STABLE STANDING WAVES FOR NONLINEAR SCHRODINGER-POISSON
SYSTEM WITH A DOPING PROFILE

MATHIEU COLIN AND TATSUYA WATANABE

ABsTRACT. This paper is devoted to the study of the nonlinear Schrédinger-Poisson system
with a doping profile. We are interested in the existence of stable standing waves by considering
the associated L?-minimization problem. The presence of a doping profile causes a difficulty in
the proof of the strict sub-additivity. A key ingredient is to establish the strict sub-additivity
by adapting a scaling and an iteration argument, which is inspired by [32]. When the doping
profile is a characteristic function supported on a bounded smooth domain, smallness of some
geometric quantity related to the domain ensures the existence of stable standing waves.

1. INTRODUCTION
In this paper, we are concerned with the following nonlinear Schrodinger-Poisson system:
{ —Au + wu + edu = |ulP~tu
—A¢ =5 (Jul* - p(x))

where w € R, e >0and 1 < p < % Equation (1.1) appears as a stationary problem for the

n R3, (1.1)

time-dependent nonlinear Schrédinger-Poisson system:

i+ AY — edtp + [$PY =0 in Ry x R,
~A6 = $(10P - p(x)) in Ry xRY, (1.2)
¢(0»1’) = ¢0-

Indeed when we look for a standing wave of the form: (¢, 2) = e™'u(x), we are led to the
elliptic problem (1.1). In this paper, we are interested in the existence of stable standing waves
for (1.2) by considering the solvability of the associated L?-constraint minimization problem.

The Schrédinger-Poisson system appears in various fields of physics, such as quantum me-
chanics, black holes in gravitation and plasma physics. Especially, the Schrédinger-Poisson
system plays an important role in the study of semi-conductor theory; see |21, 25, 27|, and then
the function p(z) is referred as impurities or a doping profile. The doping profile comes from the
difference of the number densities of positively charged donor ions and negatively charged accep-
tor ions, and the most typical examples are characteristic functions, step functions or Gaussian
functions. Equation (1.1) also appears as a stationary problem for the Maxwell-Schrédinger
system. We refer to [6, 13, 14] for the physical background and the stability result of standing
waves for the Maxwell-Schrodinger system. In this case, the constant e describes the strength
of the interaction between a particle and an external electromagnetic field.

The nonlinear Schrédinger-Poisson system with p = 0:

{ —Au+ wu + edu = |[ulPlu

3
n R (1.3)
— 2
—A¢ = Glu
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has been studied widely in the last two decades. Especially, the existence of L?-constraint
minimizers depending on p and the size of the mass, the existence of ground state solutions
of (1.3) and their stability have been investigated in detail; see [2, 3, 4, 5, 10, 13, 19, 20, 22,
26, 28, 29, 31| and references therein. On the other hand, the nonlinear Schrédinger-Poisson
system with a doping profile is less studied. In [16, 17|, the corresponding 1D problem has
been considered. Moreover, the linear Schrodinger-Poisson system (that is, the problem (1.1)
without |u[P~1u) with a doping profile in R3 has been studied in [7, 8]. As far as we known,
there is no literature concerning with (1.1) and the existence of stable standing waves, which
is exactly the motivation of this paper.

To state our main results, let us give some notation. For u € H'(R?, C), the energy functional
associated with (1.1) is given by

I(u) = E(u) + w/ lu|? du,
2 Jgrs
_1 2 _ 1 p+1 2
E(u) = 5 /R3 |Vul|* dx P /JRs |ulP™ do + e* A(u). (1.4)

Here we denote the nonlocal term by S(u) = S1(u) + Se with

S = (-2 (1) -

2
87‘(’%‘ | ’ )

Sala) = (-8) (L) = oz * Pl

8|x|

and the functional corresponding to the nonlocal term by

_1 2 _ 1 ([u(@) = p(@)) (lu@)* — )
=1 /RS S(u)(|ul® = p(z)) dz = 3om /R3 /R3 P— dx dy.

For p > 0, let us consider the minimization problem:

Cu) = ué%fu) E(u), (1.5)

where B(p) = {u € HY(R3,C) ; HuHL2 R?) = p}. We also define the set of minimizers by
M) o= {u € B(u) ; E(u) = C(u)}.

In this setting, the constant w in (1.1) appears as a Lagrange multiplier.
Let us define the energy associated with (1.3):

Eaulw) = 2|V uHQ—* / P e+ & / S (w)uf? d.

Indeed if we assume p(z) — 0 as |z| — oo, (1.3) can be seen as a problem at infinity. We define
the minimum energy associated with (1.3) by

Ce,o0(1t) = Coo(p) = ueigfu) Eoo(u). (1.6)

The existence of minimizers for c. o (1) has been studied widely and is summarized as follows.

(i) In the case 2 < p < %, cec(p) is attained if and only if ceoo() < 0. Moreover
Ce,0o(pt) < 0 when p is large for fixed e or e is small for fixed p.
(ii) In the case p =2, ce0(pt) is attained if and only if ce oo (@) < 0. Moreover ceoo(p) < 0
when e is small for fixed pu.
(iii) In the case 1 < p < 2, ceoo(pt) < 0 for all g and e. Moreover ¢, () is attained when
w is small for fixed e or e is small for fixed pu.
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For the proof, we refer to [4, 5, 10, 13, 20, 22, 19, 29].
For the doping profile p, we assume that

p(z) € L3 (R¥) N LL (R for some ¢ >3 and x-Vp(x) € L7 (R?). (1.7)
Our first main result is the following.

Theorem 1.1 (Existence of a minimizer). Under the assumption (1.7), we have the followings.

(i) Suppose that 2 < p < % and choose i > 0 so that coo(p) < 0. Then there exists

po = pole,p) > 0 such that if HpHLg(RS) + ||z - V| ) < po, the minimization
problem (1.5) admits a minimizer uy,.
Moreover the associated Lagrange multiplier w = w(p) is positive.
(ii) Suppose that 1 < p < 2. Then there exists ey = eo(u, p) > 0 such that if 0 < e < eq, the

minimization problem (1.5) admits a minimizer w,,.

6
L3 (R3

In the statement of (i), we may choose e > 0 so that cso(p) < 0 for fixed ¢ > 0. The
assumption (1.7) rules out the case p is a characteristic function supported on a bounded
smooth domain. Even in this case, we are still able to obtain the existence of minimizers under
a smallness condition on some geometric quantity related to the domain; See Section 6.

The positivity of the Lagrange multiplier w(u) will be useful to establish the relation between
L?-constraint minimizers and ground state solutions, which we leave for a future work. We also
refer to [15, 18] for this direction.

The next result states the orbital stability of standing waves corresponding to minimizers.

Theorem 1.2 (Orbital stability of standing wave). Under the assumption of Theorem 1.1, the
standing wave Y(t,x) = e“tu,(x) is orbitally stable in the following sense: For every e > 0,
there exists §(¢) > 0 such that if an initial value v satisfies |0 — upllgi(rsy < 6, then the
corresponding solution v of (1.2) satisfies

' e 3= S A ()2
sup inf {Hw, ) =)oy + 608 ) = 5(=2) " fu()] HW(RS)} <e.

Here DM?(R%) = H(R®) denotes the completion of C§°(R?) with respect to the norm:
Hu”%w(Rg) = [gs |[Vul?>dz. As for the global well-posedness of the Cauchy problem for (1.2),
see Section 4 below.

Here we briefly explain our strategy and its difficulty. The existence of L?-constraint mini-
mizer can be shown by applying the concentration compactness principle. A key of the proof
is to establish the strict sub-additivity:

Clp)<C(W)+C(p—p) forall 0<p <p. (1.8)

In the case 2 < p < % and p =0, (1.8) can be readily obtained by adapting a suitable scaling.
However this scaling does not work straightforwardly if a doping profile is present, because of
the loss of spatial homogeneity. In order to overcome this difficulty, we perform an iteration
argument inspired by [32]. By imposing the smallness of p and z - Vp, it is possible to prove
(18)if2<p< % In the case 1 < p < 2, we need to assume that, not p itself is small, but e
is sufficiently small. We refer to Remark 3.5 below why we have to distinguish into the cases
2<p<fandl<p<2

When p is a characteristic function, further consideration is required because p cannot be
weakly differentiable. In this case, a key of the proof is the sharp boundary trace inequality
which was developed in [1]. Then by imposing a smallness condition of some geometric quantity
related to the support of p, we are able to obtain the existence of stable standing waves.
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This paper is organized as follows. In Section 2, we introduce several properties of the energy
functional and some lemmas which will be used in this paper. We establish the existence of a
minimizer and prove Theorem 1.1 in Section 3. Section 4 is devoted to the solvability of the
Cauchy problem, and the stability of standing waves will be investigated in Section 5. In Section
6, we consider the case p is a characteristic function and present the existence of standing waves
for this case. Finally in Section 7, we finish this paper by providing a concluding remark and
one open question.

Hereafter in this paper, unless otherwise specified, we write [[ul|1p®s) = [|ull,-

2. VARIATIONAL FORMULATION AND PRELIMINARIES

The aim of this section is to prepare several properties of the energy functional and present
intermediate lemmas which will be used later on.

2.1. Reduction to a single equation.
First we observe that the energy functional defined in (1.4) actually corresponds to the system
(1.1). Let us consider the functional of two variables, which is associated with (1.1):

1

J(u, ¢) == 3 /R3 {|Vu‘2 +w‘u|2 +e¢ (‘U‘Q _ p(m)) _ ‘V(MZ} do — pil/Rs ‘u|p+1 dz,

for (u,¢) € HY(R3,C) x DM?(R3,R). A direct computation shows that the identity % =0is
equivalent to the first equation of (1.1). Moreover one finds that

0.7
i /RB {—w vt g (Jul? = p(x)) ¢} dz  for all ¢ € CF(R3, R),

from which we deduce that

— 2 =2 (jul® - pla)) (2.1)

Since |ul? —p € Lg(]R3) = (L5(R3))*, by arguing similarly as in [6], the Poisson equation (2.1)
has a unique solution:
€ —
6= eS(u) = S(~8) (Jul? - plx)) € D' (R, R).

Moreover multiplying (2.1) by ¢, we have

2 _E u2— X xZ.
[ 1vekde =5 [ 6 (ul? @) d

This implies that

62
J(u, eS(u)) = ;/quw? + wlul) dz — pil /R up* dz + S /R S(u) (|uf? - p(z)) dx
= I(u).

2.2. Decomposition of the energy.
In this subsection, we rewrite the energy functional £ in a more convenient way. First we
decompose &£ in the following way:

_1 2 1 p+l1
S(u)—z/RgVM dx P‘*‘l/u@ |u|P™ dx,
2

e? 9 e? 9 e? e
+ / Sy (uw)|u|* dz + / Salul® dx — / Si(u)p(x)de — — [ Sap(z)dx
4 R3 4 R3 4 R3 4 R3
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/ Sy (u)|ul? d,

() = 5 [ Si(wple) de,

and define four nonlocal terms:

Ay (u / So|ul? d,

Ao = —/ Sap(z) dx
4 Jgs

Note that Ag is independent of u. One can also see that

|u
= dd = Ay
2u 327‘(/1&3/]]@ |$*y| Y 2( )

Then we are able to write £ in the following form:
1 1
E(u) = / |Vu|? de — —— / Ju[PH da + €2 Ay (u) + 2e2 Ay (u) + €2 Ag.
2 R3 p =+ 1 R3
Recalling that

Sh(u)(x) = (—=A)~ CZP>>0

we find that
Ay(u) >0 for all u € H'(R?,C). (2.2)
Now it is convenient to put
E(u) := E(u) — €% A,. (2.3)
Since Ay is independent of u, we have only to consider the minimization problem for E.
2.3. Estimates of nonlocal terms.

This subsection is devoted to present estimates for the nonlocal terms of the functional E.

For later use, let us define

As(u) = % » Si(uw)z - Vp(z) dx

which is well-defined for v € H*(R3,C), and a constant
1
Ay == | Sox- Vp(z)dx.
2 R3
Then we have the following.
Lemma 2.1. For any u € H'(R3,C), S1, A1, Ay and A3 satisfy the estimates:
3 1
1S1(w)lls < CIVSi()ll2 < Cllulliz < Cllull3[[Vull3

0< Ay(u) < CIISl(u)IIGHUIIQ% < Cllul3IVullz,
1 3 1
[A2(uw)] < 151 (@)sllplls < C||P||g||u||21?2 < Cllpllsllull3 [[Vulls,

1 3 1
[4s(uw)] < SlIS1()lsllz - Volls < Cllz - Vallg [[ull3[[Vull3-

Moreover Sy, the constants Ay and A4 can be estimated as follows.

1S2ll6 < ClIVSall2 < Cllplls,
1
[4o| < ZlIS2llsllolle < Clioll?,

1
44) < 5 ISallg 2 Vol < Clollg 2 Vplls.
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For the proof of the inequality on S1(u), we refer to [26]. The other estimates can be obtained
by the Hédler inequality and the Sobolev inequality.

Lemma 2.2. Assume that u, — u in H'(R3). Then it follows that
lim {A1(up, —u) — A1 (up) + A1(u)} =0,
hm {AQ( ) — A2(un) + AQ(U)} = 0.

n—oo
Moreover if u, — u in L?(R:S), we also have

nlggo Ai(up) = Ai1(u) and nhﬁ\rglo Ag(uy) = Az(u).

Proof. The proof for A; can be found in [31, Lemma 2.2|. Since p € Lg(RS) = (L5(R?))*, the
property for As can be established in a similar way. O

2.4. Scaling properties.
In this subsection, we collect scaling properties of the nonlocal terms A; and As. For a,
b€ R and A > 0, let us adapt the scaling uy(z) := A% (A\bz). We first recall that

(e = (-8 (M) L [ ik,

87 Jrs |z =yl

Putting y = A\~’z, we have

1 lux(y)|? A2 u(Noy))?
- dy =2 [ AP
s =g, [ a= [
B )\2a+b/ |u()\by)|2 p
8w Jgs [ Aoz — Nby|

)\2(1—21; 2
R,
8 Jrs |\ox — 2]
Thus one finds that

S1(uy)(z) = A28 (u)(\ox),

A1 (U)\) = )\4a_5bA1 (u), (2.4)
1 AQa 2b
Asfur) =~ [ Sitwp(r)dr = -2 [ S (\a)p(a)da
R3 R3
2a—5b
_ A T LT ()\_bx) dz. (2.5)

By the Hélder inequality, it follows that

A2a—5b
[Az(ux)| <

_ a—? 3 1
151 () llsllp(A ")l < CX*720pll g [lull3 [ Vull3 (2.6)

2.5. Nehari and Pohozaev identities.
This subsection is devoted to establish the Nehari identity and the Pohozaev identity asso-
ciated with (1.1). First we observe that

I'(u)p = Vu Vgpdx+w/R ugodm—/|u|p 2u@ dx
2
/ §'(u)e (fuf? — p(a)) de+ 5 [ S(uyupds,
R3

for any ¢ € H'(R3 C). The definition S(u) = Si(u) + Sz shows that S’(u) = S](u), and
moreover

Sty = (=8)7" * (ug).
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This yields that
S (w)u = Sy (u)u = (—A) 7 x jul? = 251 (u) = 25(u) — 25,

and hence

/ S'(wyu (Juf? - pla ))da:+/ S(w)[ul? da
/ — S5) (|uf? - pla ))da:—I—/ S(u)luf? dz
02 o2
=¢? /RS S(u) (Jul* = p(z)) dz — 5 /]R<3 Ss (Jul* = p(x)) dz + 2/RS(U)p(ZL‘) dx
02
R3 R3

_ / S(u) (Jul? — p(@)) de + ¢ | S(u)p() de.
R3

RS
Here we used the fact ng Si(u)pdx = — ng So|ul? dz. Thus we find that the Nehari identity
corresponding to (1.1) is given by

0_/ (9ul? + wlul? — [ulP™ + S w) (Jul’ — p(@)) + 2S(w)p(e)} d
= | Vull3 + wlul3 — ullPl] + e A(u) + € - S(u)p(z) dz. (2.7)
Next, we show that the Pohozaev identity associated with (1.1) is described as
1 2 2
= [ A5 S = 4 St (- plo)) - S V(o) b
= v+ 23 - it 5 aw) - S [ Sy Vo) do (23)
— gVl T il o T 2 Jas pe) o, ‘

First we derive (2.8) by a formal calculation. Let us consider uy(z) = u (%), that is, take a = 0
and b = —1. Then from (2.4) and (2.5), one has

HUAHPH + 2 A1 (uy) + 2% As (uy) + €2 Ag

1 w 2
I(ux) = 5IVusl + 2 Jusl2 - s

1
p+1
\oe?

2 R3

A g, Mw o A p+l | 245 2
= §||VUH2 + THUHQ - 1 Jullyty +e" A Ax(u) — S1(w)p (A\z) dx + e A,.

Now we suppose that u is a solution of (1.1). Since A = A; + 2A5 + Ay, it follows that

d
iy 2.
0= (uy) i (2.9)
= fHVuH2 + 3—”||u112 3 ul|Pt] + 5e?A; (u) + 10e® Ay (u) — ¢ Si(u)zx - Vp(z) de
g IV g 2 Ty T ! 2 2 Jps !

1 3w 3 1
= IVl + Sl — = Tl + 56 Aw) — 56 Ao

2 2
— 6/ S(u)z - Vp(z) de + c / Sox - Vp(z)dx.
2 R3 2 R3

We put
2
R = —5e%Ag + < Sa(x)x - Vp(z)dx
2 R3
56 e?
— | Sa(z)p(x)dr+ — | Sa(x)z-Vp(z)de.

4 R3 2 R3
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Recalling that
- 1
—ASy = —rz) and / VS| da = —/ Sop(x) dz,
2 R3 2 R3
one finds that
ng-Vpd:c:—/ VSg-xpdx—?)/ Sop dzx
R3 R3 R3

= -2 VSy - xASsdr — 3 Sopdzx
R3 R3

2 V(VSQ-x)-VSde—B/ Sopdx
R3 R3

1

:2/ V.S, |? dw+2/ x-V( |VSQ|2> dx—3/ Sapdx

R3 R3 2 R3
:2/ V.S, dac—?)/ V.S, da:—S/ Sapdx

R3 R3 R3

)
—/ V.S, d:z:—3/ Sgpdl‘:—/ Sypda.
R3 R3 2 Jgrs

This means that R = 0. Thus from (2.9), we obtain (2.8).

A rigorous proof can be done by establishing the C“regularity of any weak solution of
(1.1) for some a € (0,1). Note that since p € LI(R3) for some ¢q > 3, it follows by the elliptic
regularity theory that S € W'li’g(RB) — Cllo’co‘ (R3). The smoothness of u can be shown similarly
by applying the elliptic regularity theory. Then multiplying x - Vu and ex - V.S(u) by (1.1)
respectively, integrating over Br(0) and passing to a limit R — oo, we are able to prove (2.8)
as in [9, 11].

Lemma 2.3. Any nontrivial solution u of (1.1) satisfies the following identity.

(5 - TE@W) = 20 - 2)|Vul - P22 a3

— 2¢? S(u)p(x) der — (3_2m
R3 R3

Proof. From (2.7) and (2.8), we find that
5p 7

S(u)x - Vp(z) dz.

7 llu IIZE—3IIVUH§—wHUI§+5€2/ S(u)p(w) dz + 2¢° - S(u)z - Vp(x) dr,

(5~ e2A(w) = vl - 221y

2
+ 3¢? S(u)p(x) dx + p De”
R3 R3

S(u)x - Vp(z) dz.
Thus one deduces that
5p 7
(5p = TE(u) =

IV7ull3 + (5p — T)e* A(u) —

p+1
3p — 9w 3 —p)e?
—2(p— 2)|Vull} - Qnur\% —2 [ stupte)ar - CZPE [ Stupe- Vpte) de
2 RS 2 R3
This ends the proof. (I

3. EXISTENCE OF A MINIMIZER

In this section, we aim to prove that the minimization problem (1.5) admits a solution,
provided that the minimum energy for p = 0 is negative and ||p||e + ||z - Vp||s is small. First
5 5
we begin with the following.



SCHRODINGER-POISSON SYSTEM WITH A DOPING PROFILE 9
Lemma 3.1. Suppose that 1 < p < % Then for any p > 0, E is bounded from below on B(pu).

Proof. We use the fact that A; > 0 and %(p — 1) < 2. The Gagliardo-Nirenberg inequality, the
Young inequality and Lemma 2.1 yield that

1 1
E(u) = 5 |Vul|? dx — / |u[PH da + e2 Ay (u) + 2€% Ay (u)
R3 s
1 1
> §HVUH2 CllUHzQ Vu H2 CGQH/)H ||U|!2 [Vul|3
1 3(p—1)e (7-3p)C, 22 4Ce
> §HVU||§—7HVU||§—TH ully" —*HV 15— ||P|| Jully
1 4 4
> EHVqu Cpt — Cewl!p\lg —CpT - CeSqu\IZ
from which we conclude. (Il
Next we define
c(p) = inf E(u). (3.1)

Instead of C'(u) defined in (1.5), it suffices to show that c(p) is attained because of (2.3).

Lemma 3.2. Suppose that 1 < p < % Then c(p) <0 for all > 0.

Proof. Let us consider uy(z) = A2

Using (2.4) and (2.6), we have

u(Az) for ||ul|3 = pu. Note that ||uy]|3 = p for any A > 0.

3(p—1)
A2 A2
Bu) = I Vulls = Sl + A (w) + 26742 (up)
22 /\3(10 D) ) 3 1
< S lIvullz - o lull251 + €A A1 (u) + Ce>A2 |plls w3 [ Vull3 = 0 as A = +0.
This implies that ¢(u) < 0, as claimed. O

Lemma 3.3. Suppose that 1 < p < % Then c(p) satisfies the weak sub-additive condition:
c(p) <c(p)+e(p—p) foral 0<p <p.
Proof. We take uy, uy € C§°(R3) such that |juyl3 = o/, |Juall3 — p — i/,

supp u1 Nsupp ug = 0, (3.2)

E(ul)SC(Hl)—f—% and E(UQ)SC(M—M/)+§

for arbitrary € > 0. From (3.2), one finds that

(3.3)

1 U +u 2
Si(uy + ug) = 87r/ | 1(y|l_y2|(y)| dy
_ 1 ml 1/ ua(y)|
87 Jrs |@ —yl 8T Jgs |z —y

=51 (u1) + S1 (u2).
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Then it holds that

Ay (u1 +ug) = — Sh (u1 + 'LLQ) ]ul + UQ’2 dx

=1/
_ le/R?) (S1 (u1) + 51 (u2)) (|“1‘2 t ‘w’Q) da
1
_ 4/]1@3

)
1 1
Si(uy) |ug|? dx—i—/ S1(usg) |us)? dw+2/351(u1)|u2\2dx
R

|u (y)[?|uz(2) >
=A A dx d
o) + 4 (o) + 167r/Rs/Rs w—y

and

Az (ug +ug) = =

1 S1 (w1 + ug) p(z) de = Az(uy) + Az (us).
RS

Thus we have

Jus () Plua ()
E =F E( — dz dy.
(u1 +u2) (u1) + E (uz Jr167T/R3/R3 o — o] x ay

Now we replace ug by ua(- — k) for k € R and put

A
// Ju1 (y)]*[ug(z — k)| dr dy
T r3 JR3 |z — y|

— k)2
L) e obE,,
167T supp u1 v supp us2 |x—y|

If x € suppug+k and y € supp uy, it follows that |z —y| > dist (supp u1, supp ug)+ |k|, provided
that |k| is sufficiently large. Then one has

1
167rdist (supp uq, supp uz) + |k|

R(k) < a3 [zl = 0 as |k| = oo.

Since |lu1 4 uz(- — k)||32 = p, we have from (3.3) that
c(p) < E(ur +uz(- = k) = E(u) + E(uz) + R(K)
<c(W)+c(p—p)+e+ R(k)

and hence
c(p) <limsup {c(p') +c(p— ') +e+ R(k)}
|k|—o00
=c(W)+c(p—p)+e.
Passing a limit € — 40, we obtain ¢(u) < c (i) +c(p — ). O

It is important to mention that ¢(u) is non-increasing in p by Lemmas 3.2 and 3.3. In order
to prove the strict sub-additivity, we recall that

1 1
B (u) = gHVUH% - [ullBi] + €® A (u).

p+1
By Lemma 2.1, one finds that

e(p) < B(u) = Eoo(u) + 2¢*A3(u)
1
< Boo(u) + Cepi||p]lo | Vull  for any u € B(n).

If coo(p) admits a minimizer u = w, ,, it holds that

3 1
c(n) < coo(i) + Ce*pt | pll s [ Vte,3 -
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As we have mentioned in the introduction, co(p) is attained when

7
coo(u)<0for2<p<§ or ek 1lforl<p<2.

Especially it follows that

1 7

c(p) < icoo(,u) <0 if2<p< 3 Coo(pt) < 0 and ||p||s is sufficiently small. (3.4)
5

The next lemma is the most important in the proof of the existence of a minimizer for c(u).

Lemma 3.4. Suppose that 2 < p < % and choose > 0 so that cso(p) < 0. Then there exists
a constant po = po(e, ) > 0 such that if ||p|ls + ||z - Vpl|ls < po, it follows that
5 5

c(Apn) < Xe(p)  for all X > 1.
We note that Lemma 3.4 implies that
clp) <c(p)+e(p—p) foral 0<p <p. (3.5)
(See e.g. [23, Lemma II.1].)

Proof. The proof consists of two steps.
Step 1: We show that there exists § > 0 such that

c(Ap) < Ae(p) forall A e (1,1+4].
We take any u € H'(R?) with [|ul|3 = p and for 2a — 3b = 1, put uy(z) = A\%u (A\°z) so that
lualls = A2~ Jul3 = p.

Then from (2.4) and (2.5), it follows that

E(uy) = )\1+2b||v H2_LWH ||p+1+ 2)\2+b 4 (u) — AT 2 S1(u) (>‘_b )d
u) =— ul|5 P ullp,iq e 1(u 2€R31Up x) dx.
Let us consider
1
WE(U/\) — E(u)
lull 4y polEGp-TY b ) A—4be2 L
=1 (1—)\ 2 ) —e“Aq(u) (1—)\ ) —2e“As(u) — 5 - S1(u)p(A\""x) dx
=: f(N).
We claim that
(1) <o. (3.6)
For this purpose, one computes
1+ @p—Tb pstepne |lulbi]
Foy=-"t +;p L I ’p!f’*ll + (1= D)X Ay (u)
b
+ 26N e2 [ S (w)p(A0x) d + 2)\_1_5be2/ Si(u)z - Vp(A\ ") de,
R3 R3
from which we deduce that
F1y=-P *g”p Ly ”p hl 4 (1= b)e? Ay (u) — 8be? As(u) + be Az (u).
Now we assume that .
0<b< 27~ (3.7)

7T—3p
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By the definition of F, one has

1 1
ol = B = 51Vl - €A () - 26 A (w)
and hence
p—14+Bp—T7)b p—1+@Bp—-7
py =t =l g,y P 1E 2T

—(p—1+ (3p+ 1)b)e* Az (u) + be? Az (u).
Next since p > 2, we can take b > 0 so that
3—p+(5—3p)b<O0. (3.8)
Indeed one can choose b = 1 because % > 1. Then from (2.2), one has
p—14+@Bp—-T)b p—1+@Bp-7)
2 4
—(p— 14 (3p+ 1)b)e*Aa(u) + be* Az(u).

Moreover by Lemma 2.1 and the Young inequality, for any & > 0, we obtain

, p—14+@Bp—T)b p—14+@Bp—T7)
fiy < P2 it

3 1 3 1
+ C€2M4||P||g||vu|!22 +Cepi|z - Volsl[Vull3

-1 —7)b -1 —7)b
< PR D) - (P 0 9

b 1
IVull5 + 5(3 —p+(5b— 3p)b)e2A1(u)

b
1) < IV7ul13

b
E(u) IV7ull13

C s 4 4
+ Sebu (o +10- vl ).

where C is a positive constant independent of e, u, p and w.
For any € € (0, —fcoo()), we take u. € HY(R3) with |ju.||3 = p so that E (u.) < c(p) +e.
Then from (3.4), one gets

1 1
E(us) < §coo(,u) +e< icoo(,u) < 0. (3.9)
Putting u = u. into the previous inequality, we have from (3.9) that
—14+3p—"7)b
ray <Pt Bp—7)

; )

Since p— 1+ (3p — 7)b > 0, co(p) is negative and independent of p, we find that

o Wl

8 4
el + Cbp (1ol + Nz -

lplls + 1l - Volls < po = f(1) <0 for some py = po(e, ) > 0,

which ends the proof of (3.6).
Now from (3.6) and f(1) = 0, there exists § > 0 independent of the choice of u. such that
f(A) <0 for A € (1,14 6]. Recalling that E (uy) — M2 E(u) = A2 £()), one finds that
) < B ((u)) < AFPE(us) < AF2(c(p) + ).
Taking a limit € — 0, we get
(M) < NF2e(p).
Since A > 1, b > 0 and from (3.4), it holds that
c(Ap) < Ae(p) for e (1,1+4].

Step 2: We prove that c¢(Au) < Ae(p) for any A > 1. For this purpose, we fix A > 1 and choose
to € (0,0), m € N so that
(141t)™ <A< (14t)™H.
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This implies that

A
1§W<1+t0<1+5.
0

By Step 1, we have

e <(1 to) 1iuto> <(+to)e <1iﬂto>
:(1+to)c<(1+t0)(14’:‘;))2><(1+t0)20<(m>

1+ to)>
<(1+ty) e (A u)

(1 + to)m .
< (U to)™ s 2 () = Ae(p),
(1+to)
from which we conclude. (I

Remark 3.5. In the case 1 < p < 2, (3.7) yields that 0 < b < 1. On the other hand if
1 <p<2, one finds that 3 —p+ (5—3p)b > 0 and hence (3.8) cannot hold. When g <p<2,
we also have

3—p+(5—3p)b>4(2—p) >0,
implying that (3.8) is impossible. Note that (3.8) was used to remove Ai(u) which is independent
of p. We also mention that the choice b= 1 corresponds to the scaling uy(z) = N2u(\z).

In the case 1 < p < 2, another strategy is needed to establish the strict sub-additivity. We
show that the strict sub-additivity for 1 < p < 2 holds if the coupling constant e is sufficiently
small. For this purpose, we first establish the following asymptotic behavior.

Lemma 3.6. Suppose that 1 < p < % Let co(p) be the minimum energy defined by

s _ 1 2 1 p+1
co(p) = uelglzu) Eo(u), FEo(u) = §||VUH2 - ]mHUHpH-

Writing () = ce(p) to emphasize the dependence of e, it holds that
Ce(p) = co(p) <0 for all p >0 as e — 0.
Especially it follows that

ce(p) < %co(u) <0 provided that e > 0 is sufficiently small.
Proof. By Lemma 2.1, we know that
ce(1t) < E(u) = Eo(u) + e* A1 (u) + 2¢* Aa(u)
< Eo(u) + €3 | Vulla + OPui|lplls [Vul§  for any u € B(u).

Since co(p) is negative and has a minimizer ug for all g > 0 (see [12]), it follows that

. . 3 3 1
imsupe () < () + tim, (€t ITul + Cutloly [Vunl} ) = ol
e—+0 e—+0 5

On the other hand, let {u;} C B(p) be a minimizing sequence for c.(p). By Lemma 3.1, we
find that ||Vu;||2 is bounded and hence

co(p) — Ce? < Eo(uj) — Ce? < Eo(uj) + Ay (uy) + 2e2 As(u;) = E(uy).
Passing a limit j — oo, one obtains

co(p) — Ce* < ce(p)
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and
co(p) < liminf ce(p).

e—+0

This competes the proof. [l

Now we are ready to prove the strict sub-additivity when 1 < p < 2. In this case, we use the
scaling uy(z) = u()\_%a:).
Lemma 3.7. Suppose that 1 < p < 2. Then there exists eg = eo(u,p) > 0 such that if
0 < e < ey, the following properties hold.
(1) c(A\w) < Ae(p) for all X > 1. Moreover if c(u) is attained, the inequality is strict.
(i) For 0 < u' < p, suppose that either c(u') or ¢(u — u') is attained. Then (3.5) holds.

Proof. (i) Under the same notation as the proof Lemma 3.4, let us consider

g(A\) := E(uy) — AE(u)

p+1+3(p—1)b

AL+26 — A
= = IVuli - —— " lulig
20\24b _ AT2e? —b oy 2
+ e (A A) A (u) 5 Si(u)p(A""x) dz — 2 e” Az (u).
R3

Then one has g(1) = 0 and

(p—1)(1+ 3b)
2(p+1)

Choosing b = —%, we obtain

lul25] + (1 + b)e® Ay (u) — 4be® Az (u) + be? Az (u).

g'(1) =b[|Vul3 -
1 2 4 1
g(1) = =2 |IVull3 + Ze*Ai(u) + Ze® Az (u) — e® As(u).
3 3 3 3
By Lemma 2.1, we can estimate ¢'(1) as

1 3 3 1 3 1
g'(1) < —gHVUIlg + Ce’pz | Vullz + Ce?pi ol [IVull3 + Ce’pil|a - Vollsl[Vull3

o Wl

5

3

1 8 4 8 :
< (5-3¢) Ivu + ¢ (4 + dulpll + Sula- Tol}). (3.10)

where ¢’ € (0, %) and C is a positive constant independent of e, u, p and wu.

For any ¢ € (0,—fco(n)), let u. € HY(R3) be such that [|uc||3 = p and E(u.) < ¢(p) + &.
We claim that there exists 69 > 0 independent of € such that ||Vuc||2 > do. Indeed suppose by
contradiction that there is a sequence {e;} with &; — 0 and {u;} € H'(R?) with ||Ju;]|3 = p
such that E(uj) < ¢(p) + €5 but |[Vu,;||2 — 0 as j — oo. Then it follows that ||u;||; — 0 for
any ¢ € (2,6) and hence by Lemma 2.1,

B = 519018 = 1] + e s () + 26 An() = 0.

This contradicts Lemma 3.6. We also mention that gy is independent of e.
Now from (3.10), we find that there exists eg > 0 independent of € such that

1
g (1) <0 for 0<e<eyand fore e (0, —4co(u)> .

Since g(1) = 0, it follows that g(\) < 0 for A € (1,1 + 6], where 6 > 0 is independent of . By
the definition of g(\), one has

(M) < E((ue)n) < AE(uz) < Me(p) +€).
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Passing to a limit ¢ — 0, we obtain
c(Ap) < Xe(p) for A € (1,1 +4].

Arguing similarly as in the proof of Lemma 3.4, we deduce that c¢(Au) < Ae(p) for all A > 1.
If ¢(p) admits a minimizer u,, we choose u, as a test function. By Lemma 3.6, we can show
that ||Vuyll2 > dg for some §g > 0 independent of e, from which we obtain

eM1) < B((w)2) < A1) = Ae(p).

This ends the proof of (i).
(ii) If § < ' < p, one has from (i) that
/ /
ey K / / A H ’ ’ /
) = (4 ) < Betut) = oty 4 P (i) ) < el + el i),
W W W p—=
and the inequality is strict if either ¢(u') or ¢(u — p') is achieved. In the case 0 < p/ <
also have

clp)=c (Mfu’(ﬂ_ulo < ; fulc(/‘_ﬂl) _ C(M_“I)“‘,uﬁ,,u,c (,u ;/u’ 'MI> < (i) relpu—p).

When p' = £, it follows that

c(p) =c (2 : H) <2 (H) =2¢c(p') = (i) + c(p— '),

from which we conclude. O

I

bE we

The next lemma deals with the compactness of any minimizing sequence for (3.1).

Lemma 3.8. Suppose that 1 < p < % Assume that ¢(pn) < 0 and c(p) satisfies (3.5). Let
{u;} € HY(R3,C) be a sequence satisfying ||u;||3 — p and E(u;) — c(p).
Then there ezist a subsequence of {u;} which is still denoted by the same, a sequence {y;} C

R? and u, € H'(R?,C) such that u;(- — y;) — u, in H'(R3,C) and E(u,) = c(p).

At first sight, Lemma 3.8 seems to be rather standard, once we have established the strict
sub-additivity. But it is not straightforward in the case 1 < p < 2, because we have assumed
the attainability of ¢(u) to guarantee (3.5) in the statement of Lemma 3.7.

Proof. First we observe by the proof of Lemma 3.1 that ||uj|g1 is bounded. Moreover by
replacing u; by ﬁuj, we may assume that {u;} is a minimizing sequence of ¢(pu).

Now we apply the concentration compactness principle [23, Lemma I.1, p. 115 to the
sequence p;(x) = |uj(x)|?. It is well-known that the behavior of the sequence (p;) ;e is governed
by the three possibilities: Compactness, Vanishing and Dichotomy. Our goal is to show that
Compactness occurs.

If Vanishing occurs, there exists a subsequence of {p;}, still denoted by {p;}, such that

lim sup / pj(x)dx =0 forall R > 0.
I yeR3 J Br(y)

Here Br(y) describes a ball of radius R with the center at y € R3. Then by [24, Lemma L.1,

P. 231], it follows that u; — 0 in LI(R3) for any ¢q € (2,6). On the other hand since {u;} is a

minimizing sequence for ¢(u), one has by Lemma 2.1 that

1 1 »
c(p) +o(1) = E(uy) = iHVUjH% - ]mHUijZH + e Ay (uy) + 2¢% Ag(uy)
+1 2
> —— sl = Cllolg .
Passing a limit j — oo, we get 0 > ¢(u) > 0. This is a contradiction, which rules out Vanishing.
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Next we assume that Dichotomy occurs. Then by a standard argument (see |24, Section 1.2]
or [11, Proposition 1.7.6, P. 23]), there exist 4/ € (0,u) and {uj1}, {uj2} C H'(R? C) such
that

JujallFe — 4,

supp(u;,1) Nsupp(ujz2) =0, 6 := dist(supp(ujyl), supp(uﬂ)) — 00, (3.11)
Hu]' —Uj1 — UjVQHq — 0 forall 2 <g< 6, (3.12)
/ (IVu;|* — |V > = [Vujol?) dz > o(1). (3.13)

RS

Moreover replacing u; 1, u; 2 by HJ/’THQ il lvlu“_"‘*; u; 2 Tespectively, we may assume that ||u; 1|3 =
ty |lujoll3 = p—p and (3.11)-(3.13) hold. Now from (3.11), one has

[ ke ”%QPd@_/ [ @ saOF o,
R3 JR3 |:‘U - y| supp uj2) J supp(uj,1) ‘SL’ -

||uj2H2 —0 asj— oo.

||uj,1|
Using (3.12) and arguing as in the proof of Lemma 2.2 in [31], a direct computation yields that

Ax(uj) — Ar(ugn) — Ar(uge) = /3 Sy () ug|* — S1(wgn) | — Si(ujo)|ujol da
R

= [, {Sat gl g0l + Szl fs] = g = g
+ Jug] (g + Jugzl) (S1(uz) = S1(ujn) — S1(ujz2))
+ ]uj71|]uj72|(51(uj71) + 51 (Ujvg)) + |uj](\uj71]S1(uj72) + \uj,2|S1(uj71))}dx
=0 (n— o).
Similarly, one finds that
Ag(uj) — AQ(U]',:[) — Ag(ujg) — 0.
Thus from (3.12) and (3.13), we obtain

c(p) = E(uj) +o(1)
> E(uj1) + E(uj2) + o(1)
c(u) +e(p — p') + o(1).
Taking lim inf in both sides, one finds that

_]*)OO

c(p) > c(p') + elp — ). (3.14)

When 2 < p < %, this readily leads a contradiction by Lemma 3.4.

Next we consider the case 1 < p < 2. By Lemma 3.2, one knows that ¢(y') < 0 and
c(p — ') < 0. Since ¢(p) < 0, it follows from (3.14) that either ¢(u') or ¢(pu — p’) must be
negative. We suppose that ¢(u') < 0 and distinguish into four steps to derive a contradiction.
Step 1: If liminf F(u;1) > c(y), we have

J]—00
c(u) Z liminf B(uj) +c(u — p ) > e(W) +elp— ),
which contradicts Lemma 3.3.
Step 2: Passing to a subsequence, we may assume that E(u;1) — c(i’) as j — oo. From (3.13)
and the boundedness of ||u;||g1, there exists uy € H*(R3,C) such that uj; — uy in H'(R?).
Since {u;1} is a minimizing sequence for ¢(y') and c¢(y’) < 0, Vanishing does not occur and
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hence u; # 0. If wj; — wy in HY(R?), it holds that F(u1) = (1), yielding that c(y) has a
minimizer. Then from (3.14) and Lemma 3.7 (ii), we arrive at a contradiction.

Step 3: When u;; 4 u; in H'(R?), we define vj := uj1 — u so that v; = 0 but v; 4 0 in
HY(R3). Putting p” = |lu1]|3, one finds that 0 < p” < p/ because ||v;||3 = ' — p” + o(1) and
v; # 0. Normalizing v; again, we may assume that [v;]|3 = 4/ — p”. Then by Lemma 2.2 and
the Brezis-Lieb lemma, we obtain

c(i) = E(ujn) + o(1) = E(v;) + E(ur) + o(1) = e(p’ — ") + E(u1) + o(1).
Passing to a limit j — oo, we deduce that
c(u) = ey’ = p") + E(ur). (3.15)

If uy is a minimizer for ¢(y”), then (3.15) and Lemma 3.7 (ii) lead to a contradiction.
Step 4: If u; is not a minimizer for ¢(y”), we have from (3.15) and Lemma 3.3 that

c(u") + ey —p") = (') = e — ") + E(ur) > e(p' — p") + (")

and deduce a contradiction.

In any cases, we arrive at a contradiction. If ¢(p') = 0 and ¢(u — p') < 0, we argue similarly
for u; 2. Thus Dichotomy does not occur.

The only remaining possibility is Compactness, that is, there exists {y;} C R? such that for
all € > 0, there exists R. > 0 satisfying

/ luj(2)|? de > p—e. (3.16)
BRs(yj)

Since |luj||z1 is bounded, there exists u, € H!(R? C) such that up to a subsequence,
uj(- —y;) = uy, in H'(R3,C). Then from (3.16), it follows that u;(- — y;) — u, in LY(R3,C)
for any 2 < ¢ < 6. Thus by the weak lower semi-continuity of ||V - ||2 and by Lemma 2.2, we
get

clp) = Timind B s — 1)) 2 Blow) = el
This implies that F(u,) = c¢(un) and |[Vu;(- —y;)|l2 = || Vuyll2. Thus we obtain w;(- —y;) — uy
in H'(R3,C) and hence the proof is complete. O

Remark 3.9. By the relation between E and & in (2.3), the relative compactness of minimizing
sequences for (1.5) also holds true, which will be applied to show the orbital stability later on.

Now suppose that u € H'(R?, C) is a minimizer of (3.1), that is, E(u) = c¢(u) and |jul|3 = pu.
Up to a phase shift, we may assume that w is real-valued. Indeed by the well-known pointwise
inequality |V|u|| < |Vul, one can see that |u| is also a minimizer and hence u can be chosen to
be real-valued.

Furthermore there exists a Lagrange multiplier w = w(u) € R such that u satisfies (1.1) with
some constant w(p).

Lemma 3.10. Suppose that 2 < p < % and choose (1 > 0 so that coo(p) < 0. Then there exists

po = pole, ) > 0 such that if ||plls + ||z - Vpl|ls < po, the Lagrange multiplier w = w(p) is
5 5

positive.

Proof. Let u be a minimizer for ¢(p). From (2.3) and (3.4), we first note that

1
E(u) = B(u) + €Ay = c() + ¢* Ag < Seso(n) + ¢ Ao,
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Then by Lemma 2.3, it follows that
(Bp—Swp . Sp—T

coo(1t) 4+ 2(p — 2)||Vul[3 — (5p — 7)e*Ag

2 - 2
)2
—2¢2 | S(u)p(z)dx — B=pe S(u)x - Vp(x) dz
R3 2 R3
op— 17
= == coo(t) + 2(p = 2)||Vull3

+ 82 Ag(u) + 5(3 — p)e? Ay — (3 — p)e? Az(u) — (3 — p)e?A,.
Since p > 2, one can choose € € (O, 2(p— 2)) Lemma 2.1 and the Young inequality yield that

(3p — 5)wp op — 7
5 > —= coo(u)+2(p—2)\|vu||%—062”:0”2%
3 3 3 >
— Cepi|pll [Vull3 — Ce*piflz - Vol o[ Vull3 — Ce?lpl ol - Volls
S Sp—T
- 2

coo(i) + (2(p — 2) — &) | Vul)3 - CeQHpHZg
4

8 8
— Cespllpllg — Cespllz- Vol

[Si[= NN

—celplsllz - Vplls,

where C'is a positive constant independent of e, u and p. Since (5p — 7)coo () < 0, there exists
po > 0 such that if ||p||e + ||z - Vp|ls < po, it follows that
5 5
Bp=5) o W=7
2 - 4
from which we conclude. ]

Coo(pt) >0,

Proof of Theorem 1.1. It is a direct consequence of Lemmas 3.1, 3.4, 3.7, 3.8 and 3.10. U

4. GLOBAL WELL-POSEDNESS OF THE CAUCHY PROBLEM

In this section, we consider the solvability of the Cauchy problem:
iy + A —epp + [P =0 in Ry x R3,
—Ap = £(|v]? — p(z)) in Ry x R3, (4.1)
¥(0, ) = to,
where e > 0, 1 < p < 5 and g € H'(R3,C). For the doping profile p, we only assume that

pE Lg(R3). Then we have the following result on the local well-posedness.

Proposition 4.1. There exists T = T(|[vo| g1 (ws)) > 0 such that (4.1) has a unique solution
W € X, where
X ={veC(0,1],H(R*)NL®((0,T), H(R*)}.

Furthermore, v satisfies the energy conservation law and the charge conservation law:

E((t) = E(o) and [[P(t)]2 = [voll2 for all t € (0,T).

Although it seems that Proposition 4.1 can be obtained in the framework of [11, Proposition
3.2.9, Theorem 4.3.1 and Corollary 4.3.3], we give the proof for the sake of completeness and
reader’s convenience. For this purpose, we first recall the following inequalities in R3.

Lemma 4.2 (Strichartz’s estimates). Let e be the linear propagator generated by the free
Schrodinger equation iy + Ay = 0. Assume that pairs (qo,70), (q1,71), (g2, 72) are admissible,
namely, they fulfill the relation:

2 1 1 .
:3<—>, 2<r; <6 (i=0,1,2).
qi i
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(1) There exists C > 0 such that
€™ 1l oo m,rro (v2)) < Cllfr2sy  for all f € L*(R?).

(ii) Let I C R be an interval, J = I and to € J. Then there exists C > 0 independent of I
such that

t .
/ ez(t—s)Af(S) ds
to

where ¢4 and rly are Holder conjugate exponents of ga and ro respectively.

for all f € L%(I, L"2(R%)),

<CIfll

L1 (1,17 (RY) L% (I,L"2 (R3))

Lemma 4.3 (Hardy-Littlewood-Sobolev inequality). Let 0 < a < 3 and 1 < ¢ < r < oo satisfy
L_1_7_ 3, and define I f by

q ’V‘

Inf(@)i= [l 1) dy
RS
Then there exists C > 0 such that
[ Iafllr < Cllfllg for all f € LY(R?).

For simplicity, we write L(I, L"(R3)) as L{L" (I x R3) and use a notation A < B if there is
a positive constant independent of A and B such that A < CB.

Proof of Proposition 4.1. First as we have seen in Subsection 2.1, the Poisson equation (2.1)
has a unique solution

Y =eS(v) € DL3(R3)  for any ¢ € HL(R?).

Let us consider the Duhamel formula associated with (4.1) and the solution map H(v)) which
is defined by

t
H() = Py + z/ U (U L P e%'/ =)R8()1p ds. (4.2)
0

0

For T'> 0 and M = 3||¢o]| g1 (r3), We also define a complete metric space

4(p+1)

Xy = {v € LFHL((-T,T) x R?) N LT W (<1,T) x R?)

lollipmy < M, 1l sgeny <M}
L 3(p—1) Wg}’p+1

equipped with the distance

d(v1,¥2) = [[v1 — 2| 4pen) + |[Y1 — Yol peer2-

L= et

4(p+1)
3(p—1)°
It suffices to show that H is a contraction mapping on Xp provided that T is sufficiently small.

First we establish that H maps Xr into itself. To this aim, we apply Lemma 4.2 to find that

o < S p-1
IH ()| e mrao,r1xr2) S %ol (wsy + |l (¢)¢||L§Wi,g([O’T}XR3) + [[|¢] 1!J||LZ,W; S ot

I sguzrssoriesy S IWbollneny + IS g og oo+ NPT e

Note that ( ((pH) , D+ 1) and (00, 2) are both admissible. For simplicity, we write ¢ =

W, 2 ([0,7]xR3
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Here we mention that (%)’ =4, (%)I = 3 and the pair (4,3) is admissible. By the Holder

inequality and the Sobolev inequality, it follows that

) q 3 2=+ D)
00, e = ([ W02 @) < Wl ([ Mot o)
t L

< ATl s [y < MPTTD (43)

. Similarly one has

¢\ 7' _ 24D
q 5—p

where we used the fact ¢’ (1 -

IVl e S PTIVY| , B
L? p q

5—
S T ||vw||Lqu+1 el gy < MPTED. (4.4)
Next by Lemma 2.1 and the fact S(¢) = S1(¢) + Sa, we have

3
r I S
||S(¢)¢||L§Lg§</ ||s<w>||zg||w||zgdt) S THIS@) e g 1l o1z
3 3
T% (1103 sy + llolle ) 16l ez < M(M? + D)TH, (4.5)

IVS@I 4 3 < 19VS@ 4 3 +IS@IVel 4 4

t T

3 3
STHIVSW)lege 29l ngers + TH[S() | Lo e[Vl o2
3 3
ST ey + Mol )Wl ey < M(M? 4+ 1T, (4.6)
Thus from (4.3)-(4.6), one finds that

M
| H () )||L°°H1([0 TIxR3) S Sy + MpT?(P*” + M(M?* + 1)T%,

i

M
|1 (¥ )HL‘lWl P (10, T]xR3) N 3 + MpTQ(p“) + M(M2 +1)Ts.
Choosing T sufficiently small, it follows that

HH@/})HL?H;([O,T]XRC‘) <M, H,H(w)HLEW%”’H([O,T]xRiS) <M

and hence H maps X7 into itself.
Finally we prove that H is a contraction mapping on Xp. Applying Lemma 4.2 again, we
first observe that
d(H(1), Hv2)) S IenlP =2 P ol pr IS @)= W2)all g 3
LI L,P ([0,T]xR3) L2 ([0,T)xR3)

By the Hélder inequality, it follows that

1

T Py
|||w1|pwl—wg“wznm,ﬁs(/o o1 = el (a0 + el ) )
t

p
x

5—p
ST apr = oy pen (1010 + 2l iy )
5—
< MPTITTET (4, ). (4.7)
Moreover one has

1S (1) 1 — S(¢2)¢2HL§Lg < 1S (1) (W1 — )| .

3
2
t Lz
Sy

+[[(S(¥1) — (¢2))¢2HL%L%

3 3
ST S@W)llpsers llvn — vollpeer2 + TS (1) - 2)lleo s [¥2llpoorz-
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Here we recall that

S(1) — S(tp2) = S1(¢1) + S2 — S1(¢h2) — S2 = 8731’\

— 5 [ o=l ()P = el dy
Applying Lemma 4.3 witha=1,¢=? and r = 6, one gets
18Go) = SWa)llzg S lldal® = 1921l g S lln = Yallza (Il + lezllsy):
from which we find that
I8(1) = SWa)l 3,3 S MPT =l ez < MPTd(r — ). (48)

# (] — [12f)

3
t

From (4.7) and (4.8), it follows that

d(H(1), H(2)) <
provided that T is sufficiently small.

d(1 — ¥2),

DN | =

Since H is a contraction mapping, there exists a unique fixed point 1, that is, ¢ satisfies
(4.2). By the Strichartz estimate, we can also find that H(z)) € C([0,T], H'(R3)) (see [11,
Theorem 2.3.3]) and hence ¢ € C([0,T], H'(R?)). Thus 1 is a unique solution on (4.1) in
X. Once we could obtain the local well-posedness in H', a standard argument shows that the
energy conservation law and the charge conservation law hold. U

Finally in this section, we prove the following global well-posedness result in the L?-subcritical
case, which is a direct consequence of the conservation laws.

Proposition 4.4. Suppose that 1 < p < % Then the unique solution ¢ obtained in Proposition
4.1 exists globally in t > 0.

Proof. 1t is sufficient to show that there exists C' > 0 independent on ¢ such that ||V (t)||2 < C
for all ¢ in the existence interval.

Now by the definition of the energy &, the Gagliardo-Nirenberg inequality and Lemma 2.1,
one has

IV9II7: = 2E(4) + —kuiﬁl — A1 (1) — 26° Az (v)) — €% Ag

3(p—1)

S 28(y )+II¢IIL§ IIWJIILQ + ez Vel 2 + llolle HleLQIIWJHLz+Hp||2

Moreover using the Young inequality and the two conservations laws, for any ¢ € (0,1), we
deduce that

2(5—p)

V972 < 26 @o) + VY72 + Ioll™™ + I1olls + [l sllvolla + lloll3.

from which we conclude. O

5. STABILITY OF STANDING WAVES

In this section, we prove the orbital stability of standing waves associated with minimizers
for C(u), which is a direct consequence of Lemma 3.8.

Proof of Theorem 1.2. The proof follows the argument of [12]. First we observe, since ¢(t,-) =
%(—A)_le(tv ')‘21 that if

sup{_dnf [[o(t.) = uOlln f <<
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one also has

e
inf t,)) — = (=AY Hu()]? C
stggu;ﬁ(m\\m )= =)o, < Ce

for some C' > 0 independent of €. Thus it is enough to prove that for every € > 0, there exists
d(e) > 0 such that for any initial data 1o satisfying

inf — < 4,
uelj‘%w)ﬂ?ﬂm) ul| g1

the corresponding solution ) verifies

sup inf t,) —u(- <e.
up i [[0(0) = ) m

For that purpose, we assume by contradiction that there exist g9 > 0,
1133
(¢(0)j)jeN C H'(R%,C)

and {¢;} C R such that

inf ;— -0 | — 00, 5.1
Jnt; — ullp = 0as § - o0 (5.1)

but the corresponding solution (1);) satisfies

ueile}f(u) [9(t5,-) = u( )l = eo. (5.2)

For simplicity, we write u; = 9;(¢;,-). Then by the charge conservation law and from (5.1),
there exists u, € B(u) such that

s 13 = )5l = Ilullz = e (5.3)

By the energy conservation law, we also have

€(u;) = E(¥0);)

1 1
= 5 / |v¢(0)j|2 dx + €2A1(1/)(0)j) + 262142(1,[}(0)]-) + €2A0 — / W)(O)j|p+1 dr.
R3 p+ 1 R3
From (5.1), one gets
E(uz) = E(un) = C(n). (5.4)
Then from (5.3), (5.4) and by Lemma 3.8, there exists {y;} C R? such that u;(-) —u,(-+y;) — 0
in H'(R3), in contradiction with (5.2). This ends the proof of Theorem 1.2. O

6. THE CASE p IS A CHARACTERISTIC FUNCTION

In this section, we consider the case where the doping profile p is a characteristic function,
which appears frequently in physical literatures [21, 25, 27]. More precisely, let {Q;}7, C R?
be disjoint bounded open sets with smooth boundary. For o; € R (i = 1,--- ,m), we assume
that the doping profile p has the form:

1 (l’ S Ql),

In this case, p cannot be weakly differentiable so that the assumption ||z - Vp|ls < pp does not

pla) = aixa,(2), xo(z)= { (6.1)
i=1

make sense. Even so, we are able to obtain the existence of stable standing waves by imposing
some smallness condition related with €2;.

To state our main result for this case, let us put L := sup |z| < oco. A key is the following
€N
sharp boundary trace inequality due to [1, Theorem 6.1], which we present here according to

the form used in this paper.
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Proposition 6.1. Let Q C R3 be a bounded domain with smooth boundary and v : H*(Q) —
L2(0R)) be the trace operator. Then it holds that

/BQ "Y(U)Pds < EI(Q)/Q‘UPCZQJ-&-M(Q) (/ﬂ ]u\Q dan)é (/Q |Vu2da?>§ for any u € Hl(Q),

where k1(§2) = %, k2 (02) = H’VU)H‘LOO(GQ) and w is a unique solution of the torsion problem:

_ 0
Aw = k1() in Q, a—:: =1 on 0.

In relation to the size of p, we define

1

D(Q) 1= LI 09 (k1 (@)101F + ka(@))*
Remark 6.2. It is known that k() > 1; see [1]. Then by the isoperimetric inequality in R3:
09 > 3(003|By5.
and the fact |Q)] < |Bp(0)| = L3|By|, we find that

1
Ql\ 3 ;
D(@) = () 1900 VeIl (3Bl +1)* = cialé = Clhal

B1] (6.2)

Lg(R?’)’
where C' is a positive constant independent of ).
Under these preparations, we have the following result.

Theorem 6.3. Under the assumption (6.1), we have the followings.
(1) Suppose that 2 < p < % and choose pu > 0 so that coo(pr) < 0. Then there exists
m
po = pole, ) > 0 such that if Z\aﬂD(Qi) < po, the minimization problem (1.5)

i=1
admits a minimizer u,,.

Moreover the associated Lagrange multiplier w = w(p) is positive.
(ii) Suppose that 1 < p < 2. Then there exists ey = eg(p, p) > 0 such that if 0 < e < eq, the
minimization problem (1.5) admits a minimizer u,.

Similarly to Theorem 1.2, the orbital stability of ™', (z) also holds true.

We mention that the first part « - Vp(z) appeared was the definition of As(u) and A4 in
Subsection 2.3. Under the assumption (6.1), we replace them by

1 m
Ag(u) = —5 (67 . Sl(u):c ‘N dSZ‘,
i=1 @
1 m
Ay = —52041' 69,5’2x'md5’i’
i=1 ¢

where n; is the unit outward normal on 9€;. Indeed we have the following.

Lemma 6.4. Let Q C R3 be a bounded domain with smooth boundary. Then it holds that

d

| Siw@xa (%) do

ar | - = Si(u)x -ndS.

=1 oN
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Proof. The proof is based on the domain deformation as in [30]. In fact, one has

d T
i fsi@ena (D) @) / i
h—>0h (1+h)Q

= lim — Si(u) dx
h—0 h (1+h)Q\Q 1( )

1+h
= ilzlg%) h/ /m 1(u)z - nguo) dS | dt

= Si(u)z - ndS,
o0

from which we conclude. O

By Lemma 6.4, the Pohozev identity can be reformulated as follows.

Lemma 6.5. Under the assumption (6.1), any nontrivial solution u of (1.1) satisfies the fol-
lowing identity.
2

1 €2 &
= 5Vl + Sl = Sl + 5t A) + 5 Yoo [ Sty nias,
=1 g

(3p — 5w 5)

(5p = NE(u) = 2(p — 2)||Vull3 - lull3

—622041(/5 ) da _T

Proof. As we have seen in Subsection 2.5, the Pohozaev identity can be obtained by considering
LT (un)|r=1 with ux(z) = u (). Applying Lemma 6.4 with 7 = A~!, we then obtain

S(u)x - n; dSi> .
00Q;

_ 1 2 3w 2 3 p+1 2A 62 - S dS
= §||VU||2 + 7”“”2 - mHUHpH + e )+ 0} 2041 w)x - n;
1=

2 m
- 562A0 - % Z (67 SQCC Ny dSl

Now recalling that

1 1 &
Ao =—7 . Sap(z)dr = —- ZO‘Z/Q S d,
1 ply) /
So(w) = = ’

one finds that

1 & z-(z—y)
z-VSydr = — ozi/ / — " dydx
/Qi 877; o Jo, |z —yl®
1 & 1 (z—
Ll L () e
8w = " Jo, Jo, \lz =yl |z —yl
—/ Sde—/ x - VSydx,
Q Q

k3
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1
/x-VSgdx:—/ Sy dzx.

Here we used the Fubini theorem. Thus by the divergence theorem, we get

—562140——2042 ng n; d.S; —Zal/ Sgdac—Zaz/ div(zSs) d
i=1
e e
——4;ai/gi52d:r—2;ai/52ia:-VSQd:r—O.

This completes the proof of the Pohozaev identity. Then similarly to Lemma 2.3, we can show
the second identity. O

and hence

Next we establish estimates for Ay, Ao, A3 and Ajy.
Lemma 6.6. For any u € H'(R3,C), Ay and Az satisfy the estimates:
n s 3 1
Az ()] < CY ol [Qule 3 [ Vull3,
i=1
1
Az (u)| < CZ D) ull3 [Vl

where C' > 0 4s a constant independent of Qi,
Moreover the constants Ay and Ay can be estimated as follows:

m 2
Aol < C (Z |amsziri> :

i=1

A4l < C (Z ya,-yD(Qi)> :

i=1
Proof. First we observe that

1 m
Aa(w)] < 13 leul [ 18160 o
=1 i

from which the estimate for Ao can be obtained by the Holder inequality and Lemma 2.1. Next
by Proposition 6.1, the Holder inequality and the Sobolev inequality, one has

| As(u fZ|az| / 11 ()] dS;

2 :
m 1 1
<yl ([ isiwpas) ([ jepas)’
— (o7} U i X i
T2 o0, ot
1 — 3
< 52 i L0922 ( 1(92 i)||51(u)||%2(9i) + HQ(QZ')”Sl(U)HLQ(Qi)Hvsl(u)HL?(ﬂi)) ’
i=1
<

1 1
<O L o0 (k1 ()15 + ra(2)) 1951(0)]2ge0
=1

< C’Z|062|D ||U||2||VU”2

2 1
*Z i Li] 99 2 ('ﬁ( D13 (151 (W) 76 ms) +F&2(Qi)|Qz’|3||51(U)||L6(R3)HV51(U)HL2(R3))

1
2
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The estimates for Ag and A4 can be shown similarly. O

Now we are ready to prove Theorem 6.3.

Proof of Theorem 6.3. We establish the existence of a minimizer for 2 < p < % For this
purpose, it suffices to modify the proof of Lemma 3.4 only, because the other part of the
existence proof does not rely on x - Vp(x). Under the same notation as the proof of Lemma 3.4

and applying Lemma 6.4, we arrive at

p—1+Bp—-T) p—14+@Bp—"T7)b
2 4
—(p—1+4 (3p+ 1)b)e*As(u) + be* Az(u).

7/(1) = B(w) - [Vull3 + 5 (3~ p+ (5 — 3)b) A (u)

Furthermore we choose b = 1 and use (6.2). By Lemma 6.6, it follows that
f(1) <200 - 2)B(u) - (p = 2)[|Vul3

m m

5 3 1 3 1

+Ce )y laal|uls [[ull3 [ Vully +Ce® Y lag D(2:) ull3 | Vull3
=1 =1

4

< 2(p— 2)B(u) + Ceip (Z ai|D(Qi)> :

=1

Then similarly to Lemma 3.4, there exists py > 0 such that
m
SlalD@) < = F1)<0,
i=1

from which we can conclude.
We can also show the other parts of Theorem 6.3 by modifying the proof of Lemma 3.7 and
Lemma 3.10 in a similar way. g

7. CONCLUDING REMARK AND AN OPEN PROBLEM

In this paper, the nonlinear Schrédinger-Poisson system with a doping profile has been in-
vestigated. By establishing the existence of L?-constraint minimizers when

7
Coo(pr) < 0 and HpHg%—Hw-VpH%<<1for2<p<§, or ek lforl<p<2,

we are able to obtain stable standing waves. The presence of a doping profile p causes a difficulty
of proving the strict sub-additivity which is the key of the existence and the stability of standing
waves. This paper concludes by providing one open problem.

Problem: Non-existence of minimizers for large p 7

We have shown the existence of minimizers when p is small, but don’t know what happens
if p is large. In 1D case, it was shown in [16] that no minimizer exists in the case pu < [|p[/1(r),
which was referred to the supercritical case. (Note that [16] deals with the Schrédinger-Poisson
system with A¢ = 3(Jul> — p(z)) so that the sign in the front of A(u) in (1.4) is opposite.)
Hence a natural question is whether a similar result holds for the 3D problem.

To explain the idea in [16], let us consider the problem in R and denote by G(z) the
fundamental solution of —A on RY. Under the assumption p > 0 and p € L'(RY), the
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nonlocal term A(u) can be expressed as follows.

/Rs MG y) (lu(@)? = p(@)) (lu(y)]* = p(y)) dz dy
1
=5 L, L G —n@PamP a1 [ [ G-l dedy + 4
- ;/RS s (G(z —y) — G(z) — G(y))|u(@)*|u(y)* dz dy
+ 1l — Iole) [ G@lute)l do

B % /Rs /Rs (Glz—y) - G($))IU($)|2p(y) dz dy + Ap.

Here we have used Fubini’s theorem and wrote Ay = % [ps Jps G(z — y)p(2)p(y) dz dy. Thus
one has c(p) = —oco if we could show that there is a family {uy} C H'(RY) satisfying

lr o, = 1, IVurll 2y < C, (7.1)
[ [ (66 =)~ 6@~ 60) @) Plu (o) ds dy‘ e
[, [ (66 =9 - c@lunt)p) s dy' <c

but/ G(x)|ur(z)|*dz — 0o as A — oo, (7.2)
R3

where C' > 0 is a constant independent of A.

When N = 1, it follows that G(z) = i|z| and {u,} can be constructed by considering
a function whose mass is supported near the origin and infinity. (See [16, Example 4.1 and
Remark 4.6].) However in the 3D case, which yields G(z) = ﬁ\xl’ it cannot happen that both
(7.1) and (7.2) are fulfilled. Indeed by the Hardy inequality, we have

o= [0 (] B ) (] o)

< ClIVaul 2w llull 2 @)

Moreover as we have shown in Lemma, 3.1, the energy functional on R? is always bounded from
below, regardless of the size of p. Therefore the only possibility for the non-existence is that
the strict sub-additivity does not hold when p < ||p[|L1(gn). Moreover as we have observed in

this paper, in the 3D problem, it is rather natural to measure the size of p by Lg—norm, which
makes us to conjecture that the non-existence result may be obtained if ||p||s is large.
5
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