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Abstract

In this paper we define Harbater-Mumford subvarieties, which are special kinds of closed subvarieties of Hurwitz
moduli spaces obtained by fixing some of the branch points. We show that, for many finite groups, finding geomet-
rically irreducible HM-subvarieties defined over Q is always possible. This provides information on the arithmetic of
Hurwitz spaces and applies in particular to the regular inverse Galois problem with (almost all) fixed branch points.
Profinite versions of our results can also be stated, providing new tools to study the geometry of Modular Towers
and the regular inverse Galois problem for profinite groups.
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Introduction

The regular inverse Galois problem over some field k, (RIGP/k), essentially reduces to finding k-
rational points on Hurwitz moduli spaces of covers [FV91]. In this context, two main methods can be
distinguished: on the one hand, genus 0 methods [M89] which may provide Q or Q%-rational points
on usually low-dimensional Hurwitz spaces and, on the other hand, large field methods [DF94], [D95],
[Des95]!, which combine irreducibility Conway and Parker type results [FV91], realization results over
local fields [H03], [DF94] and the local-global principle for varieties [Mo89], [P96] to provide Q*2-
rational points. Our main theorem (theorem 2.2) conjoins these two aspects: it is, as Conway and
Parker’s theorem, a global structure result about high-dimensional Hurwitz spaces but, as genus 0
methods, it deals with low-dimensional closed subvarieties (of those high-dimensional Hurwitz spaces)
obtained by specializing most of the branch points.

The starting point are special components of Hurwitz moduli spaces of covers introduced by M.
Fried [F95] - the Harbater-Mumford components (c¢f. §2.1). We consider the closed subvarieties - we
call HM-subvarieties - of these HM-components obtained by specializing most of the branch points;
our main result is a general criterion to ensure they are geometrically irreducible. If for instance G
is any group verifying the assumptions of theorem 1 below, our criterion produces infinitely many
Hurwitz spaces carrying geometrically irreducible HM-curves, defined over the same field as the whole
Hurwitz space, and lying in the sublocus corresponding to covers with all their branch points but one
fixed. In general, ”all their branch points but one” should be replaced by ”all their branch points but
r(G)” for some integer r(G) depending only on the finite group G in question.

One motivation for this work was to gain more information about the branch point divisor of
covers defined over large fields. Indeed, when applying the local-global principle to solve for instance
(RIGP/Q'"), this information is entirely lost. Showing that any finite group G can be regularly realized
over Q" with a Q-rational branch point divisor would be a significant step towards the (RIGP/Q): as
explained in [D92], the monodromy of such a cover and its conjugates obeys strong group-theoretical
constraints. Also, showing all the groups G,, of a projective system (G,+1 — Gy )n>0 can be regularly
realized over a large field k£ with the same branch point divisor t is a missing step to investigate the
(RIGP/k) for profinite groups; this is the underlying idea of works like [DDes04]. Our result enables

1See also works of Pop et al who have developped a parallel approach based on common principles but not using
Hurwitz spaces [P96], [HO3], [V99].

2Given a global field k and a finite set ¥ of places of k, we always denote by k% the maximal algebraic extension of
k (in a fixed separable closure of k) which is totally split at each place P € X.



us to handle the derived problem - we denote by (RIGP/ty C t) - where the subset ty C t is fixed and
its complement, t; is allowed to vary (the cardinality |t;| of t; corresponding to the dimension of the
HM-subvarieties we consider). We are particularly interested in the case when t5 is defined over Q and
|t1] is as small as possible. The first and most difficult step, which is to ensure the HM-subvarieties
are geometrically irreducible, is given by our criterion. The second one consists in showing these
HM-subvarieties can be built in such a way they carry real or p-adic points; this requires a careful use
of recent results from [DE03]| about the existence of p-adic points on HM-components. We can then
apply the usual local-global machinery to obtain results like

Theorem 1 Let G be a finite group containing two conjugacy classes A, B such that G =< A >=<
B> and G =< a,b> foranya € A, b€ B. Let o(A) denote the order of the elements in A and write
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ka = Q(e°@ ). Then, for any finite set ¥ of non archimedean places of ka of residue characteristic
not dividing |G| there exists a Q-rational divisor ty, and G-covers (f,«) defined over k% with group G
and branch point divisor ty =ty + tx where \tf’l\ =1.

As another application, we obtain new regular realizations of some prodihedral groups over Q" (cf.
also [C04al).

Moreover, our irreducibility criterion behaves well with Frattini extensions. This allows us to
investigate the arithmetic of Fried’s modular towers [F95] (section 4.1.2) and tackle the related
(RIGP/te C t) for profinite groups like the universal p-Frattini cover pé of a finite p-perfect group
G (for some prime p dividing |G|). For instance, with the notation and hypotheses of theorem 1 but
assuming in addition that G is p-perfect and A, B are p’-conjugacy classes, one obtains this structure
result

Theorem 2 There exist modular towers (Hp41 — Hp)n>0 associated with G such that for any finite
set 3 of non archimedean places of k of residue characteristic not dividing |G| there exists a Q-rational
divisor ty. and a projective system (Cpi1x — Cn.x)k>0 of geometrically irreducible HM-curves defined
over k verifying:

(1) Cnx. C Hy, classifies G-covers (fn, o) with group gé and branch point divisor ty, =ts, 1 +tx
where |ty 1] =1, n > 0.

(i) imCp, 52 (kp)"” # 0, P € X.

n>0

(iii) Cpx2(K¥)°%0 #£ (0, n > 0.

Here gé denotes the nth characteristic quotient of pé and the "noob” labelling (for no obstruction)
means we consider the sets of k-rational points corresponding to G-covers defined over k and not only
with field of moduli k.

This shows a strong arithmetical property is kept along some modular towers. It is a positive
result which emphasizes the difficulty of Fried’s conjectures about the disappearence of rational points
over a number field on a modular tower beyond a certain level [D04], [F95].

The paper is organized as follows. In section 1 we recall necessary definitions and basic results,
section 2 is devoted to the statements and examples, section 3 to the proofs. In section 4, we give
applications of our results such as theorems 1, 2.

I wish to thank P. Debes for encouraging me to write this paper and the careful re-reading he
made of it.



1 Preliminaries

This section is devoted to recalling the necessary definitions and some basic facts about Hurwitz
spaces.

Given a morphism V' — W of algebraic varieties and Wy — W a subvariety, we will often denote
the fiber product V' xyw Wy by Vyy,. Also, given a finite group G and an integer r > 1 we will denote
the set of all the r-tuples C = (C1,...,C;) of non trivial conjugacy classes of G by C.(G); we will
sometimes write [(C) := r for the length of such a tuple C € C,(G). And for any conjugacy class C,
we will write o(C) for the order of any element in C'. Eventually, given a tuple t' = (¢1,...,¢,) and two
integers 1 <14 < j <r, we will write t] ; := (¢;,...,t;).

1.1 G-covers and Hurwitz spaces

Recall a G-cover with group G is a pair (f,a) where f : X — P! is a Galois cover with group G
and o : Aut(f) — G is a group isomorphism. One can attach to each G-cover of P} the three
following invariants: the monodromy group G, the branch point set t = {t1,...,t,} C P}(C) and for
each t € t the associated inertia canonical conjugacy class Cy . To summarize this, we will sometimes
say the considered G-cover has invariants G, (Cy)et, t. Adopting the topological point of view, let
us recall what these invariants correspond to: given t = {t1,...,t,}, introduce a topological bouquet
v of ]P’%:\t, that is an r-tuple of homotopy classes of loops 71,...,7, based at some point ty ¢ t

such that (1) 41, ...,7, generate the topological fundamental group 7, (P*(C)\t,#y) with the single
relation 7;...7, = 1 and (2) 4; is a loop revolving once, counterclockwise, about ¢;, i = 1,...,7. Now,
considering a G-cover f : X — P{, the monodromy action defines a permutation representation
TP (PY(C)\t, to) — Per(f~(to)). The image group G of this representation is the monodromy group
(or, equivalently the Galois group) of f and the conjugacy class Cy, of the image of v; in G is the
inertia canonical class corresponding to ¢;, ¢ = 1,...,r.

For any integer r > 3 let " C (PL)" be the subset of (PL)" consisting of all r-tuples t' =
(t1,....t;) € (P&)" such that t; # t; for 1 < i # j < r, let U, = U"/S, be the quotient space of
U" by the natural action of the symmetric group S, and o, : U, — U" /S, the canonical projection.
Given a finite group G let ¢, ¢ : H, ¢ — U, be the coarse moduli space (fine assuming Z(G) = {1})
for the category of G-covers of ]P’(lC with group G and r branch points, where 1, ¢ is the application
which to a given isomorphism class of G-covers associates its branch point set. For any r-tuple
C=(Cy,...,Cp) € C(G) let H,.c(C) be the corresponding Hurwitz space [FV91], that is the union of
irreducible components of H, ¢ parametrizing the isomorphism classes of G-covers with invariants G,
C, t. A point h = (h, (t1,...,t,)) of the fiber productH, ¢(C) Xy, U" then corresponds to a G-cover
given with an ordering of its branch points, which allows us to define a monodromy application:

M: HT,G(C) XU, u — {Cl, cens Cr}r
(hy (t1,..str))  —  (Chyy ey Cy)
This application, being continuous, is constant on each connected component of H, q(C) xy, U".

So, M~Y(C) is a union of connected components of H, c(C) xy, U"; we will denote this variety by
»c(C). We have a cartesian square:

' 6(C) =2 H,.4(C)

;’Gl O lwr,c

ur ‘” U,

We will freely use the general theory of Hurwitz spaces (see for instance [FV91] and [V99]), and only
recall here the description of the fibers of 1, ¢ and 1/1;’G in terms of Nielsen classes ni(C) and straight



Nielsen classes sni(C) respectively, where:

(1) G=< g1, gr >
ni(C) = (g1,9) EG | (2) g1 9r =1
(3) gi € Cy(i), i = 1,...,7 for some o € S,

and sni(C) is the set defined as ni(C), but replacing (3) by
(3 gieCifori=1,..,r

We use the notation ni(C) and sni(C) for the corresponding quotient sets modulo the componentwise
action of the inner automorphism group, Inn(G).

Given t € U,, it is classical that (¢,¢) ' (t) is in bijection with ni(C). Furthermore, if we choose
an ordering of the branch points t' = (t1,...,%,) in t, then sni(C) is in bijection with ( ;ﬂG)_l(t’). The
correspondence is given by the monodromy action and depends on the choice of a topological bouquet
7 for P}(C)\t; we denote it by BCD., (for B(ranch) (C)ycle (D)escription).
~ For later use, we also recall that two finite cyclotomic field extensions of Q - which we denote by
Qc and Qg - are associated to C. Precisely, Qc = @AC and Q~ = @A‘,C Where Ac and Ag are the
closed subgroups of finite indice of Gg defined by Ac = {o € G@\CX = C up to permutation}
and Ay = {0 € Gg|CX(?) = C} (here, x : Gg — Z is the cyclotomic character). Resulting from the
branch cycle argument [V99] lemma 2.8, Q¢ is the field of definition of H, ¢(C) and Qf, the one of

;,G(C)' When Q¢ = Q, we say that C is a rational union of conjugacy classes and, when Qn = Q,
that C is a tuple of rational conjugacy classes.

Finally, since Hurwitz spaces are only coarse moduli spaces in general, we will write H,.(C) (k)"
for the set of all the k-rational points in the non obstruction locus that is, corresponding to G-covers
defined over k.

1.2 The covers ¥, and ¥,

From now on, we will always assume r > 4. We first recall useful results about Hurwitz braid
groups and then give a description of the covers ¥, and ¥/ . in terms of group actions. Fix
={1,...,7} € U.(C) and t' = (1,...,7) € U"(C) and for k = 1,..,r — 1 define the simple arcs
fk,i: [0?1] _>P1(C%2.:1?2by i
Nl

k k+1

fr2
and write g¢i: [0,1] — U"(C) for the usual topological braid.

t — (1, k=1, fr1(t), foat),k+2,...,7)
Let H, be the abstract group given by the presentation with generators @1, ...,Q,_1 and defining

relations

(1) QiQiy1Q; = Qi11QiQiv1 fori=1,..,r—2
(2) QiQj=Q;Q; fori,j=1,..,r —1 with [j —i > 1
(3) @Q1Q2--Qr1Qr—1---Q201 =1

and SH, the kernel of the morphism H, — S,, Q; — (i,i + 1). Set
Ai,j = ; 1° QZ_HQ 2Q1+1 ijl - Qz Q] ZQ 1Q 'Q;la 1 <i< ] <r

(we will also often use the notation a;; = A, ]1, 1 <i < j <r)and denote by IIj , the subgroup of
SH, generated by {A; ;}i<i<k,i<j<r, k = 1,...,7 — 1. The following result will play an important part
in the proof of theorem 2.2. It is a direct corollary of lemma 1.8.2 [Bi74], which gives a presentation

of SH, with generators A;;, 1 <14 < j <r and defining relations.

4



Theorem 1.1 The groups Il . are normal in SH,, k =1,...,7 — 1.

The next theorem gives the link between the abstract groups H,, SH, and the topological fundamental
groups P (U, (C),t), ;P (U"(C),t’), more precisely, it states that

Theorem 1.2 (Artin (1925), Fadell and Van Buskirk (1962)) The group homomorphisms
u: H, — m®PU(C),t) and v.: SH, — m°PU(C),t)
Qi — [(or)«(a)] Aij — [Qi"'ijZQJ_qu;_lg"'qzl]
are isomorphisms.
Let us use this result to show that ITj , ~ WEOP(Z/{:;/ (C),t} ), k=1,...,r — 1. For this, consider the
k+1,r )

homotopy sequence of the fibration with connected fibers

Perir:  U(C)  —  UTHC)
(tla"'vtv‘) - (thrla"'vtv‘)

which gives rise to the short exact sequence of topological fundamental groups

1 — W‘iop( €3€+1,T7t/1,k) N ﬂ_ilsop(ur’t/) (pk-i;r)* W‘iop(urfk7t;€+1’r) =1
It follows from the definition of the topological braids (¢;)i<i<r—1 that v, (g ) < ker((pr+1,)«). The
group homomorphism ny,, : SH, — SH,_j defined by 7y ,(A4;;) = Ai—pj—r if k <i < j < r and
Mir(Aij) =1 else is well defined and we get the commutative diagram with exact rows

Nk,r

1 Hk,r SHr . S-Hr—k

UT"H,CT\L Ur U'rkl

t
1P, ) ) T U ) —— 1

But, according to theorem 1.2, the two last vertical arrows v,., v,_; are isomorphisms and, by the five
lemma so is the first one, vy |11, .-

For any t € U,(C), for any tg € P}(C) \ t, any ordering t’ of t defines generators Q1, ..., Q,_1 of
TP (U-(C),t) ~ H, [FV91] §1.3 as above. With these generators, the cover ¥, : H,q(C) — U,
corresponds to the action of H,. on the fiber (¥, ) !(t) ~ ni(C) given by

ng = (917 "'agi—lvggilvgivgi-l-% "'agT)a 1= 17 sy T — 1

Likewise, the cover W), , : H]. ;,(C) — U" corresponds to the action of SH, on the fiber (¢, ;)7 (t) =

sni(C) induced by the one of H, on ni(C) [FV91] §1.4.
Fix now an (r — k)-tuple t; ., . = (tkt1,.-,tr) € U™F(C) and consider the following cartesian
square

(Mrclty,,, —Hia

/
(‘I’r,ch;cﬂml O L\P’T,G

T
! T
tk+1,'r Z/{

By Grauert-Remmert’s Theorem (for k£ = 1, Riemann’s Existence Theorem) the etale cover (\I/;7G)t;€+l :
— o

(H%G)%H — Uy, extends to a ramified cover (T;’G)%H : (Hna)tgch1 — U* associated with the

action of Ilj, induced by the one of SH, on sni(C). When k& = 1, we obtain a ramified cover

(T;,G)t/w : (ﬁ;,G)t’Q,T — P} with branch points ts,...,t, and branch cycle description the images of

1,r

(A1,i)2<i<, under the permutation action of SH, on sni(C).



Resulting from the branch cycle argument [V99] lemma 2.8, ('H’TG)t/ " is defined over the field
Qg (ty 1) and its image Zr((HAG)% ) is defined over a subfield Q(C', t},; ) of Q¢ (t};,) which

can be explicitely computed taking into account the ratlonahty property of (C',t), +1,T) (for instance,
if C is a tuple of rational conjugacy classes then Q(C’,t},,,) = Q(ty+1,,)). Similar fields can be
defined for any field Q) of characteristic 0.

2 HM-subvarieties

2.1 HM-components of Hurwitz spaces

We recall here the definition and main properties of H(arbater)-M(umford) components of Hurwitz
spaces, which have been introduced by M. Fried [F95] and then studied by P. Debes and M. Emsalem
[DE03]. To do this, we need the notion of H(arbater)-M(umford) type for covers of PL. Given a finite
group G, an even integer r = 2s > 4 and a symmetric r-tuple C of non trivial conjugacy classes of
G, that is consisting of s pairs (C;, Ci_l), any r-tuple in ni(C) of the form g = (gl,gl_l, 05y g5 1) =
(91, ..., gs] 1s called a Harbater-Mumford representative; we denote the set of all these r-tuples by
hm(C). A G-cover f: X — IP)}C with ramification type [G, C, t] is said to be of Harbater-Mumford type
(a HM-G-cover for short) if there exists a topological bouquet  for P*(C)\t and an r-tuple g € hm(C)
such that BOD,(f) = g. A HM-component of the Hurwitz space H,c(C) is the component of some
HM-cover. Equivalently, it is a component that corresponds to the orbit of some HM representative
under the action of the Hurwitz braid group H,. The following theorem is proved in [F95], with
the assumption Z(G) = {1}, and in [DE03] without this assumption; a main tool of these proofs is
Wewer’s compactification of Hurwitz spaces [W98].

Theorem 2.1 The union 'HQS M.(C) of all the HM-components of the Hurwitz space Hasc(C) is de-

fined over Qc. Likewise, the union 'HQS el M(C) of all the HM-components of the Hurwitz space Hés,G(C)
is defined over Q.

Using Fried’s terminology, say an r-tuple C of non trivial conjugacy classes of G is g-complete if for
any g; € Cy, 1 = 1,...,7, we have G =< ¢, ..., g, > and an 2s-tuple C consisting of s pairs (C;, C’;l) of
non trivial conjugacy classes of G is HM-g-complete if, when removing a pair (Cj, Cl._l), the remaining
(2s — 2)-tuple is g-complete. Being HM-g-complete is a condition that ensures there is a single HM-
component in H G(C), as proved in [F95] Th. 3.21. In particular, if C is both a rational union of
non trivial conjugacy classes of G and HM-g-complete, then the HM-component HZL G(C) of Has,c(C)
is an geometrically irreducible variety defined over Q. Likewise, if C is both a tuple of non trivial
rational conjugacy classes of G and HM-g-complete, then the HM-component H,Z Y (C) of Hy,.o(C)
is an geometrically irreducible variety defined over Q. 7

2.2 Definition

Given a finite group G and an integer r, the closed subvarieties of H, ¢, H%G obtained by specializing
some of the branch points are of particularly interest when considering the regular inverse Galois
problem. We will deal with special kinds of such subvarieties - we call HM-subvarieties. More precisely,
given a symmetric 2s-tuple C = (C1, C’_ ., Cs,C;1) of non trivial conjugacy classes of G, for any
126 € U k(Q), with 1 < k < 25 — 1 we will say that H25G(C)/ o is the HM-subvariety

associated with the data (G, C,t} |, 5,) and that HZS M(C)y = Sos(HLL G(C) » ) (which is a subset

of the fiber of Wy ¢ above the set of all T € Uas(Q) such that t C 7) is the symmetrised HM-subvariety
associated with the data (G,C,t) 412 ). Finding HM-subvarieties which are geometrically irreducible
and defined over Q with k£ small is the aim of this paper.

Starting from a symmetric 2s-tuple C = (C1, C’fl, ..., Cs,C71) such that there is one single HM-
component in H’QS’G(C) - or, equivalently, such that all the HM representatives fall in one single



orbit OFM(C) € sni(C)/SHys - and given 1 < k < 2s — 1, for any t_, ,, € U*7(Q), the number
of geometrically irreducible components of HIQI;I M)y s corresponds to the number of orbits of
OHM(C) /Ty 95. Consider the associated symmetrlsed HM subvariety, H2$ G(C) . An obvious

necessary condition to get one of its geometrically irreducible component defined over Q is given by
the branch cycle argument [V99] Lemma 2.8 that is,

® (Cii1, ..., Cy) is a rational union of conjugacy classes and tj; 25 € Uss_1(Q).
e For any o € Gq, nggg(i) = C,;, with k +1 < ¢ < 2s where x : Gg — 7 is the
cyclotomic character and o : Gg — Sas—k is the natural representation induced
by the action of Gg on t}  ,..

(BCArg)

The starting point of our work was problem B.2 [F95] raised by M.Fried and which asks for a
sufficient condition to ensure

(C1) all the HM representatives fall in one single orbit O™ (C) € sni(C) /114 o5

Our main theorem (theorem 2.2) gives such a sufficient condition. However, O™ (C) may be strictly
contained in OFM(C), in which case, for general t/, no geometrically irreducible component of
H2s M.(C)y is defined over Q.

Indeed, assume k = 1 and consider a birational equation H (t1,...,t25,Y) = 0 of H2s M(C). Then
H(ti,...,t2s,Y) € Q[t,...,t25,Y] is absolutely irreducible.  Let H(ti,...,t25,Y) = [li<i<,
F;(t1,Y) be the factorization of H(t1, ..., tas, Y') into a product of irreducible factors in Q(to, ..., tas)[t1, Y.
Assume r > 2 that is, H(t1, ..., t2s, Y') splits and let z be a primitive element of the field generated over
Q(t2, ..., tas) by the coefficients of the (F;)1<i<,. The finite Galois extension Q(ta, ..., tas, 2)/Q(t2, ..., tas)
is not trivial and we denote by h(ta, ..., tas, Z) € Qlta, ..., t2s, Z] the irreducible polynomial of z (up to
multiplication by an element of Q[ta, ..., tas]) over Q(ta, ..., tas). By the Bertini-Noether theorem, there
exists a Zariski closed subset F' of the hypersurface V(h) defined by h(ts, ..., t2s, Z) = 0 such that for
any (19, ...,19,,2%) € V(h)(Q) \ F, the polynomials (F;(t,...,t3,, 2%,t1,Y))1<i<, remain irreducible in
Qlt1,Y]. Setting W := (V(h)(Q) N Q%*~! x Q) \ F, Hilbert irreducibility theorem states there exists
a Zariski dense subset U of W such that for any (3, ...,19,,2°) € U, Q(2°)/Q is a Galois extension
with group Gal(Q(2?)|Q) = Gal(Q(ta, ..., tas, 2)|Q(t2, ..., t2s)). In particular, Gg acts transitively on the
(F;(19, ..., 19, 2%, t1,

Y))1<i<r the same way as Goyt,,... t,,) does on the (F)i1<i<,

To get geometrically irreducible (symmetric) HM-subvarieties defined over Q we will have to choose
C=(C,CyY,..,Cy,C71), 1<k <25—1and 105 € U?*7%(Q) in such a way that (BCArg) holds
and H2$ G(C) " is geometrically irreducible, which is equivalent to the group theoretic following

transitivity condltion:
(C2) Il s acts transitively on the SHjyg-orbit oM (C)

Theorem 2.2 gives a sufficient condition depending on the conjugacy classes of G to obtain (C2) with
k as small as possible.

2.3 Irreducible HM-subvarieties defined over Q
2.3.1 Statements and comments

Given a group G, for any tuple a = (aq,...,a,;,) € G™ and any tuple (E1, ..., E,) of subsets of G, we
will write

<El,---,En>

— €1 e
< a >i=< {al ,...,a#}el,,,,,em€<E1,...,En> >

Given a tuple A = (Ay,..., A;,) of subsets of G, the symbol a € A means we consider a tuple of
elements a = (a,...,an,) with a; € A;, i = 1,...,m. Finally, given a tuple A = (A44,...,A;,) of



conjugacy classes of G, we write [A] = (A1, A]', ..., A, A1) and [A]" for the tuple obtained by
repeating r times [A].

Theorem 2.2 (Main Theorem) Let G be a finite group containing two tuples A = (A1, ..., An),
B = (By, ..., B,) of non trivial conjugacy classes and consider the following hypotheses:

(H1.0) There exists a € A such that G =< a,B >.

(H1.1) < a<P> > acts transitively on B;, for allac A, beB,i=1,...,n.

(H1.2) < afB> > acts transitively on A;, for all a; = (ay,...,a;_1) € Ay X -+ X A;_1,
1 =2,...,m.

(H1)

(H2)  There exists b; € By, bj € Bj such that bjb; = bjb;, 1 <i# j <n.
Then we have the conclusions

(C1) If A, B verify (H1) then for s large enough and writing Cs := ([A], [B]®), all the
HM-representatives fall in one single orbit OSM (Cy) € E(CS)/Hgm_LQ(m%n).

(C2) If, in addition B verify (H2) then Iy, 1 o(misn) acts transitively on the SHa(ym 1 on)
-orbit OHM(CS) S ﬁ(CS)/SHQ(m+Sn)

Comments

1. For any t' :=t} S(mtsn) € U™ H(Q), conclusion (C1) in theorem 2.2 asserts that the points

corresponding to HM-representatives all lie on the same connected component of H;Igﬁ sn),G(C s)t/-

Conclusion (C2) asserts that HIQI({ nﬁ o) (Cs)y is connected and consequently geometrically irre-

ducible defined over Q_(t'). The same is true for the corresponding HM-subvariety Hﬁ% 4 sn)G(C st

which is defined over the field Q(Cs,t’) contained in Qg (t'). Both H/QI({nJ”Z/—l[—sn),G(CS)t/ and
Hinj‘f o) (Cs)y are of dimension 2m — 1. In particular, when m = 1, we obtain HM-curves
and condition (H1.2) is empty. The constant ¢(G) mentioned in the introduction can be defined
by

¢(G) = min{2m — 1] there exists A, B verifying (H1), (H2) with |A| = m}
Also observe that the tuple C; = ([A],[B]®) built in theorem 2.2 is far from being unique. For
instance, any tuple of the form (Cs,Bil,B;ll, ...,Bit,Bgl), 1<iy,...,i <n,t>0 also works.

2. Instead of (H1.1) and (H1.2) one can consider the stronger -but easier to check - conditions

(H1.17) <a<P>>=@, forallac A, bc B.
(H1.2%) < afB> >= G, for all a; = (a1, ...,a;-1) € Ay X -+ X Aj_1,1=2,...,m.

These lead to the following practical corollary

Corollary 2.3 Let G be a finite group containing two tuples A = (A1, ..., Ap) € Cn(G) and
B = (By,...,By) € Cp(G) such that

(i) G=<A; >=<B>.
(i)  (A,B) € Cpin(G) is g-complete.
(111) There exists b; € B;, b;j € Bj such that bib; = bjb;, 1 <i# j <mn.

Then, for s large enough, writing Cs = ([A],[B]®), there is a unique SHy(pisn)y HM-orbit
oM (c,) e sni(Cy)/SHo(mtsn) and oy, 1 o(mtsn) acts transitively on it.



Proof. For any a € A, b € B, < a<P> > is normal in < a,b >. But by (ii) < a,b >= G
thus, < a<P> > is normal in G and, in particular, contains < A; >= G (by (i)), which implies
(H1.1%). As for (H1.2T), since < a; B> > is normal in < B >= G (by (i)) so it contains
< Ay >= G (by (i), which implies (H1.2T). O

The hypotheses of corollary 2.3 are fulfilled automatically when G is simple and (A,B) g-
complete (c¢f. example (2)). They also are preserved by Frattini extensions (cf. proposition 2.6).
However compared with theorem 2.2, corollary 2.3 is often too restrictive (cf. examples (1) and

(3))

3. Compared with theorem 3.21 of [F95], observe that theorem 2.2 usually provides lower dimen-
sional geometrically irreducible varieties. For instance, with G = M;; and A = (84), B = (114)
(¢f. example (2) below), the former provides an 8-dimensional variety whereas the latter pro-
vides a curve.

2.3.2 Examples

The purpose of this section is to give examples of groups verifying (H1.1), (H1.2) and (H2) (condition
(H1.0) is here to ensure hm(C) is not empty and it will always be fulfilled in our examples - where
either the tuple (A, B) is g-complete or the stronger condition (H1.1%) holds). We are particularly
interested in minimizing m that is, obtaining HM-subvarieties of low dimension.

(1) Symmetric and alternating groups: Consider the symmetric group S, where p > 5 is a prime

number, A = (C?) and B = (C®)) where C¥) denotes the conjugacy class of i-cycles in G, i = 2, ..., p.
For any a € C®) b e C?, < a<¥> ><< a,b >. But < a,b > is a transitive group of prime degree
p, so it is primitive [Wi84] Th.8.3 and, since it contains a 2-cycle, it is S, Th.13.3 [Wi84]. As a
consequence < a<?> >= A,, which acts transitively on the 2-cycles class. Likewise, consider the
alternating group G := A, where p > 5 is a prime number, A = (C®) and B = (C®)). For any
aecCP be B <ab> >a<a,b> But < a,b>is a transitive group of prime degree p, so it
is primitive and, since it contains a 3-cycle it is A, [Wi84] Th. 13.3. So conditions (H1) and (H2) hold.

(2) Non abelian finite simple groups: Suppose G is a non abelian finite simple group. With the
notation of corollary 2.3, observe that since G is simple hypotheses (i) is automatically fulfilled since
the groups < A; >, < B > are normal. So we are only left to check hypotheses (ii) and (iii). Taking
n = 1, (iii) is automatically fulfilled too. So, for a simple group G we always have ¢(G) < 2[(G) — 3
where [(G) denotes the minimal length of a g-complete tuple (A, ..., Ay, B) of non trivial conjugacy
classes of G

Example 2.4 1. According to the Atlas, the Mathieu group Mi; has 10 conjugacy classes: 1A, 2A, 3A, 4A,
5A, 6A, 8A, B** 11A, B** and its maximal subgroups have order 720, 660, 144, 120, 48. Since none of these
orders can be divided by both 8 and 11, (8A, 11A) is a g-complete 2-tuple for M11. So, Mi satisfies (H1) with
A =(84), B=(114).

2. The argument above, using the maximal subgroups given by the Atlas, works for instance with m = 1 and
Mss with A =7A and B = 114, (443520, 40320, 20160, 7920, 5760, 253).
Sz(8) with A =5A and B = 7A, (448, 52, 20, 14).
J2 with A =5A and B = TA, (6048, 2160, 1920, 1152, 720, 600, 336, 300, 60).
Js with A =5A and B = 174, (8160, 3420, 2880, 2448, 2160, 1944, 1920, 1152).
Ly with A = 37A and B = 67A4, (5859.10°, 5388768.10%, 465.10°, 299168.10°, 9.10°, 3849120, 699840, 1474, 666).
etc.

3. Consider the projective special linear groups L2(p) where p = 3 [mod4], p > 7 is a prime number. Then, by
a theorem of Dickson [Di]:Let p > 5 a prime number, then the order of the mazimal subgroups of the projective



special linar group La (p) belongs to {p(pgl) ,p—1,p+1,60} if p= %1 [mod10] and to {p(p;l) ,p—1,p+1,24,12}

else, the tuple (24, pA) is g-complete.

(3) Families of p-groups: All the assertions in the following can be found in [S86], Chap. 2 §2 or
Chap. 4 §4.

(3-1) p = 2: Then G is one of the following groups:

- Dihedral group of order 2": Don =< :v,y|;1:2n_1 =y’ =1, yry =2~ ! >.
- Special dihedral group of order 2": Syn =< =z, y|a;27kl =yl =1, yay=2x
- Generalized quaternion group of order 2™: Qon =< x,y\xQn_l =y ylay=a"1 >,
and, taking A = CyG , B = C%, using the relations, one immediately checks that for each a € A
B = {x,axa™'}, so condition (H1.1) is fulfilled and, since m = n = 1, conditions (H1.2) and (H2)
are empty.

_ n—2
1+2 >.

(3-2) p > 2: Recall that for any finite p-group G with Frattini

Lemma 2.5 Let G be a finite group with Frattini subgroup ®(G). Assume the quotient G/®(G) is
abelian, then,, for any x1,...,xq € G such that G/®(G) = @le < T; >, the tuple C := (CxGl, ...,CIGd)
s g-complete.

Proof. Indeed, for any g1,...,94 € G, since G/®(Q) is abelian, one has z¥ = 7;, i = 1,...,7 so
G =< af',...,2%,®(G) > which, by the characterization of the Frattini subgroup, implies G =<
g1 9d 0

't >

A finite p-group G has the property that G/®(G) is an elementary abelian p-group. Assume
furthermore that ®(G) = Z(G) and G/®(G) =< T > @ <y >. Then any g € G can be written in
a unique way g = z"“9y" ¢, = y9a"91), with ¢4,1, € Z(G) and all the elements in A := C’yG are of
the form yé, ¢ € Z(G) thus, for any a € A, B = C¢ = {a'za""};>¢ with < a >C< a<> > for any
b € B. This shows (H1.1) is fulfilled and, once again, since m = n = 1, conditions (H1.2) and (H2)
are empty. The following groups satisfy these hypotheses:

- M@pt) =< @yl =y =1, y Loy = 2P

- Any non abelian group of order p* (Recall that an abelian group of order p® is isomorphis to Dg
or Qg if p =2 or to M(p?®) or E(p?) if p > 2, where

EQ@’) <az,yla? =yP = [z,y]P =1, [z,y] € Z(E(p)) >

(4) Frattini extensions: The next result is about Frattini extensions; it is related to Modular Towers
§4.1.2 and will be proved in 3.2. It will give us information about regular realizations of finite unsplit
extensions of a given finite group G, which is a difficult matter, even when the group G is known to
be regularly realized (this is the theory of embedding problems, [MMa99], Chap.V)

Proposition 2.6 (Frattini covers) Let G be a finite group verifying (H1.0), (H1.1%),(H1.2") with
A= (A1, ...,An), B=(B1,...,By). Then, for s large enough, ([A],[B]®) verifies (C1) and

(C3) Given a finite Frattini cover G — G, for any tuples A, B above A, B, the tuple
([A], [B]®) wverifies (C1).

We have the following additional conclusions:

(C4) If the B;, i =1,...,n are p'-conjugacy classes for a given prime number p and G, A,
B verify (H2) then, given a finite Frattini cover G — G with p-group kernel, there
exists tuples A,B of conjugacy classes of@ above A and B such that the tuple ([A],
[B]*) verifies (C1) and (C2).

(C5) Ifn=1 then, given a finite Frattini cover G — G, for any tuples A, B above A,

B, the tuple ([A],[B]®) verifies (C1) and (C2).
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Example 2.7 Here are two examples of central Frattini extensions we will deal with in the following:

- If G is perfect (that is, G = [G,G]) then, by Schur’s theorem, the universal central extension G — G of G exists;
furthermore, it is finite, Frattini and its kernel is the Schur Multiplier M (G) of G.

- If G is p-perfect (that is generated by elements of prime-to-p order) for some prime p dividing |G| then the universal

central p-extension PG — G of G exists; furthermore, it is finite, Frattini and its kernel is the p-part M (G), of the Schur
Multiplier M(G) of G.

3 Group theoretical proofs

This section is devoted to the proofs of theorems 2.2 and proposition 2.6. They rely on the following
technical lemma, the proof of which is postponed to section 3.3:

Lemma 3.1 Given a finite group G and a symmetric 2s-tuple C = [CY, ..., Cs] € Cas(G).
(1) For any 1 < k < s there exists uy, € Il 95 such that for any HM representative g = [g1,...,7s] €
hm(C)

ug - g = [g1, ...,gzl,...,gs]

(2) For any 2 < k < s and for any i = (i1,...,ir) with 2 < iy <y < ... < i, < k —1 there exists
v; k € Iy 25 such that for any HM representative g = [g1, ..., gs] € hm(C)

Giy --9iy

Vik 8= [g1,---,gi1 7"')98]

(3) For any 2 < k < s, for any i = (i1,...,3,) with k +1 < 43 <l < ... <ip < s —1 there exists
wy; € Iy 25 such that for any HM representative g = [g1, ..., gs) € hm(C)

ggi’r"'gil
wk,gg: [glu"'7gkl 7"'795]
The underlying idea of lemma 3.1 (and of the whole proof) is that, the larger the tuple [Cy, ..., Cj]
is, the larger the groups G} generated by the gf“""'g”, 2 <i; < iy < .. <idp < k—1 (resp.

kE+1<i <ig<..<i, <s—1)are; our purpose is to show that under the assumptions of theorem
2.2 these groups are large enough to act transitively on the conjugacy classes Co, ..., Cs.

3.1 Proof of theorem 2.2

In the following, we say o = (o(1),...,0(v)) is an ordered v-tuple in a subset ¥ C N if (k) € X,
k=1,...,vand o(1) < 0(2) < ... < o(v). Given such an ordered v-tuple o, we write o + [ for the
translated ordered v-tuple (o(1) +1,...,0(v) +1).

3.1.1 Casem=1

Let G be a finite group and A, B = (Bj, ..., B,,) be n + 1 non trivial conjugacy classes of G.

(1) Given b = (b1, ...,b,) € B, write <b >= {f3, ..., Bs}; each (; can be written as a product of say
s(j) terms of the form by, = ba.k,].(l) by () Where oy ; = (okq-(l), ey Ok, (Vk,5)) 1s an ordered
tuple in {1,....,n}, k=1,...,s(j), s = 1,...,s. Setting N(b) = max{s(j)}1<j<s, the set
{bcr1 e bO's}o ordered tuple in {1,...,n}
s<N(b)
contains < b >, that is, is equal to < b >. And, since by definition < a<P> > is the subgroup
generated by {a}yc<p>, one deduces from the above that

<b>  _ bs, b
<a >=< {a 71 Gs}a ordered tuple in {1,...,n} >

s<N(b)
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(2) Write N; = |B;|, i = 1,...,n and N° = max{N(b)}pep and set N = Nj--- N,, N°. Then, for any
(bigs -y bim)i<i<N € BY there is at least one b = (b1, ...,b,) € B which is repeated NO times among
the (bi1,...,bin), i =1,..., N and since N(b) < N, step (1) yields:

Lemma 3.2 There exists N := N(B) > 1 depending only on B such that for any (u;)i<i<nnN =
(bigs -y bin)i<i<n € BY there exists b € B satisfying

<b> o(v) " Us
<a >=< {au @y (1)}0 ordered tuple in {1,...,nN} >, fOT eacha € A

We now show that, for # > N(B) + 1, the tuple C, = ([4], [B]**) will satisfy (C1) provided 4, B
satisfy (H1) and (C2) provided B also satisfies (H2).

(H1) = (C1): For any 1 < k < 4nz one can always find in [B]?® either N(B) + 1 copies of [B]
before k (if 2nz < k < 4nz) or N(B) + 1 copies of [B] after k¥ (if 0 < k < 2nz). Let g =
[a,h1, ..., hane] € hm(C,) be a HM-representative and g € G. We are to show that, for any 1 <
k < 2nz, g and [a, hy, ...,hz, ...y hong] fall in the same orbit under IIj 45512. Suppose for instance
2nx < 2k < 4nx, that is there are at least N(B) 4 1 copies of [B] before k£ and so, according to
lemma 3.2, there is at least one n-tuple b = (by,...,b,) € B such that < a<P> > is generated by
the set {aho(l’)"'h“(l)}a ordered tuple in {1,...,nz—1}- But since < a<P> > acts transitively on the conjugacy
class of hy, we can assume that g €< a<P> > and, consequently, that ¢ can be written as a product
x1 - x5 of s terms of the form xy, = aox¥w) "or) | where of = (ok(1),...,0k(vg)) is an ordered tuple
in{1,..,nx —1}, k=1,...;s. So, we are left to do the following s operations

g — [a,hl,...,his,...,hgrw]
— [a, hl,...,his_lxs,...,hgnx]

L1 Ts—1T
- [a, hl,...,hk i S,...,hgnx]

But, according to part (2) of lemma 3.1, these can be handled by applying successively vy, 1 k+1,
Vo, 1+1k+1 €tc, k=1,..;s. If 1 <k < 4nx, use part (3) of lemma 3.1 instead of part (2).

(H1) & (H2) = (C2): From now on, we denote by C the tuple C, built above and set s = 2nz + 1.
We assume furthermore (H2) is fulfilled that is, there exists b; € B;, b; € B; such that b;b; = b;b;,
1 <i# j <n. We have shown that all the HM-representatives fall in one single orbit OIM(C) ¢
sni(C) /Il a5 so in one single orbit OYM(C) € sni(C)/Il 25 as well. In the first place, we prove the
II 95 HM-orbit OI;M(C) has the same length as the SHy, HM-one OHM(C), that is, they coincide. In
the second place we show that OYM(C) = O1M(C).

Condition (H2) implies SHas leaves OglM(C) globally invariant. Indeed, since Il o, is normal in
SHss, SHys permutes the orbits of sni(C)/Ily 2. But, for any HM-representative g = [g1, ..., gs] €
hm(C), straightforward computations give

1= lg. ML L
a2i,2; 'g:([gh ---,gi—1]7gi,(gi l)gi g'77[9i+17 "'79]'—1]79? 195 1’ [9]'+1""792nz+1})7 2<i<j<s
1 1 1 1
azi2j+1 - €=(91, - 9i-1), 95 (9, )% % git1s s 9j-1], 950 (gfl)gj 9 [gi+1s - 92nar1]), 2<i<j<s—1
azi—1,25 - 8=([g1, ---791'—1]79;% ,9; 1 lgi, ---79]'—1]793(-”793-_17 [9j+1, - 92na+1]),2<i<j<s

—1

9; _ —1\g: g .
azi—1,2j+1 - 8=([91, - 9i-10,6;" 97 " [Git 155 95-11:95, (97 )T 9 (G541 s G2nat1]), 2< i <G -1 < s —2

Consequently, any HM-representative g = [g1, ..., gs] € hm(C) with g;g; = g;g; - such a HM rep-
resentative always exists according to (H2) and the way C was built - is fixed by a;; that is,
aij - OFM(C) = OM(C), 3 < i < j < 2s. And, since OM(C) is a Iy, orbit, we obviously
have a; j - O¥M(C) = OM(C), i = 1,2 < j < 2s. Consequently

SHas-OFM(C) = OFM(C)
S5 SHy, -Im(C) = OHM(C)
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We now show that O{{M(C) = OfM(C). As above, II; o5 being normal in Il o, entails that
I 55 permutes the orbits of sni(C)/II; 5. Thus, it is enough to show that for any i = 3,...,2s there
exists g € hm(C) with az; - g € OFM(C). But, for any HM-representative g = [g1, ..., gs] € hm(C)
straightforward computations give

—1
A 9i+1 "8

1, (91 2, Gim1), 95 (97 )91, [Gig 1, - g5])
(g (g Y9, g2, ..., gi—1), 91, (g
-1 -1 —1 —1
g1 9; — ~1 9i 9;
= (91 791 7[92 7~~~7gi,1}7gi71(gi l)g” glv[giJrlv"'vgs D
— —1 9; 91
ag_éi-g = (g1,(gl )gz lg2, .., gi— 1} g; 295 1[Gt - 95))
(

AR Ta AR ) N L P I 3 )

and, by lemma 3.1, there exists u; g, v; ¢ € 117 25 such that

g‘_1 -1 —1
Uig " & = [91,[95 ) 797, 1] gl?[gz+1 v 792nr+1”
vig & = 91,095 07 10,90, 1975 95 nan )]
S0,
a1,2i - Uig & = a2_,§1'+1 '8
a1,2i-1Vig g = a;.éi 8

3.1.2 Casem >2

Keeping the same notation as above the 2s-tuple we are going to consider will be once again of the
form C, = ([A], [B]?**) with x large enough. The following lemma is a straightforward generalization
of lemma 3.2.

Lemma 3.3 Let G be a finite group andconsider two tuples A = (Ay,...,An) € Cn(G), B =
(Bi,...,Bpn) € Co(G). There ezists N := N(B) > 1 depending only on B such that for any (u;)i1<i<nn =
(bigs -y bin)i<i<n € BY there exists b € B satisfying

Yo (v) " Uo(1)

<aP> >=< {q } 1<i<m >, for eacha € A

o ordered tuple in {1,...,nN}

(H1) = (C1) & (C2): Asinsection 3.1.1, if z > N+1, condition (H1.1) ensures two HM-representatives
of the form [ay, ..., @m, M1, ..., hopg ] and (a1, ..., am, K, ..., A2 ] fall in the same orbit under Iy, 1 4nz+2m -
To prove it, just observe the method used to construct the elements ug, vk, w; of II1 25 in lemma

3.1 gives similarly elements ui, ’Uf s w};i of IIz;_1,2s such that

ul g = [gl,...,ggi,...,gs]g_ ., ,1<i<k<s
iy 90y
. gl . . . . .
Vi <o cin k"B = (9155 ), s ooy Js) = (i1, .0y lp) With i < i) <o < ... <1, <k
Giy iy
. gz . . . . .
Wi i< <ip 8= (9155 95, yoees Js] = (i1, .y bp) With 1 < k <y < iy < ... <1,

Now, let 2 < i < mand g € G. We are left to show g = [a1, ..., am, b1, ..., hang] and [ay, ..., af, ..., am, AT,

o hgZ2e] fall in the same orbit under Ilo;,—1 4nz+2m. First note that there exists a constant M > 1
such that any element of < B > can be written as the product of at most M elements of Uj<;j<,B;. Up
to increasing the number z of copies of B?, we assume 2z > M. Since < afB> > acts transitively on

the conjugacy class of a;, we can assume that g €< a<B> > and consequently that g can be written as

bio.y, b , ‘
the product z1 - -- x5 of s terms of the form z = a;, BT Where iy, € {1,...,i =1}, by j € Ui<i<nBi,

j=1,..,vpand vy <M, k=1,...,s. So, this tlme we have to carry out the following s operations

.
g — [al,...,aig,...,am,hl,...,hgm]
Ts_1T
—  at, .0 L amy b hong)
Tl Tg_1T
- ai,...,q; T Gy Py ey Rong]
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Since 2z > M, one can always find (K}, ..., hy,,) € B*® and s ordered tuples o = (0% (1), ..., 0% ()

) 1 2nx
in {1,...,2nz}, k = 1,...,s such that by, = h’ak(i), i=1,..,v;, k=1,..,s. But, as already noticed,
b fall in the same orbit of II9,—1,4nz+2m- Then apply

/
[a1, ..., am, b1, ooy hopg] and [aq, ..., am, Ry, .o Ry
/

is 1s—1

successively the elements wy ., w; " . ete, k = 1,...,r to [a1,...,am, "}, ..., hy,, ] in order to
obtain [a1,...,a?, ..., am, R, ..., hb,,]. To conclude, use once again that [ai,...,af, ..., am, b}, ..., hb,.]

and (a1, ...,a7, ..., am, h1, ..., hang] fall in the same orbit of Ilam,—1 4ng+2m-

(H1) & (H2) = (C3): This part of the proof remains unchanged since (H2) ensures S Hypz42m leaves

OiM (C,) globally invariant.

3.2 Proof of proposition 2.6

We retain the notation of 3.1.1, 3.1.2 and of proposition 2.6. Consider the integer N := N(B)
defined in lemma 3.3. Then, according to (H11), for any (w)1<i<nN = (bi1s -y bin)i<i<n €
there exists b € B satisfying

>1
BN

G =< {s(&?”(”)mﬁ”(l))} 1<i<m >, for eacha e A

o ordered tuple in {1,...,nN}

But, s: G — G being a Frattini cover, this entails

G =< {a, ™"} 1<i<m >, foreacha € A

¢ o ordered tuple in {1,...,nN}

So we can always take N = N(B) = N(B). Now, recall that in (H1) = (C1) & (C2) we have also
imposed that 2o > M. The Frattini property shows M does not have to be increased when passing
from G to G. Indeed, (H2") means that

G =< {s(&fl"ﬂl)} 1<k<io1 foreacha; € Ay x--- X Ay, i =2,....,m.
ﬁj€U1gignéia I<M

which entails that

é =< {d’gluﬂl)} 1<k<i—1 for each a; € .A~1 X - X Al, 1=2,...,m.

BjEUI<i<nBi» ISM

This and section 3.1.2 show the 4nz + 2m-tuple C one gets replacing A; by A;, i = 1,...,n and B; by
B;, i = 1,...,m satisfies (C1). As for the second part of proposition 2.6, we are left to show B can
be chosen in such a way that the commutativity conditions (H2) are still fulfilled. For this, choose
b; € B; and apply Schur-Zassenhauss lemma to the short exact sequence

1 —ker(s) — s (< b >) S< b >— 1

which splits uniquely up to conjugation, defining thus a single conjugacy class B; above B; the elements
of which have the same order as those of B;, i = 1,....,n. Let us show the n-tuple B = (Bl, ,Bn)
works. For any 1 <14 # j < nlet b; € B;, b; € B; such that b;b; = b;b; so, in particular < b;,b; >~<
b; > x < bj >. Once again Schur-Zassenhauss lemma implies the short exact sequence

1— ker(s) — 5_1(< bi,b]' >) i>< bi,bj >—1
splits uniquely up to conjugation and, in particular that, for any section o of s we have o(b;)o(b;) =

o(bj)o(b;) with o(b;) € By, o(bj) € B;. This proves (1) and (2) is straightforward since n = 1.

3.3 Proof of lemma 3.1

We proceed in two steps:

14



3.3.1 First step

Set
i 2a1+1 H2a2+1 205141 ~2v; ~28i—1+1 2B2+1 ~261+1 -
1’25—{ 1 Q2 Q ’L Q zQ z -QQ Ql apres ai,1€Z7 ’L—l,...,28
Blyes ﬂi—lez
v;€Z—{0}

and By 25 = Ufil 328. Then B o, is contained in IIj o5. Indeed, each of the Bi,237 1=1,...,2s is. For
1 = 1, this is obvious. For 2 <14 < 2s, this results from the following equality: for any a1, ...,q;—1 € Z,
/817 "'7/8i71 € Zu Yi € Z— {0}

-1 Bi— 1+1 B3+l Bo+l _ ~2a1+1200+1 2az 1+1 ~2y; 2& 1+1 28241 ~281+1
a12a13 Ay 1alzalz 1 013 Q12 =&y 2 Qi Q; "R 2 Q1

one can check computing ”from the center”, i.e.:

afydl = Qi QPQITTTO,. Q1
011—1( leafzfllﬂ) = 011—1Q1 Qi1 QQ%QQ& 1+1Q Q!
= QuQi QT QI - -
(' (i a2 = Qi@ 2Q2°“ 1“@“@”1 o Q7! a2t

20— 1+1 27 N2Bi—1+1 A208;—2+2—1
= Q1..Qi Q! Q”Qﬁl QZ%? Qi Q1!

etc.

3.3.2 Second step

We use now elements of By 2, to build ug, v; , et wy ;.
Set ay, := ng,gnglegk,g, k = 2,...,s and note that

ak'(hla ceey h?k—37g7gk7 g];l’ h2k+17 ceey h?s) = (h17 ceey h2k—37 g, 927 (g]fi)_17 h2k+17 ceey hQS)

(1) Construction of uy:

Set Ok := Qog—3..-Q1, k = 2, ..., s, then, for any g = [g1, ..., gs] € hm(C),

- B2 -8 = (91 5 91:[92, s 95))-

-p3-g= (91_1>gglv (géh)ilagla [937 ---ags])-

- By recurrence, observing that Ox11 = Qor—1Q2—208k, k > 1, conclude that

ﬁk ‘g = (91_17 [ggl¢ -'-7913171]»917 [gkv "'798])
So, setting u, = B,;lakﬂk € Bi 25, one gets :

up-g = By (e (9198 901 ) 91, gk s 95))
Bt (o7 198" gl ) o1 Lol o gs))
Bt (B (91,92, s Gh—15 91" Gt 15 e G25))
= (91,92, Gk—1, 92", Gkt1s - G2s)

In the following, given i = (41,...,%) with 1 <43 < ... < i, < s and g = [g1,...,95s] € hm(C), we

will write (4, 7) = g1 g”, i=1,..,7r

(2) Construction of vj k:

In this section, given i = (iy,...,4,) with 1 < i; < ... < i, < s and g = [g1, ..., gs] € hm(C), we will

erte gl 0 — [92 9 '791‘911_ ] and gl,] [g:;(i{)u . '793]-(_%_’1311]7 j = 17 "°7T

For any 1 < < j <'s, write v, := QjSngj,g -+ ()2;, which acts this way:

’Yi<j°(h17 (XY} h?i*lugu [giJrla 79]]7 h2j+17 (XY} h?s) = (hlu ceey h2i*17 [gzg+17 sy g:;‘;_l]mgjg'u g;1’99j7 h2j+17 ceey hQS)
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and for any ¢ = (i1, ...,4,) with 1 < 4; < ... < i, < s set 72-(1) = Vi, _1<in Ot O%Yii<iy ©V1<i; © Q1. Then,

for any g = [g1, ..., gs] € hm(C):
. 1 — — gi
- For any 1 <y <, ’y((il)) g =< 8= (91195 gl gl g (G, s 95))-

- By recurrence, observing that 781 = 'yir<iT+17(1), i = (i1, 0) With 1 < 47 < ... < iy < 8,

ir < ip41 < 8, T > 1, conclude that

(i,r—1)

1 - _ jr—2) i _ .
’YE( ) g = (gl lvgz,()aggllagillvgz,lv"'agz(llr )7giri1>g§',7’—1)gz >giT1>7(lvr)?[gir-i-l?"‘?gs])

Finally, given i = (i1,...,%,), k with 1 < i1 < ... < i, < k < s write 72(2]{) = ng_g...QQir.’)/i(l) and
compute )

2 _ _ jr—1
73 g = (91" 81007 95 it o 81, g5 Y

T

797;:17 I:glg(i;:)7 "'795(7&{")]7 g(l? T)? [gk7 ) gs])

T

So, setting

2)\— 2
vk = () Loty € Bias
for any g = [g1, ..., gs] € hm(C) one gets:
Gio -Gy
2)\_1_(2 e
Vik & = (72(7]2) I’YZ'(Jg) ' [917 "'7gk—lug]z1 y 9k+15 °'°7gs]

Giy -+ 9iq

= [917"'7gk—lagz1 7gk+17-"7gs]

(3) Construction of wy:

In this section, given i = (iy,...,4,) with 1 < i; < ... < i, < s and g = [g1, ..., gs] € hm(C), we will
. 1 . —1 : -1 ; -1
write g; 0 == [g;(“) ,...,g;Yl(l_’I) | and g; j = [gzj(i’p ,...,gzj(f_’lrll Lg=1,..r.

For any 2 <1i < j < s, write §;; := ngl_g e Q;il_ngi,g, which acts this way:
Sicjo (P, ooy h2i=3, G, [Gis ooy Gj—1]s B2t 1s ooy Bs) = (B ey hoim3, 674 07 1y [Git1s ooy 9j—1]9%F Bjst s -ony Bos)

and for any ¢ = (i1, ...,4,) with 1 < i < ... <4, < sset 52.(1) = 0, <ip+100i,_,<i, O =00, <is 001<iy 0Q1.
Then, for any g = [g1, ..., gs] € hm(C):

1 - _ r—2)
0V g = (9N g2 e 91 90 05 (it e Gy s G g (G0 e G 1),
1) 1 .
gzﬂ(zT )7girlv’7(l?7ﬂ_ 1)7[gir+1¢"-798])
Next, set (52(2) = Qfl e Qgii_l . 5£-(1) € By and compute
2 . _ CoN—1 S oN—1 _ CoN—1 i r—2 S oN—1 _ S o\—1
51( ) g = (v(, ), (g7 @™ g, ( gll)’Y(U“) ’(gill)v(z,r) (it (gl(ff ))’Y(lﬂ") ,(giil)'y(zﬂ“)

ir—1 S N—1 _ S oN—1
Bur—1, (gD (g0 g 1, g,])
Finally, given i = (i1, ...,4,), k with 1 < k < i1 < ... < i, < s write 5,232 = ey, ey i, Where

1 1
{ €i = Q1 Q2305 Q21 Q2,130 | 202, -1 Q2 ;4
SRt

ki, = Q2,3 QaQy_ Qo oQ2k—3" Q1

then, 5,(“) € Bag, which entails wg’i = 5,(632 -51(2) € I o5 and for any g = [g1, ..., gs] € hm(C) one gets

(g71)%r %0

wg,gg: [gh"'vgkflagk >gk+17"'>gs]

As a result, wy; = (w)) ;)I<9>1=1 € TI; o, works. Note that, this is the only step in the proof of lemma
3.1 where we use the assumption G is finite. Actually, part (1) and (2) of lemma 3.1 remain true
without this assumption and part (3) only requires g; to be of finite order.
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4 The regular inverse Galois problem with fixed branch points

4.1 General strategy
4.1.1 For a finite group

We would like now to apply theorem 2.2 to the regular inverse Galois problem with fixed branch
points. Consider a field @ of characteristic 0, a finite group G, a symmetric 2s-tuple (resp. rational
union of conjugacy classes) C = [C1, ..., Cs] € C25(G) and suppose that (C1) and (C2) from theorem
2.2 are satisfied that is, there exists 1 <[ < 2s such that all the HM representatives of E(C) fall in
one single orbit OM(C) € sni(C)/SHas and II; 5, acts transitively on this orbit. Then, H e M)
(resp. HEL G(C)) is a geometrically irreducible variety defined over Q¢ (resp. over @) such that for

any t) 4195 € € U*71(Q), the HM-subvariety 'H2 e (C) s (resp. the symmetrised HM-subvariety

HQS G(C) 106
extension Qg (t],9,)/Q (resp. the finite extension Q(C,t;,,,,)/Q). So the problem is reduced to
studying the rational points of a smooth modular geometrlcally irreducible variety V' of dimension [
defined over a finite extension ko /Q.

This situation is particularly adapted to the Local-global principle [Mo89], [GPR97] that is: con-
sidering a global field ky and a nonempty finite set of places ¥ and denoting by k?/ ko the maximal
extension of ky in a separable closure k§/ko which is totally split at each v € X, the local-global
principle for varieties states that, for any smooth geometrically irreducible k:o -variety V, if V(koy) # 0
for each embedding k3 — ko, and each v € X then V(k3) # 0. This applies in particular to kg = Q
and ¥ = {p}, where p is a prime number (resp. oo) that is, kop = Qp, k' = Q% (resp. koo = R,
ky = Q).

So, using the modular interpretation of Hurwitz spaces we can state, for instance:

) is a smooth geometrically irreducible varlety of dimension [ defined over the finite

Proposition 4.1 Fiz a finite group G, a symmetric 2s-tuple C = [C1, ..., Cs] € Ca5(G) and an integer
1 <1<2s. Let kg be a global field and X a nonempty finite set of places. Assume

(Trans) All the HM representatives fall in one single orbit OFM (C) € sni(C)/S Ho,
and I1; o, acts transitively on this orbit.

(LocReal)  There exists a tuple ty,;, | 5, € U (ko) such that Q(C,tk 1+1.2s) C ko and, for each
v € X, there exists a HM G-cover f defined over ko, with invariants G, C (t’ t5)
(where ty € Uj(ko,) depends on f).

Then there exists a HM G-cover f defined over l-coE with invariants G, C and branch points (t’f, t/271+1728)
(where t; € Uy(kY) depends on f).

Proof. In terms of Hurwitz spaces, condition (Trans) implies that H2s G(C) is a geometrically ir-
reducible variety defined over ko and that for any t;,,,, € Uu*=(ko), HE G(C)tgﬂ’% remains ge-
ometrically irreducible. Furthermore, according to condition (LocReal), there exists t/Z,l 4125 €
U~ (ko) such that HEL(C)y EHLQS(JCOU)”OO" # 0, v € ¥ with Q(C,t5,,,,,) C ko. So, since
H2s G(C) trir, is smooth, geometrically irreducible and defined over kg, the local-global principle
entails that H2$ G(C) 10 (k5)me°b #£ (), which is the expected conclusion when, for instance, Z(G) =
{1}. Else, the local-global principle should be applied to the global descent variety Dag ¢(C)y

tsiv1,2s
[DDoMo04] associated with H2$ G(C) _ instead of H2$ G(C) s itself. Indeed, one has
Dss.c(C)y

$,041,2¢ =4
Corers (ko) # 0, v € X. Since Dg&g(C)t/E L1, 1S sMOOtH geometrically irreducible and de-
fined over kg, the local-global principle yields Dasc(C)yy . (kY) # 0 or, equivalently,
HEE(C)yy, Hw(koﬁ)”wb £0. 0
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Remark 4.2 Existentially closed extension analog Recall a field ko is said to be existentially closed in a regular

extension k/kg if for any smooth geometrically irreducible ko-variety V', V (k) # 0 entails V (ko) # 0. For instance a large

field ko is existentially closed in ko((X))/ko [P96]. Thus, an analog of proposition 4.1 can be stated for this situation,

more precisely: Let ko be a field existentially closed in a reqular extension k/ko. Fiz a finite group G, a symmetric 2s-tuple
= [Ch,...,Cs] € C25(G) and an integer 1 <1 < 2s. Assume (Trans) and

(LocReal)  There exists a HM G-cover defined over k with invariants G, C and branch points
t' € U* (ko) such that Q(C,ti,1.2.) C ko.

Then there exists a HM G-cover f defined over ko with invariants G, C and branch points (t', ], 25) (where ty € Us(ko)
depends on f).

4.1.2 For a projective system of finite groups

The above strategy can also be developped for a complete projective system of finite groups (sgy1 :
Gry1 = Gi)r>0- Indeed, assume there exists a projective system (Cj, = [Cj 1, ..., Ck, 5] ) k>0 of symmet-
ric tuples (resp. rational union of conjugacy classes) Cy € Cag, (G)) and an integer 1 <1 < 2sg such
that (C1) and (C2) from theorem 2.2 are satisfied at each level k > 0. Then (HHZM Gt (Cht1) —

28k+17
H2sk,Gk(Ck))k20 (resp. (Hgi\ithH(CkH) — HZsk Gk(Ck))kZO) is a tower of geometrically irre-
ducible varieties defined over Uk>0QC (resp. over Q) such that for any projective system of branch

points (t} )., € lim U?*=(Q) the corresponding tower (H%k+1 Gk+1(Ck+1)tL+1 — H;ng%k(ck)t;)kzo
k>0
(resp. symmetrised tower (HZSk+1 GkH(CkH)t;ch H2sk ¢, (Cr)t; )k>0) is a tower of geometrically
irreducible I-dimensional varieties defined over Ux>0Qg, (t}) (resp. Ukr>0Q(Ck,t})). Theorem 4.1
of [DE03] states that, given a complete projective system of finite groups (sg4+1 : Gr+1 = Gk)r>0,
(Ck)rk>0 can always be built in such a way that (C1) is fulfilled for any & > 0 and that, for any
henselian field A of characteristic 0 with residue characteristic either p = 0 or p > 0 not dividing
any of the |G|, &k > 0 and containing all the prime-to-p roots of 1, lim HQSk Gr (Cr)(N)™% # . We

k>0
would like to obtain the same kind of results replacing the towers of HM-components by towers of

HM-subvarieties in order to apply the following profinite version of proposition 4.1.

Proposition 4.3 Let ky be a global field and X a nonempty finite set of places. Fixz a complete
projective system of finite groups (sp41 : Gg+1 — Gi)r>0, @ projective system of symmetric tuples
(Ck =[Ck,1, s Crs))k>0 and an integer 1 <1 < 2sy. Assume

Trans All the HM-representatives fall in one single orbit O"M (C},) € sni(Cy,)/S Has
k
and I1; o5, acts transitively on this orbit, k > 0.
(LocReal) For all k > 0, there evists ty, ;1 5, € U (ko) such that Q(C, t4 1+1.2s,) C ko and
for each v € 33, there exists a HM G-cover fi defined over ko, with invariants Gy, Cg,
(t 15 11 105,) (where ty, € Uy(koy) depends on f).

Then for each k > 0 there exists a HM G-cover f defined over k:g with invariants Gy, Cy and branch
points (t} 5,1, ) (where ty, € Uy(k3) depends on fi).

We will deal with modular towers [F95] and some towers of Hurwitz spaces associated with modular
towers we call associated central towers. The end of this section is devoted to describing the construc-
tion of these objects which are the main motivation for proposition 2.6 and example 2.7.

a/ Modular towers: Fix a finite group G and a prime number p dividing |G|. Consider then the
universal p-Frattini cover of G, p<z~5 p G — G. Since ker(pqg) is a free pro-p group, its Frattini series,
defined inductively by kerg = ker(pg?)), ker; = kerf[kerg, kerg|, ..., ker; = ker! ,[kery, kery],..., is a
fundamental system of neighbourhoods of 1. This provides a complete projective system of finite
groups (Sg+1 ]Ij“ G —»k' G)k>0 with G =p G/kerk, k > 0 such that G = lim kG Furthermore,

kzo
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for any £ > 0 and any p’-conjugacy class C} of lgé, there exists a unique conjugacy class Cgyq of
];H@ above Cj with o(Cky1) = o(Ck) [F95], lemma 3.7. As a result, if G is p-perfect, any tuple
of p’-conjugacy classes Co = (Cy 1, ..., Co,) € Cr(G) with hm([Co]) # 0 defines a unique projective
system (Cy = (Ck.1, ..., Ckr))k>0 such that for all k£ > 0, o(Cj;) = o(Cjp), i = 1,...,7, hm([Cy]) # 0
(Frattini property) and Cj has the same rationality properties as Co®. The corresponding projective
system of HM-varieties

(M 5([Crn) = HHE(Cieso
is called the HM-modular tower associated with the data (G, [Cy],p). As usual, (Hfﬂﬁrlé([ckﬂ]) -
T»p

Hg M G([C k) k>0 will be called the symmetrised HM-modular tower associated with the data (G, [Co], p).

b/ Associated central towers: We keep the above notation, assuming furthermore that G is ¢-
perfect for some prime ¢ # p dividing |G|. Denote by ¢  the functor ”universal ¢-central extension”

and consider the projective system (7s;; : 9(571G) — q(’gé))kzo- For each k£ > 0 let Ay be the set of

all symmetric 2r-tuples of conjugacy classes of ‘1(’5@) above [Cy]. Then (48341 : Agy1 — Ap)k>0 is a
projective system of non empty f finite sets, so its projective limit is non empty. In other words, there
exists a projective system (9[Cgl)x>0 of symmetric g-complete 2r-tuples of conjugacy classes above
([Ck))k>0. Such a system defines a tower of Hurwitz spaces covering the HM-modular tower associ-
ated with the data (G, [C],p) we call an associated g-central tower. It cannot be defined uniquely in
general except if Cp1,...,Co, (and thus, Cy 1, ...,Ck,, k > 0) are also ¢’-conjugacy classes, in which
case, by Schur—Zassgagauss, the associated g-central tower can be defined uniquely with, furthermore,
the property that 4[Cy]) has the same rationality property as [Cg], £ > 0 and, consequently that the
associated g-central tower is defined over the same field as the original modular tower. In general,
if the original modular tower is defined over k C Q, an associated g-central tower is defined over a

subfield of k(e W) where e(M(G)), denotes the g-part of the exponent of the Schur multiplier
M(G) of G. Indeed, one has e(M (’;C:’)| e(’;@) with e(];é) = p"ke(G) thus e(M(];G))q =e(M(Q)),-

If G is perfect, one can carry out the same construction with the functor ”universal central exten-
sion”, ~, but the resulting associated central towers are not necessarily defined over a finite extension
of k since {e(M (lgé))}kzo is not necessarily bounded.

Theorem 2.2 and proposition 2.2 give group-theoretical conditions to ensure the transitivity condi-
tion (Trans) holds. Sections 4.2 and 4.3 are devoted to prove the local realization condition LocReal
for fields like R, Q,. As a result we can give explicit forms of propositions 4.1 and 4.3: theorems 4.5
and 4.6. Theorems 1 and 2 from the introduction are special cases of these results.

4.2 (RIGP/t; C t) over Q*
4.2.1 G-covers over a complete field of characteristic 0

We start with a preliminary paragraph about the regular realization of finite groups over complete
fields satisfying some additional technical conditions that we will need for our construction.

Let k£ be a complete discrete valued field of characteristic 0 and of residue characteristic p. The
main tools to deal with G-covers over k are formal geometry [H87] or rigid geometry [L95], [P94].
Given a symmetric 2s-tuple C = [C1, ,...,C;] € Ca4(G), these methods provide a construction of G-
covers defined over Q, with invariants G, C, t € Us(Q). However, it is not obvious these G-covers
are HM G-covers - and, in general, they are not. For a prime p not dividing |G|, some technical

*Indeed, for any k > 1, [EG : G] = p"* so, for any ¢ > 1, ¢ is prime to |FG| if and only if ¢ is prime to |G|. As a
result, for any ¢ > 1 prime to |G| and for any 1 < j < r, C} ; is the only conjugacy class above C} with elements of
the same order as those of Cq In particular, for any ¢ > 1 prlme to |G|, if o4 € S, verifies C? = (Cy, (1, -+s Co,(r)) then
Cl. = (Crioq(1)s -+ Criog(s))-
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assumptions on the branch points - conditions (*) and (**) below - are necessary to ensure they are
[DE03] and for primes p dividing |G|, the problem remains open (because of the possible bad reduction
of Hurwitz spaces for these primes). Suppose given t = {z1,y1, ..., Zs,ys} € Uas(k) and consider the
conditions

x;,y; lie in the same coset, i = 1,...,s and 1, ..., 2 lie in pairwise distinct cosets.
* lie in th t, i =1 d lie i irwise distinct t

1 1
(**) oy —yi| < |z — xjl|p|P-T, 1 <i# j < s (with the convention |p|»—T = 1if p = 0).

where a,b € k lie in the same coset means that either |a|, |b| < 1 and |a —b| < 1 or |al, |b] > 1. We

will sometimes write (,, := e%, n > 2 in the following.

Our purpose here is to build HM G-covers defined over k, with a k-rational unramified point the
fiber above which is totally k-rational and with a QQ-rational branch point divisor or - at least - a
ko-rational branch point divisor where ko/Q is an explicitely computable cyclotomic finite extension.
If we impose for instance that (z1,...,7;) € U'(Q) then the second part of condition (*) can’t be
satisfied if ¢ > p+ 1. This difficulty can be overcome by adjoining roots of 1 to k; we explain precisely
how below (Lemma 4.4).

The statement and proof of lemma 4.4 being rather technical, we first explain how we are going to
proceed. As usual, the method consists in glueing cyclic G-covers in an appropriate way. We are going
to use the rigid glueing procedure; in order to obtain HM G-covers, consider the two cyclic G-covers f; :
X; — IP’}@ with group < g; >:= Z/n;Z, inertia canonical invariant ({gf"” b {geui })j:17"'7¢(nri)/27 —=+1

U5 € €U

and branch points (zf ; == a; + ¢ m s Yig = 0 +a+ Cn;ni )jzl""’d)(n;ni)/Z’ eet1)s ©=1,2 where a € Q

n
1 . .

is chosen in such a way that |a| < min{1, |p|>-1} and (Z/n;"Z)* = {:i:uz‘,j}jzl’...’¢(n;”i)/27 i =1,2 (here

my,mg > 1 are two integers; we will specify their value later). Each of these two G-covers is defined

over Q with a Q-rational unramified point the fiber of which is totally Q-rational [Des95] and is a HM

G-cover. But to assert the G-cover obtained by glueing fi Xk and f2 Xk will still be a HM G-cover,

we have to check that (z§ ;, yf ;) i=1.... 812, =1 verify conditions (*) and (**) as well. This will occur

for instance if a1, |ag|, |a1 — as| < 1 (where ay,as € Q are just translation terms) when ny't # ny?.
So we just have to choose mi,ms > 1, a1,as € Q this way. Consequently, given any integer m > 1,
we will denote by Rat,,, the rationalization operator which to each conjugacy class C' of a finite group
G associates the rational union of conjugacy classes

Rat,(C) := (C, CTM ) im1 . p(o(C)m) /2, e=+1

where {+u;}1<i<pocym)/2 = (Z/o(C)™Z)*. Likewise, given any tuple m = (my,...,m;) € N\ {0}, let
Rat,, be the rationalization operator which to any tuple C = (C1, ..., C}) € C,(G) associates the tuple

Raty,(C) := (Ratm, (C1), ..., Ratym, (C1)).

We now state lemma 4.4 and give its proof, which is just a slight adjustement of the method
described above.

Lemma 4.4 Let G be a finite group and C = (C1, ...,Cy) € Ci(G). Assume that p [ |G|, k contains all
the o(C1)th roots of 1. Choose m = (ma,...,m) € N\ {0} such that o(C;)™ # o(C;)"™, 2 <i#j <t
and write v := l(Rat,,(Co,...,Ct)). Then there exists a branch point tuple t' € U™2(Q) wverifying
conditions (*), (**) and t} , € U*(Q), t3,10 € Ur(Q). And, for any such branch point tuple, there
exist HM G-covers defined over k with invariants G, ([C1], Raty,(Cs, ..., C)), t'.

Proof Write o; := o(C;) and choose g; € C;, i = 1,...,t. Then for any a1,b; € Q, the G-cover
fi: X1 — ]P’}@ with group < g; >, inertia canonical invariant ({g1},{g;'}) and associated branch
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points (z1 := aj,y; := by) is defined over Q((,,) and has a Q((,, )-rational unramified point the fiber
of which is totally Q((,, )-rational. Likewise, for each 2 < i < ¢, write
Ratin, (Ci) = (C;, O™ )emtt) joa,.. (o 2)

Then, for any a;,b; € Q, any G-cover f; : X; — IP’}@ with group < g; >, inertia canonical in-

€U, 5 e —
m7,7 g

variant ({g;”’j},{gi_ui’j})ezﬂ)1<j<¢( miyjp and associated branch points ((z5; = ai + C

b; —|—C i Me=+1)1<; <j<d(o™)/2 is defined over Q and has a Q-rational unramified point the fiber of
which 1s totally Q-rational. Choose futhermore (a;)1<i<¢ € Q! in such a way that |a;] < 1 and
la; —a;| <1,1 <4 7éj <t and, given a € Q such that |a| <min{1, |p|ﬁ} set b; :==a;+a,t1=1,..,1
With N := H2<Z<t o;", by assumption p /N and, from this, one easily check condition (*) and (**)
are both fulfilled by t' := ((z1,41), (27 ;, Ui ;) j=1,..p(o7) 2 to+1<i<t, e=+1). Condition (**) allows us
to glue together - via rigid geometry - the G-covers f; XQ(Coy) k and (f; xq k)2<i<t to get a G-cover
[+ X — P} defined over k with group G, inertia canonical invariant ([C1],Raty,(C, ...,Cy)) and
branch points t’. Condition (*) combined with [DE03], proposition 2.3 and theorem 1.4 shows that
the G-cover f: X — P} is actually a HM-cover.]

4.2.2 Results

To avoid rationality problems, we only deal, in this section, with fields containing enough roots of 1
and HM-curves. The following statements and proofs can be adjusted for fields without roots of 1
and to HM-subvarieties of arbitrary dimensions. We refer to §4.4.2.3. of [C04b| for details about this
matter.

Theorem 4.5 Let G be a finite group containing n + 1 conjucacy classes A, B = (B, ..., By) such
that A = (A), B verify (H1) and (H2) from theorem 2.2. Set ka := Q((oa)) and write

C, := ([A], Rat,(B®)) 7 :=1(Cy)

where m = (mq,...,mys) € N\ {0} is any tuple such that o(B;)™it+kn £ o(B;)™itin, (i,k) # (4,1),
0<1i,j<n,1<k,l<s—1. Then, fors large enough, HTS’ (Cs) is a geometrically irreducible variety
and, for anyt’ € U"~1(Q) the HM-curve H;ZJ\G/[(CS)V remains geometrically irreducible. Furthermore,
for any finite set © of (non archimedean) places of ka of residue characteristic not dividing |G|, there
exists t& € U™"1(Q) with tx € U,,—1(Q) and such that the corresponding symmetrised HM-curve
Hﬁff‘g(cs)t% is defined over k4 with the property that

HITE(Co)ey, (RX)™ # 0

rs,G

Proof. According to theorem 2.2, for s large enough Cj verifies condition (Trans) of proposition 4.1
(since ([A],[B]®) already does) so we are only left to check condition (LocReal). Writing ¥ N Q =
{p1,...,pr}, re-use the notation of lemma 4.4 and take for instance a; = (py---p,;)', i = 1,...,ns + 1,

= (p1---pr)" with n >max{ 1}1<Z<T These satisfy the conditions |a;|, < 1, |a; — aj], < 1 and

1
lal, < |p|P=T for all p € X, 1§27éj <% Set

r1:=ai, Yy :=a1+a

Tk = Gk + Cpm for e = %1, j=1,...¢(o(B;)™ ") /2,1 <i<m, 1<k <s—1
yi6+k;n7j ‘= Qjtkn,j T 0+ CO(?JZT 7
and
tll = (leuyl)a
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.....

Then, writing ty, := (t1, (t};)1<r<s—1) conclude thanks to lemma 4.4 that for each P € ¥ there exists
a HM-G-cover defined over (k4)p with invariants G, Cs, t' with t5 . = ti; that is, HZ%(CS)‘G’Z (kp)nocd £
(). By the branch cycle argument, 7'(5‘:{‘6{1(08),6;Z is defined over k4. Thus, as in the proof of propo-
sition 4.1 applying the local-global principle to the global descent variety yields the announced result.[]

In terms of G-covers, theorem 4.5 means that for s large enough there exists HM-G-covers (f, a)
defined over ki, with invariants G, Cs, t¢ where ty can be written t; = {t; s} +tx with tx € U,,_1(Q).
For instance, take for G any group of section 2.3.2 (1), (2), (3).

Combining proposition 2.6 and the constructions of section 4.1.2 yields the following profinite
version of theorem 4.5

Theorem 4.6 Let G be a finite group and p a prime number dividing |G|. Assume G contains n + 1
p -conjugacy classes A, B = (B4, ..., By) such that A = (A), B verify (H1.1"), (H1.2%) and (H2)
from proposition 2.6 (for instance, assume G, A, B verify conditions (i), (ii) and (iii) of corollary
2.3). Set ka := Q((oa)) and write

C, := ([A], Rat,(B%)) 1y :=1(Cy)

where m = (M1, ...,mps) € N\ {0} is such that o(B;)™itkn # o(Bj)mitin, (i,k) # (j,1), 0 <
i,7 <n,1 < kil <s—1. Then, for s large enough, the HM-modular tower (H;Hﬁlé(ck_%s) —
sHp

H;HkMé(Ck,s))k>0 is a tower of geometrically irreducible varieties and, for any t' € U"1(Q),
Sip -

(H;Hé\/ilé(ck—f—l,s)t’ — H;H%(Ck,s)t')kzo is a tower of HM-curves which are still geometrically irre-
Sy Sip

ducible. Furthermore, for any finite set ¥ of (non archimedean) places of ka of residue characteristic
not dividing |G|, there exists t& € U™"1(Q) with tx € Ur,_1(Q) and such that the corresponding

tower of symmetrised HM-curves (Hfl\g+1é(0k+17s)t/2 — Hff‘,f@(cm)t,z)kzo is defined over ks with
S)p 57p

the property that

lim 74,75(Cr s)er, (Ra)p) "™ # 0, P €2 and - HG(Co)e (k)" # 0.

k>0

This conclusion still holds (with the same s and t%,) for any associated q-central tower (for primes
q # p dividing |G| and such that G is q perfect) replacing e(G) by e(G)e(G)y.

Proof. According to proposition 2.6, for s large enough and for all k > 0, Cy, 5 (resp. @) verifies
(C1), (C2) that is, H;HkMG(Ck,s)t/E (resp. H HM_ (9Ck,s)ty, ) is a geometrically irreducible HM-curve.
S7p

rs,d BG

Consider the t’' € U™(Q), t € U™~1(Q) built in the proof of theorem 4.5. Then, for any P € %,
HHAM (Ck,s)t%(kp)”o"b # 0 (resp. HHM/IC\C;(qu,S)t%(kp)”OOb # 0) and these sets being finite, their

s,k G
°p
inverse limit is non-empty. The second part of the conclusion is obtained, once again, using the local-
global principle and the global descent varieties. [

R

In terms of G-covers, theorem 4.6 means that for s large enough and for all £ > 0 there exists HM-G-
covers ( fr, oy ) defined over ki, with invariants ];G, Cps, ty, wherety, can be written ty, = {t1 s }+tx
with ty € U.,_1(Q).

Example 4.7 Let us consider for instance Mi1 (cf. section 2.3.2 (2)). Take A = (84), B = (11A4) and, with the
notation of theorem 4.6, let (Hi41,s — Hi,s)k>0 be the HM-modular tower associated with the data (Mi1, Cs,3) and
write Cr,sx = (Hg,s)sy,, k& = 0 for the resulting symmetrised HM-curves. Since 5 does not divide 8, 11, by Schur-

—

Zassenhauss, there exists a unique conjugacy class 5@k (resp. 5(11A)y) lifting (8A4)) (vesp. (11A4)y) in 5 kG with
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0(5(/814\)k) = 8 (resp. 0(5@1& = 11). This defines uniquely an associated 5-central tower (5/’}\-lk+1’s — 5/7\-[&3)1@0

defined over the same field k := Q(iv/2) as (Hrr1,s — Hr,s)k>0; Write Qk,s,z = (5/7\-6k5) , k > 0 for the resulting

t/
b}
curves. The following commutative diagram defined over k summarizes the situation

5Ch,s,» — SHit1,s

e

Crt1,5,5— Hip1,s

5Ck,5,2 5Hk,5

S

6/ | Ga——

Theorem 4.6 then means that the non obstruction locus of the left side of this diagram carries (double) projective systems
of kp-points for each P € ¥ and that Cy ¢ 5 (k)" # 0, 5Ch .5 (k%)% £ 0, k > 0.

4.3 (RIGP/ty Ct) over Q"
4.3.1 G-covers defined over R

We first recall succintly the description of G-covers defined over R with prescribed invariants given in
[DF94]. We will use it in the next paragraph.

Let t' € U"(Q) be an r-tuple consisting of 7 = ry + 2ry branch points in configuration (r1,72), that
is with - ry real branch points ¢y, ..., ¢, .

- 79 complex conjugated pairs {z;,%;} C PY(C)\P(R) with 2; = t,, 11,
Zi =1Tri+i, 0 =1,..,79.

and assume that t; < ... < t,, Re(z1) < ... <Re(z,). Then there exists a standard ordered topological
bouquet ¥ = (71, ..., for P1(C) \ t such that complex conjugation ¢ € I'r acts by

= (7;1)(’71""‘11'—1)’ i=1,..,m

- Vrit2i-1 = (fy;{m)(‘ﬂ“"m)’ 1=1,...,19

Let G be a finite group and C = (C4, ..., C;) € C.(G). Define the subset sni®(C;r1,15) of sni(C)
consisting of those (g1, ..., g,) in sni(C) verifying the additional condition:
(4) there exists an involution gy € G such that - ¢/ = (g{l)(gl"'gi—l)_l, i=1,...,11

- 9£f+2i71 - (gai%)(glmgm)’ 1=1,...,m9

Write ER(C; r1,72) for the corresponding quotient set modulo the componentwise action of Inn(G).
Then, BCD., defines an identification (\IIAG)*l(t’ ) ~ sni(C) such that @R(
those G-covers in sni(C) which are defined over R.

C;rq,r2) corresponds to

4.3.2 Statements and applications

We will use here a variant Rat of the rationalization operator Ratg introduced in paragraph 4.2.1.
Namely, Rat(C) := (C*,C™", ..,C%,C™") if {C"}ye@/o(cyzy = {CF" i,

Theorem 4.8 Let G be a finite group containing two tuples A = (Aq, ..., Am), B = (B, ..., By) verify-
ing (H1) and (H2). Write Cs := (Rat(A), Rat(B)®) andr := Y ;" |Rat(Ag)|, rs :== s> ,_; |[Rat(By)|.
Then, for s large enough, Hgf\é(cs) is a geometrically irreducible Q-variety and there exists ty €

U™"(Q) with a Q-rational associated divisor tr € U,,_(Q) and such that the symmetrised HM-
subvariety Hg’]\é(cs)tﬁ% s a geometrically irreducible r-dimensional Q-variety with,

HyLG(Co)eg, (QT)0 40
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Proof. As in the proof of theorem 4.5, we are only to show Hi’]\é(cs)tﬁ%(ﬂ%)”“b # (). For this, apply
the following procedure (with the notation of section 4.2.1): given a non trivial conjugacy class C
(1) - If o(C) = 2, associate to C' the tuple ti := (i, —1).

- If o(C > 2), associate to C' the tuple ti, := (Co(c)’ O(C ,C%(" Nz ;(g";("(c))/g).
(2) Set t' := (t],,t]. 1, ) with t], = (t); +4(i — 1))i=1,m and tTJrl re = ((tp, +4(i = 1))i=1,n) +
A(m + jn))j=o,...s—1-
Then, t’ € U™(Q) is in configuration (0,7,/2) and since ) # hm(C;) C sni®(Cg;0,15/2), we obtain
Hg%(cs)t/(R)”OOb # (. Set tg =t , , which satisfies tp € U,—(Q). Then, by the branch cycle
argument, Hg ]\é(C s)tﬁ% is deﬁned over Q and conclude applying the local-global principle to the asso-
ciated global descent variety as in the proof of proposition 4.1. [

As in section 4.2.2, one can state a profinite version of theorem 4.8 for modular towers and asso-
ciated g-central towers; we leave this to the reader and give another application of our method to the
profinite regular inverse Galois problem over Q" (see also [C04a]).

Let (sg+1 : Gr41 — Gg) be a complete projective system of finite groups and (Cy, = (C 1, ..., Ckr) Jk>0
a projective system of tuples Cy € C,(Gj). Assume there exists r1,7r9 > 0 with r = 1 + 2ry and

(*) For all m > 1 such that (m,e(G)) =1, s,;il(ﬁR(Ck;rl,rg)) C ﬁR(Ck+1;T1,7"2)

Lemma 4.9 Assume there exists a Q" -G-cover (fo, ) with invariants Go, Co, t' such that “t'is

in configuration (r1,7m2), 0 € I'q. Then there exists a regular realization of lim G}, over Q" with
k>0
invariants imCy,, t
k>0

Proof. Let po € Hr.c,(Co)e(Q)™% and (fi, i )k>0 a projective system of G-covers corresponding to
a projective system of points (p)r>0 € lim H,,q, (Cx)t above pg. For any o € I'g, by the branch cycle
E>0
argument, ?(pg)r>0 € lim HnGk(CZ((U))t. Furthermore, since (fo, ) is defined over Q' 7(fo, ag) is
k>0
defined over R with branch points 7t’ in configuration (rq,r2) so, its branch cycle description lies in

ER(CO;H,TQ). The branch cycle description of 7(f, o) lies in sni(Cy) above the one of 7(fo, )

so, according to (*), in @R(Ck;rl,rg). As a result, 7(fk, ) is defined over R. Now, let D(fx, ax)
be the descent variety of (fx,ax) [DDoMo04]; it is a smooth geometrically irreducible R-variety such
that for any o € T'g “D(fx, ax)(R) = D(?(fx, ox))(R) # 0. Apply then the local-global principle to
show D(fr,ar)(Q!) # 0; that is, (fi, k) is defined over Q. Conclude using §5.3.1 of [C04b]. [J

Example 4.10 Let Do := lim D,, be the prodihedral group of order 2a> where

k>1

a® 2 -1

D,k =< u,vju® =v" =1, vuwv=u"" >
For any k > 1, let Ay ; be the conjugacy class of u® in Dy,x, i = 1, ..., [a" + 1)/2] and By be the conjugacy class of v in
Dy, Then check that for any 1 < i1, ...,3: < [a®41)/2] condition (*) is fulfilled with Cy := ([Bk], [Ak.iy» - Akip]), k> 1
(¢f [CO4b]). To prove the existence of (fi,a1) as in the lemma, we re-use the idea (and the notation!) of the proof of
theorem 4.8 as follows: observe that A := (Bi1), B := (A1,1) verify (H1) and (H2) so, with C; := C, for s large enough
and for any t5 .. € U™ 1(Q), HI Do (C1)y, is a geometrically irreducible curve. Let t5,., € U™ 7%(Q) built as in the
proof of theorem 4.8 then, since B is rational (o(B) = 2), H/ '} D2 (C1) (0.t ) is defined over Q. According to section
4.3.1, Hf{ Do (C1)(0,t/3‘7.3)(]R)""°b # () so, applying once again the local-global principle to the global descent variety,
Hi - (Cl)(O,téy,rs)(QtT)nOOb # () and, if (f1, 1) is a G-cover corresponding to a point p1 € H,{{S%ZQ (Cl)(o’téY’rs)(QtT)nooa
its branch point divisor is of the form (1,0, )t5 ., that is in configuration (2,7s/2 — 1) and satisfying the hypothesis of
lemma, 4.9. Conclude, by applying this lemma, that there exists regular realization of Das over Q' with invariants
lim ([By], [AyY, ...,A,ﬁ(“)/g])7 (t1,0,t5,.,).

k>0
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