w' € Ey. Then, for any j € {1,...,r}~1T one has (v;)wN(yje)w’ = . Indeed, else, there
would exist an integer 1 < k < £ — 1 such that VJ"C,EW =w'. So, as ’yjlfgw =w+ kvj(w),
one gets: 0 # w' —w = kv;(w) € ker(vj ). But, by assumption, w,w’ € ker(v;y), i € I.
Hence:

0#£w —we ﬂ ker(v;¢),

€IU{j}

which contradicts the fact that A, [¢]0ui€IVh = A, [7Ge = 0,
But, for any w € Er and any j € {1,...,r} \ I one has |{y;¢)w| = £ hence:

K‘E[’ S ’Gﬂ}‘ - ‘E{j}‘
So, with {1,...,7} ~ I = {4, '}, one has:
G| By + 1Byl

Ef| <
il < = 20
and summing the above over all I C {1,...,r} with |I| = r — 2, one eventually obtains:
Ccr=2 r—1 r(r—1)
Yo < — - Y1 < —=|G|.
r2 S |Gl = g < |Gl

(2) Semistable reduction over all but one point: Assume that A — X has semistable reduc-
tion over Pi, ..., P_;. Let I C {1,...,r} such that |I| = r — 2. Then, if r € I one has,
again, with {1,..., 7} NI ={j,/j'}:

(Geol B+ 1EGnl _ |Gl

-/ 20 - 4

If r ¢ I then, with {1,...,r} ~ I = {j,7}, one only has:

< Gl _ 1Byl _ 1Geol

Erl <
Thus, summing the above over all I C {1,...,r} with |I| = r — 2, one obtains, again,
r(r—1
ET—Q < ( )’GZU‘

2
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3.2.2.3. Conclusion.
(1) Everywhere semistable reduction: First, observe that Gyv can be written as the disjoint
union of O;1 and Gyv \ O;1 = O; . Whence, one obtains:
Oinl 1, [0ia]
ep,(v) = — 4+ —(1 — — ).
) Gl £ |(?ev|)

Thus, one gets:
N =r(l—ty oo L gLy
Ty Gyl L
So, (*) is equivalent to:

(**) Zi<(r—(2+¢

l
- 1))\G[u] for v =y, £ > 0.
But, from the above computation, one has:

Y1 < (r=3)|G| + X2 < (r — 3+ €(£))|Gpv|,

where €({) = r(gzl) =O0(3). So, it is enough to show that r — 3 +€(€) <r — (2 + e)%
for £ > 0. But this is always valid for 0 < € < 1 since the left-hand term goes to r — 3
whereas the right-hand term goes to r — 2 — €.

(2) Semistable reduction over all but one point: Assume again that A — X has semistable
reduction over Py, ..., P._1 and non-semistable bad reduction over P.. Then one has:

1 1
ep.(v) = m(’or,ﬂ +§n0r,n’)

Thus, one gets:

1 11 1 10,1 1 1
M=r(l-2)—2+ - — 1— )y — et 2|Opnl.
A 2 e A T L Sl 2o ATew |Gw|§2n‘ nl

So, (*) is equivalent to:

‘Or,l’ 14 1 /-1 1
(FF%) 3+ 71 + 71 Z E!(’)r’nl <(r-— 7(2 +e— Z))\Gw[ for v =y, £> 0.

n>2

Let g denote the minimal prime divisor of Np,. One may assume that ¢ < ¢ for ¢ > 0.
Now, observe that:

|Or 1] l 1 |Or 1] ¢ 1
Z — o 1 - rn <E — - OT"H,
e e D D L 1+e—1+e—1qz’ ol
n>2 n>2
|Or 1] ¢ 1
<y d R — 10,
< B+ 2+ 2 (Gl ~ O
1 1
<X -+ — .
< 1+(q+£_1NGw!
So, it is enough to prove that:
1 1 {—1 1
by -t — <(r——(2 - =
L+ )G € (= @ e = )G

But, from the above computation, one still has:
Y1 < (r—=3)|Gev| + X2 < (r — 3+ €(£))|Gpo|,
where €(¢) = T(gzl) = O(3). So, it is enough to show that r — 3 + €(¢) + (% +25) <
r— 4_71(2 +e— %) for £ > 0. But this is always valid for 0 < e < 1 — % since the left-hand
term goes to r — 3 + % whereas the right-hand term goes to r — 2 — €.
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3.2.3. Semistable abelian schemes over P,lg minus three points. Using the same idea as in the
proof of theorem 1.3, one gets:

Proposition 3.14. There is no abelian scheme over X = Pllf ~ AP, P, P3} with semistable
reduction at Py, Py, P3 whose generic fiber is non-isotrivial.

Proof. Suppose that A — X is an abelian scheme which has semistable reduction over P;
and whose generic fiber is non-isotrivial. Then, up to replacing A — X by the Néron model
of a suitable (nontrivial) quotient of the generic fiber A,, one may assume that A, contains
no nontrivial isotrivial abelian subvariety. Then A,[(]%¢ = 0 for £ > 0 by lemma 2.2 (1).
Also, by the semistability condition, one may write v;, = Id + v;, with l/l-2£ = 0. Now, the
relation 1 ¢v2¢73¢ = Id is equivalent to: vy + vog + V30 + Vigvoy = 0. Composing this
relation with v, one obtains: vy oy + vy 3, = 0. Since ker(vy ) N ker(rgy) = 0 and
im(vp¢) C ker(vay), one has: ker(vy o) = ker(vay). Similarly, ker(vvs3y) = ker(vzy).
Whence ker(vq) = ker(vzy) C ker(vgy) Nker(rzy) = 0. But this contradicts the fact that
V9.4, V3, are nilpotent. [

Remark 3.15. Let Y — X be a non-isotrivial curve with generic fiber of genus > 2 or of genus 1 with a
rational point. If Y — X has semistable reduction over X \ X then Picgf‘ x has semistable reduction as well over

X ~ X. Thus, proposition 3.14, together with Torelli’s theorem, implies [B81, Thm., p.100].

Example 3.16. Consider the abelian scheme given by the Legendre family £ — P} \ {0, 1,00} of elliptic
curves defined by:

E vy’ =x(x —1)(z —N\).
Then a straightforward computation shows that 79 = 71 = 0o and Yo, = 200. So, in some sense, the result of
proposition 3.14 is optimal.
Corollary 3.17. There is no abelian scheme A — X with X of genus zero and with reduction
type:

(i) (2,2,n), (2,3,4), (2,3,5);

(i) (3,3,3), (2,4,4), (2,3,6), (2,2,2,2);
(iii) (2,2,m00), (2,200,00), (3,3,00);
(i) (2,3,3), (2,3,00)

whose generic fiber is non-isotrivial.

Proof. We resort to an elementary base-change argument together with the following facts:

(1) If X has genus 0, there is no abelian scheme A — X with good reduction everywhere
except possibly over two points of X < X whose generic fiber is non-isotrivial;

(2) If X has genus 1, there is no abelian scheme A — X with good reduction everywhere
whose generic fiber is non-isotrivial; and

(3) Proposition 3.14.

Here, (1) and (2) follow straightforwardly from corollary 3.6. (Or, one may also resort to [CTO0S,
Cor. 2.5] or [CT09, Th. 5.1].)

For (i), make the base change by the Galois cover from IP>,1€ to Pllg ramified over three points and
with the same type of inertia to contradict (1). For (ii), make the base change by the Galois cover
from a genus 1 curve to IP’,l€ ramified over three or four points and with the same type of inertia
to contradict (2). For (iii) make the base change by cyclic Galois covers from P} to P} ramified
over P; and P, with degree 2, 2 and 3, respectively, to contradict (1), (3) and (3), respectively.
For (iv), make first the base change by the degree 2 cyclic Galois cover from IP’}C to ]P’,i ramified
over P; and Ps. Then it is reduced to the first case of (ii) and the last case of (iii), respectively. [J
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3.3. Proof of corollary 1.4. Let n be the generic point of X. For each integer n > 1, let
pan : T (X) — GL(Ay[n]) denote the canonical representation of the etale fundamental group
71(X) on the group of (generic) n-torsion points. First, let us start with the isotrivial case:

Proposition 3.18. Assume that the generic fiber A, is F-isotrivial, and let d be a positive
integer. Then there exists a positive integer N = N(A,d) such that, for any closed point v € X
and any finite extension k/k(x) with ([k(x) : F| <)[k: F] < d, one has |Az(K)tors| < N.

Proof. Up to replacing F by a finite extension, one may assume that X (F') # 0 and fix b € X (F).
Write pa :=limpa, @ m1(X) — GL(T'(A)), where T(A) := lim Ay[n], and set G := pa(m1 (X))
and G9°° := pa(m(X5)). Since A, is isotrivial, B := |G9°| < oo.

For each closed point z € X, write s, : I'y(5) — m1(Xy () C m1(X) for the corresponding
section. Then p4 o s, induces a representation ¢, : I'p — Aut(G9¢°) via conjugation. Let F} =
F1(b)/F be the finite (Galois) extension corresponding to ker(cy) C I'p. Then [F} : F] < Bl
For any closed point x € X and any finite extension k/k(z),

Copr: LI — GI
o = palsa(o)sp(o) )

is a 1-cocycle with values in G9°° equipped with the I'p-action defined by ¢, : I'r — Aut(G9¢°).
In particular, cx7b7,$\pF1N : gy — G99 is a group homomorphism, hence, writing Fy = F(x, b, k)/Fi1k
for the finite (Galois) extension corresponding to ker(cyp ) C I'gyx, one has [Fy : F] < B!Bd
and pa © 8z|ry, = pa © Splrpy,-

Now, suppose that A, (x)[n]* # () for some positive integer n. Then, a fortiori, A,(F»)[n]* #
(), hence the above equality implies Ay(Fy)[n]* # 0. Since [Fy : F] < B!Bd, the claim now
follows from lemma 3.19 below. [

Lemma 3.19. For any abelian variety A — F and integer d > 1, A(F)SUN Agors is finite, where
A(F)s? .= {wv € A(F) | [s(v) : F] < d, where v is the image of U in A.}.

Proof. Consider amodel A — R of A — F where R is a normal integral domain finitely generated
over Z with fraction field F', then, by the same specialization argument as in the proof of claim
3.2, for any prime p in the image of Spec(R) — Spec(Z) and any closed point s €Spec(R) above p,
any point of A(F)<?NA[n]* (p{n) specializes to a point of A,(x(s))S9NAs[n]* C As(k(s)a)[n]*,
where k(s)q/k(s) denotes the finite (Galois) extension of k(s) corresponding to the open sub-
group I' C T'y(,) defined to be the intersection of all I' C T'(,) with [['y () : I'] < d. Now, from
the Weil bound, this is possible only for finitely many n. Considering two distinct primes in the

image of Spec(R) — Spec(Z), one deduces the desired finiteness eventually. O

Remark 3.20. As the proof shows, proposition 3.18 remains true when X is a smooth, connected F-scheme
of arbitrary dimension.

For n > 1 and v € Ay[n], write X, — X for the finite etale cover (defined over a finite
extension [, /F) corresponding to the inclusion of open subgroups Stab,, x(v) C m1(X). For
each n > 1, set X;, := Uyen, )Xo Then, as in [CTO08, 4.2], the image of X, (F) — X(F)
coincides with the set of points z € X (F) such that A,(F)[n]* # 0. Now, the assertion of
corollary 1.4 is equivalent to (i) | X (F')| < oo, £: prime, n > 0 and (ii) | Xy(F')| < oo, ¢: prime
> 0. Here, (i) follows from [CTO08, Cor. 1.2]. Indeed, a special case (x = 1) of [CT08, Cor.
1.2] implies the following assertion (stronger than (i)): |Xm(F)| = 0, ¢: prime, n > 0. To
prove (ii), let (A4,)o denote the largest isotrivial abelian subvariety of A, (cf. [CTO08, 2.1]), and,
for any v € A, write v° for the image of v in Ag = A,/(Ay)o. Then, for any v € A;[(]*,
9x, = 9x,- 1t v9 # 0, then it follows from theorem 1.3 applied to (the Néron model over X of)
A% that gx, > gx , = 2, £ > 0, so, from Mordell’s conjecture, one gets the desired finiteness
| Xy(F)| < 00, £ 0. If o) =0, i.e. v € (Ay)olf], then proposition 3.18 applied to (the Néron
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model over X of) (A,)o implies the following assertion (stronger than the desired finiteness
| Xy (F)| < 00, £>0): X,(F)=10,¢> 0. This completes the proof of corollary 1.4.
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