GROUND STATE SOLUTIONS FOR SCHRODINGER-POISSON SYSTEM
WITH A DOPING PROFILE

MATHIEU COLIN AND TATSUYA WATANABE

ABsTrRACT. This paper is devoted to the study of the nonlinear Schrédinger-Poisson system
with a doping profile. We are interested in the existence of ground state solutions by consid-
ering the minimization problem on a Nehari-Pohozaev set. The presence of a doping profile
causes several difficulties, especially in the proof of the uniqueness of a maximum point of a
fibering map. A key ingredient is to establish the energy inequality inspired by [30]. We also
establish the relation between ground state solutions and L2-constraint minimizers obtained
in [16]. When the doping profile is a characteristic function supported on a bounded smooth
domain, some geometric quantities related to the domain, such as the mean curvature, are
responsible for the existence of ground state solutions.

1. INTRODUCTION

In this paper, we are concerned with the following nonlinear Schrodinger-Poisson system:

in R?

{ —Au+ wu + edu = |ulP~tu 7 (11)

—A¢ =5 ([ul? - p(x))

where w > 0, e > 0 and 1 < p < 5. Equation (1.1) appears as a stationary problem for the
time-dependent nonlinear Schrédinger-Poisson system:

ity + Aty — epip + [PP71p =0 in Ry x R3,

~Ap = ([P — p(x)) in Ry x R, (1.2)

¢(0> ZL') = o.
Indeed when we look for a standing wave of the form: 9 (t,2) = e™'u(x), we are led to the
elliptic problem (1.1). In this paper, we are interested in the existence of ground state solutions
of (1.1) and their relation with L2-constraint minimizers obtained in [16].

The Schrédinger-Poisson system appears in various fields of physics, such as quantum me-
chanics, black holes in gravitation and plasma physics. Especially, the Schrédinger-Poisson
system plays an important role in the study of semi-conductor theory; see [22, 26, 28], and then
the function p(z) is referred as impurities or a doping profile. The doping profile comes from the
difference of the number densities of positively charged donor ions and negatively charged accep-
tor ions, and the most typical examples are characteristic functions, step functions or Gaussian
functions. Equation (1.1) also appears as a stationary problem for the Maxwell-Schrédinger
system. We refer to |6, 13, 14] for the physical background and the stability result of standing
waves for the Maxwell-Schrédinger system. In this case, the constant e describes the strength
of the interaction between a particle and an external electromagnetic field.
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The nonlinear Schrodinger-Poisson system with p = 0:

{ —Au+ wu + edu = |u[P~tu

—A¢p = %\u|2 in R (1.3)

has been studied widely in the last two decades. Especially, the existence of non-trivial solutions
and ground state solutions of (1.3) has been considered in detail. Furthermore, the existence of
associated L?-constraint minimizers depending on p and the size of the mass and their stability
have been investigated as well. We refer to e.g. [3, 4, 5, 11, 13, 21, 23, 25, 27, 31, 32, 35|
and references therein. On the other hand, the nonlinear Schrodinger-Poisson system with a
doping profile is less studied. In [17, 18], the corresponding 1D problem has been considered.
Moreover, the linear Schrédinger-Poisson system (that is, the problem (1.1) without |u[P~1u)
with a doping profile in R? has been studied in [7, 8]. In [16], the authors have investigated the
existence of stable standing waves for (1.2) by considering the corresponding L?-minimization
problem. As far as we known, there is no literature concerning with the existence of ground
state solutions of (1.1), which is exactly the purpose of this paper.

To state our main results, let us give some notation. For u € H!(R3, C), the energy functional
associated with (1.1) is given by

1

1
I(u) = 3 /RS \Vu|? dx + g /R3 lul? dx — il JuPT da + €2 A(u). (1.4)

Here we denote the nonlocal term by S(u) = So(u) + S1 with

u\xr 2
So(u)(z) = <—A>1(' (@) )— L @),

2 "~ 8n|z]
Sila) = (-8) (T52) =~ +plo)

and the functional corresponding to the nonlocal term by
1 1 (lu(@)]* = p(x)) (luy)]* = p(y))
=-1 8 — de = — da dy.
Alw) =7 R3 W) (jul” = pla) du 32m /@3 /Rs |z —y| o

A function wyg is said to be a ground state solution (GSS) of (1.1) if ug has a least energy among
all nontrivial solutions of (1.1), namely ug satisfies

T(ug) = inf{Z(u) | u € H'(R3,C), T'(u) = 0}.
For the doping profile p, we assume that
plx) € L%(R3)0L?OC(R3) for some ¢ >3, x-Vp(z) € Lg(R3), z-(D?*p(x)x) € Lg(R?’), (1.5)

where D?p is the Hessian matrix of p, and

p(x) >0, #0 for z € R3, (1.6)

Typical examples are the Gaussian function p(x) = cel*” and p(x) = for r > %

In this setting, our first main result can be expressed as follows.

3]
1+alz|”
Theorem 1.1. Suppose that 2 < p <5 and assume (1.5)-(1.6). There exists py independent of
e, p such that if

& (112118 sy + 112 V0l ¢ ) + - (D202) 5 ) < 0

then (1.1) has a ground state solution ug. Moreover any ground state solution of (1.1) is
real-valued up to phase shift.
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When 1 < p < 2, we are able to obtain the existence of a radial ground state solution of
(1.1), which is a weak result; see Section 6 below.

Our second purpose of this paper is to investigate the relation between the ground state
solution of (1.1) obtained in Theorem 1.1 and the L2-constraint minimizer in [16]. There has
been significant progress in this relationship in recent years; see [15, 19, 21| for this direction.
Based on the terminology in [15, 19], we call ug obtained in Theorem 1.1 an action ground state
solution of (1.1).

To state our second main result, we define the energy functional £ : H'(R3,C) — R by

1 1
Ew)== [ |VuPde — —— P dz + e* A(u).
W = [ IVulde =~ [ e+ )
For > 0, let us consider the minimization problem:

Cp) = ueigfm E(u), (1.7)

where B(u) = {u € H'(R3,C) | HuH%Q(RB) = p}. In this setting, the constant w in (1.1) appears
as a Lagrange multiplier. We also define the energy associated with (1.3):

1
p+ 1 R3

Indeed if we assume p(z) — 0 as |z| — oo, (1.3) can be seen as a problem at infinity. We define

1 e?
Eno(u) 1= 5 |Vull - o+ S [ Sotwlul da.

the minimum energy associated with (1.3) by

Ce,00(lt) = Coo(pt) := ueig{(:y) Eoo(u). (1.8)

The existence of minimizers for ceoo(u) has been studied widely; we refer to [4, 5, 13, 11]
and references therein. Especially in the case 2 < p < %, Ce,0o(pt) is attained if and only if
Ce,00(ft) < 0. Moreover ¢ oo(t) < 0 when p is large for fixed e or e is small for fixed p.

In [16], it was shown that if 2 < p < £ and coo(pt) < 0, there exists py = po(e, ) > 0 such
that if ||p||Lg(R3) + ||z Vp||Lg(R3) < po, the minimization problem (1.7) admits a minimizer w,,
and the associated Lagrange multiplier w = w(u) is positive.

As in [15, 19], we call u, an energy ground state solution of (1.1). Our second main result of

this paper is the following.

Theorem 1.2. Let > 0 be given so that coo(p) < 0 and suppose that 2 < p < % Under the
assumptions in Theorem 1.1, the following properties hold.

(i) The energy ground state solution u, is an action ground state solution of (1.1) with w = wy,.
(i) Let Q(p) be the set of Lagrange multipliers associated with energy ground state solutions for
By, namely

Q) :={ wu > 0| wy is the Lagrange multiplier associated with an energy ground state
of (1.1) under the constraint By, },

and wy, be an action ground state solution of (1.1) with w = w,. Then w, is an energy ground
state solution of (1.1) under the constraint B,,.

We emphasize that up to authors’ knowledge, Theorem 1.2 is new even for the case p = 0.
(See also Remark 5.3 below.)

The assumption (1.5) rules out the case p is a characteristic function supported on a bounded
smooth domain. Even in this case, we are still able to obtain the existence of ground state
solutions and their relation under a smallness condition on some geometric quantities related
to the domain; See Section 7.
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Here we briefly explain our strategy and its difficulty. For the existence of a ground state
solution of (1.1), we adapt a strategy in [3, 27|, that is, we aim to obtain a ground state
solution as a minimizer of the Nehari-Pohozaev constraint 0 = J(u) = N(u) — 2P(u), where
N(u) = 0 is the Nehari identity and P(u) = 0 is the Pohozaev identity for (1.1). It is standard
to show that for any u € H'(R?,C), there exists ¢t = t,, > 0 such that J(u;) = 0 provided that
uy(z) = t2u(tzr). A crucial point is then to show that ¢, is unique. In [27] for the case p = 0,
this was carried out by considering up to third derivatives of the fibering map, which requires
an assumption involving third derivative of p in our case. To avoid this difficulty, we follows
the idea in [30] to establish the following energy inequality:

11—t (1—1t)%w
Wy

= B0 =% (|lpllg + |z Vo

6(p+1)

g+H$%D%ng)WM@+HM@H) (1.9)

(L=t lullyiy

2
flull5 + 1

for any u € H'(R3,C), 0 <t < T and some T, o, 8 > 0. This key inequality is enough to
prove the uniqueness of t,, for u € H'(R3, C) with J(u) < 0. Moreover we can apply the energy
inequality to show the relation between two types of ground state solutions of (1.1).

As we can easily imagine, if a doping profile p is considered, scaling arguments do not work
straightforwardly because of the loss of spatial homogeneity. Furthermore the presence of the
doping profile p satisfying (1.5) and (1.6) causes additional difficulties. Firstly we cannot expect
that a remainder term in (1.9) is zero. Secondly we are not able to use the concentration function
as in |3]. See Remark 3.8 and Remark 4.3 for details.

Compared to [16], we impose two additional assumptions on p. One is (1.6) which guarantees
that the least energy for (1.1) is strictly less than that of (1.3), that is,

m < Meo.

This property appears naturally when we apply the concentration compactness principle. Sec-
ond additional assumption is the Lg—integrability of x - (D?px). Unlike the existence of min-
imizers, we need detailed geometric properties of the functional Z. Especially we apply the
second-order Taylor expansion to obtain (1.9), causing that some estimate for z - (D?pz) is
required.

When p is a characteristic function, further consideration is required because p cannot be
weakly differentiable. In this case, a key of the proof is the sharp boundary trace inequality which
was developed in [2], and a variation of domain related with the calculus of moving surfaces
due to Hadamard [20]. Then by imposing a smallness condition of some geometric quantities
related to the support of p, we are able to obtain the existence of ground state solutions.

This paper is organized as follows. In Section 2, we introduce several properties of the energy
functional and some lemmas which will be used later on. We investigate basic properties of
the Nehari-Pohozaev set in Section 3. In Section 4, we prove the existence of a ground state
solution of (1.1) by applying the concentration compactness principle and completes the proof
of Theorem 1.1. Section 5 is devoted to the relation between action ground state solutions and
energy ground state solutions. We also study the case 1 < p < 2 in Section 6. In Section 7, we
finish this paper by considering the case p is a characteristic function and present the existence
of ground state solutions and their relation for this case.

Hereafter in this paper, unless otherwise specified, we write [ul|zpms) = |lull,. We also set
Jull? = 1 Vul3 + Jul3



SCHRODINGER-POISSON SYSTEM WITH A DOPING PROFILE 5

2. VARIATIONAL FORMULATION AND PRELIMINARIES
The aim of this section is to prepare several properties of the energy functional and present

intermediate lemmas which will be used later on.

2.1. Decomposition of the energy.
In this subsection, we rewrite the energy functional 7 in a more convenient way. We put

A(w) = |[Vul3, B(uw) = [lul3,  C(u) = |ullpiy,

and decompose 7 in the following way:

I(u) = 1A(u) +2B) - ELECT

p+1
o2
/ So(u u|2dac+/ Sy |ul? x/ So(u dr — < Sip(z) dx.
4 Jgs
Next we define three nonlocal terms:
/ So(u)|ul? dz, (2.1)
lu(y)"p(x) /
Ey(u) — _ ) i dy — d 2.2
) =1 [ SoCuptaydr =~ [ 100 Siuldr,  (22)
1
F= 1 Sip(z)d
R3

Note that F is independent of v € H'(R3,C). Then we are able to write Z defined in (1.4) in
the following form:

Z(u) = %A(u) + gB(u) — pilC(u) -+ eQD(u) +2¢%E, (u) + e?F.

Now it is convenient to define I(u) := Z(u) — e2F, which yields that

I(u) = %A(u) + %B(u) - pilC(u) + e2D(u) + 2¢*Ey (u). (2.3)

Since F' is independent of u, we have only to consider the existence of nontrivial critical point
of I. Recalling that

u\xr 2
So(u)(a) = (-8) (M5 >0,

we find that
A(u), B(u), C(u), D(u) >0 for all u € H'(R?,C). (2.4)
For later use, let us also define
1
Es(u) := = So(u)z - Vp(z / Solul? d, (2.5)
2 R3
1
Biu) = 5 [ Sotwe - (D*p(w)a)de =5 [ Safuf?da,
R3
__—1$‘VP()_1 )

xZ - 2 X)X
sg<x>=<—A>—1( (Dp() ’) = (D)),

2 87|z
which is well-defined for u € H*(R3,C) by (1.5).
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2.2. Derivatives of nonlocal terms.
We next investigate Frechlet derivatives of D, Fy and Es which will be needed later.

Lemma 2.1. (i) For ¢ € H'(R3,C), it holds that

/ So(u)up dz,

Ei(u)p = 5 - Siup dz,

E\(u)p = Soupdz.
R3
Especially we have

D' (u)u = - So(u)|ul? dx = 4D(u),

1 1
= / Si|ul? dr = —/ So(uw)p(x) dr = 2E,(u),
2 R3 2 R3

EY(u)u = /RS Solul? dx = /RS So(u)x - Vp(z) de = 2E2(u).

(ii) It follows that

lim So(uw)ux - Vudr = 5 / So(u)|ul* dx = —5D(u),
R—o0 Br(0) 4 R3
1
lim Si(w)uz - Vudr = > So(uw)p(x)de + - So(uw)z - Vp(z)dx
R—00 JBL(0) 2 Jgrs 2 Jrs
= —10E1(u) + Ea(u),

lim So(u)ux - Vude = =3 [ So(u)x - Vp(z)de — 1 So(u)z - (D*p(z)x) dx
R—o0 Br(0) R3 2 R3

= —6E2(u) — E3<’U,)
Proof. (i) We observe from (2.1) that

D(uyp =+ / Si(uyph s+ 5 [, Solwjug da

u(z)|? 1 :
dyd - S d
~ 167 /Rs /Rg |m— ydv+g | So(wjupde
:/ So(u)up dx + 1/ So(uw)up de = So(u)up dx.
2 2 s

The derivatives of Ey and Fy can be derived readily by (2.2) and (2.5).
(ii) By the divergence theorem and the fact So(u)|u|? € L*(R3), arguing as in [9, 12|, one has

lim So(uw)uzx - Vudx
R—o00 Br(0)

1
— Jim 1/ so(u)u|2x.nds—3/ So(u)|u2d3:—/ 2z - VSo(u) de
R—oo | 2 8BR(0) 2 Br(0) 2 Br(0)

_—/ So(u \ude—/ (2 - VSo(u) da.
Using ,
1
_ASo(u) = Tjul? and / VS0 ()2 da = / So(w)[ul? dz,
2 R3 2 R3
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we find that
1
3 /]R3 lu%z - VSo(u) dz = - VSo(u) - V(z - VSy(u))d
:/ |V So(u)|? dz +/ VSo(u) - (D*Sp(u)z) dz
R3 R3

_/‘ \VSo(u)Ide—/‘ So(u)ASo(u) dz — | Sp(u) - V(ASo(u))da
R3 R3 R3

1 1
:/ \vs0<u)y2dx+/ So(u)\u|2dx—|—/ So(u)z - Vu|? dz
R3 2 R3 2 R3
——1/ So(u)|u]2dm—1/ lul?z - VSp(u) d.
2 R3 2 R3
This implies that
1
/ lul?z - V.So(u) dx:—/ So(u)|ul? dx
R3 2 Jgrs

and hence

)
lim So(uw)uzx - Vudr = —— / So(w)|ul? dz.
R—o0 Br(0) 4 R3

Next since AS; = £, it holds that

1
/ lul?z - VSy doz = VSo(u) - V(xz-VS))dx
2 Jrs R3

= [ Sotwpte)dr — 5 [ So(wyr- V() dr,
R3 R3

yielding that

1
lim Si(w)uzx - Vudr = —3/ Sy|ul? dx — / |u?z - VS da
R—00 /B, (0) 2 Jgs 2 Jrs
) 1
=—[| So(u)p(z)de+ - [ So(u)x-Vp(x)de.
2 R3 2 R3
Similarly from ASy = —x'TW, we obtain
1 ) 3 1 )
— [ Jul*x-VSadx == [ So(uw)x-Vp(x)de+ = [ So(u)z-(D*p(x)zx)dx,
2 R3 2 R3 2 R3
and hence
. - _ 3 2 1 2
lim Sa(w)uz - Vudr = Soux - Vudr = —— Salu|*dx — = lu|*x - V.S dx
R—oo Br(0) R3 2 R3 2 R3
1
=-3 /[ So(u)x-Vp(z)dr— = So(u)z - (D?p(x)x) d.
R3 2 R3
This completes the proof. Il

2.3. Estimates of nonlocal terms.
This subsection is devoted to present estimates for the nonlocal terms.
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Lemma 2.2. For any u € H'(R3,C), Sy, D, E1, F> and E3 satisfy the estimates:
1S0(w)lls < ClIVSo(u)ll2 < Cllulliz < Clull?,

5p—T7 p+1

IVSo(w)llz < Cllulls™ lull i < Clull3 + llullpyr) i 2<p <5,
D(u) < C|[So(u)sllulltz < Cllull*,

1
Br(w)] < 71500 lsllplls < Cllpllellull®,
1
Baw)] < 5 So(@lle - Vells < Clla - Vllsllull®,

1
|Bs(u)] < SlISo()llsllz - (D*pz)l|s < Cllz - (D*p)][oful®.

6
5

For the proof of the inequality on Sp(u), we refer to [27]. The other estimates can be obtained
by the Hodler inequality and the Sobolev inequality.

2.4. Convergence properties of nonlocal terms.
Next we introduce the Brezis-Lieb type convergence result for D(u).

Lemma 2.3. Assume that u, — u in H'(R3,C). Then it follows that
lim {D(u, —u) — D(uyn) + D(u)} = 0.

n—oo
: 12
Moreover if u, — u in L3 (R3), we also have

So(un) — So(u) in LS(R3) and lim D(u,) = D(u).

n—00

Proof. The proof can be found in [35, Lemma 2.2]. O

Ag for Ey and Es, we have the following compactness property, which follows from the
integrability of p and x - Vp.

Lemma 2.4. Assume that u, — u in H'(R3 C). Then it follows that
nh_{r;o Ei(up) = E1(u) and nh_}n;o Es(un) = Ea(u).

Proof. First we observe that since u, converges weakly in H(IR3 C), there exists C' > 0 such

that ||u,| < C. Moreover passing to a subsequence, we may assume that u, — u in L] (R3)
for 2 < r < 6. Then similarly as Lemma 2.3, one can see that Sp(u,) — So(u) in L (R?).

Furthermore since p € L%(]R?’), for any € > 0, there exists R. > 0 such that
5

6
/ |p(x)|g dr | <e.
|z[>Re
Now from (2.2) and the Holder inequality, it follows that

B3 ) = Br(u)] < § [ 150(ua) = S0l ol do

1 1
— 4/|<R |So(un) — So(u)] [p] dx+4/|>R 150 (un) — So(u)||p| da

1
<3 ( [ 1atun) - so<u>rﬁdm> ol
lz|<Re 7

(110 (un)lls + [10(x) o) ( /| ()]} da:> .

z|>Re

o=

—+

el M
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Thus by Lemma 2.2 and Lemma 2.3, we obtain
. 1
limsup | By (un) — E1(u)] < 7 (C+ [[So(u)lle) e-
n—oo
Since ¢ is arbitrary, we deduce that Fi(u,) — Ei(u) as n — co. Ea(u) can be treated in a
similar manner. g

2.5. Scaling properties.
In this subsection, we collect scaling properties of the nonlocal terms D and F;. For a, b € R
and t > 0, let us adapt the scaling u;(x) := t*u(t’x). Then we have

1 2 tQ(l tb 2 t2(l+b tb 2
81 Jrs |z —y 81 Jrs |z — vyl 81 Jrs |thx — tby|
b, $2a=2b 2
- [,
8 Jrs |tPr — Z|
Thus one finds that
So(ug)(z) = 129728, (u) (tx),
D(u;) = t**75D(u), (2.6)
1 t2a72b b
Ei(ug) = —~ [ So(ur)(z)p(x)dr = — So(u) (t°z)p(x) dx
4 R3 4 R3
t2a—5b
= So(u)(x)p(t’z) da. (2.7)
4 Jps
By the Hélder inequality, it follows that
gra—sb b 2a—3b 2
| Er(ue)l < ——So(w)lsllp(t™)le < Ct72"pllg ul”. (2.8)

2.6. Nehari and Pohozaev identities.
This subsection is devoted to establish the Nehari identity and the Pohozaev identity asso-
ciated with (1.1).

Lemma 2.5. Let u € H'(R3,C) be a weak solution of (1.1). Then u satisfies the Nehari
identity N(u) = 0 and the Pohozaev identity P(u) = 0, where

N(u) = A(u) + wB(u) — C(u) 4+ 4€2D(u) + 4€*Ey (u), (2.9)
P(u) = %A(u) + %B(u) — pilC(u) + 5e2D(u) + 10e*Ey (u) — €2 By (u). (2.10)

Proof. First by Lemma 2.1 (i), one has
0= I"(w)u = [[Vul3 +wlulld — Jullhs + €D’ (u)u + 26> B (u)u
= A(u) + wB(u) — C(u) + 4> D(u) + 4e*E; (u).

Next by Lemma 2.1 (ii), formally it holds that

1 3
0=1TI'(uz -Vu= —§||Vu|]% — gHuH% + ||u||£ﬁ + e2D'(u)x -Vu + 262Ei(u)az -Vu

p+1
=LA@ = 2B+ —2C(u) - 52D () — 1062y (u) + 2 Ea(u)
=3 u 5 U P u e U e“Ei(u) + e*Eqy(u).

A rigorous proof can be done by establishing the Cllo’g—regularity of any weak solution of
(1.1) for some « € (0,1). Note that since p € L{ (R3) for some ¢ > 3, it follows by the elliptic

loc

regularity theory that S; € Wi’f(RS) — Cllo’g (R3). The smoothness of u can be shown similarly
by applying the elliptic regularity theory. Then multiplying « - Va and ex - V.S(u) by (1.1)

eq:2.7

eq:2.8
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respectively, integrating them over Br(0) and passing to a limit R — oo, we are able to prove
(2.10) as in [9, 12]. O

3. PROPERTIES OF NEHARI-POHOZAEV SET

In this section, we investigate fundamental properties of a Nehari-Pohozaev set, which we
will use to obtain the existence of a ground state solution of (1.1).
Now let us define
J(u) :=2N(u) — P(u).
From (2.9) and (2.10), it holds that

3

T() = SA) + 2 Blu) - 2p 1

p+1
We also denote by M the Nehari-Pohozaev set:
M = {u e HY(R3?,C)\ {0} | J(u) = O}.

By Lemma 2.5, one knows that any weak solution of (1.1) belongs to M. We will show later
that a minimizer I|rq is actually a ground state solution of (1.1).

C(u) 4+ 3e2D(u) — 2*Ey (u) + e*Fa(u). (3.1)

For this purpose, we begin with the following lemma. Hereafter we let
ug(z) := t*u(tr) for u € H'(R? C)\ {0} and t > 0.

Lemma 3.1. Suppose that 2 < p < 5. For any u € H'(R3,C) \ {0}, there exists t, > 0 such
that ug, € M. Especially the set M is non-empty.

Proof. Taking a = 2 and b = 1, we have from (2.3), (2.6) and (2.7) that

t3 wt 2=t e*t~!
f(t):=I(u) = =Au)+ —B(u) — C(u) + 23D (u) — So(u)p(t™'z) dz. (3.2)
2 2 p+1 2 R3
By (2.4) and (2.8), it follows that
2p—1
(6) 2 %5 Blw) = T—C(w) — Ol Jul?,

from which we deduce that f(t) > 0 for small ¢ > 0. On the other hand since 2p — 1 > 3,
one also finds that f(t) — —oo as ¢ — oo. This implies that there exists a maximum point
t =ty > 0 so that f/(t,) = 0.

By a direct computation, 0 = t,,f’(¢,) shows that

3t3 wt 2p—1 5,
=_u U B(u) — 28 4201 213D
0 5 (u) + 5 (u) P t:P7C(u) + 3e“ty, D(u)
et 1 e’t,! ~1 ~1
+ So(u)p(t, z)dx + So(u)t, x - Vp(t, =) dz.
2 R3 R3
Using (2.6) and (2.7) again, we find that 0 = J(uy, ), which ends the proof. O

Lemma 3.2. Suppose that 2 < p < 5. There exist pg, dg and ag > 0 independent of e, p such
that if

¢ (llplle +llz - Volls ) < po,
then it holds that
J(u) > apl|ul|*  for any uwe HY(R? C) with 0 < ||lu|| < .
Furthermore if J(u) < 0, there exists 01 > 0 independent of e, p such that
ullps1 > 4. (3.3)
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Proof. By the Sobolev inequality, Lemma 2.2 and from (3.1), one has

min{3, w
Iy > P

= Cillul" = Coe? (Jlplls + Il - Vlle ) flul,

where C1, Co > 0 are independent of e and p. Thus if

.
e (lllls + 11z - Vplls) < g ming3,w},

it follows that
min{3,w}

S 2 = Cafuf.

J(u) >

Putting dy = (%@) pj, we obtain

min{3,w}
Ju) 2 ——

Next suppose that J(u) < 0. Then by Lemma 2.2, one finds that

ul? for 0 < |Jul| < &.

3 w 2p— 1 41
0> J(u) > *lqullg + *||UH§ - F\IUIIZH — C3¢? (Ilp\lg + [z Vﬂllg) (llell3 + llull? 1)

mln{3 w}
> lull*

1
ullf ] = Cse? (lplle + e Vol ) (lul® + llull241)

Choosing
.
& (lellg +llz Vollg ) < g5 min{3,w},

and using the Sobolev inequality, we obtain

min{3, w}” 12— 2p
4

Cymin{3,w} 2p—1 1
{Gmnibel 03e2 (||P||g e Tolly) bl - 2= Fulg

0> J(u)

v

+1
Ll = se? (llplls + lle- Volle )l

p 6 p 6 — 80 111 7("‘ Y

it holds that

Cymin{3,w} 2p
02 g) > (CBRES} 2y )

which implies that

1
lullpss > (p+1)Cymin{3,w}\ -1
P 8(2p— 1)
This completes the proof. [l

Now by Lemma 3.2, we can define
o= ulélﬁl I(u). (3.4)
Lemma 3.3. Suppose that 2 < p < 5. There exist pg, a1 > 0 independent of e, p such that if
e (llolls + - Vplle ) < po,

then it holds that
I(u) > ay|jul|*  for any u € M.

Especially o is positive.
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Proof. From (2.3) and (3.1), one has

I(u) = %A(u) +2Bw) - pilC(u) 1 e2D(u) + 262F) (u),
0= gA(u) +2Bw) - 2;:110@) + 362D (u) — 262 Ex (u) + €2Eo(u),

from which we deduce that
(2p = DI(u) = (p — 2)A(w) + (p — VwB(u) + 2(p — 2)e* D(u) + dpe” B1 (u) — €* Ey(u).
By Lemma 2.2 and from (2.4), it follows that
(2~ 1)I(u) > min{p 2, (p ~ D} ul — Cre® (llplls + = Tlls ) [l
where C] > 0 is independent of e and p. Thus if
1
e (llolls + Il Volls ) < 55 minfp— 2, (p — 1w},

then we have

min{p - 27 (p - 1)w} ||U”2
2C, ’
from which we conclude. (I

(2p = DI(u) >

Lemma 3.4. Suppose that 2 < p < 5. There exists pg > 0 such that if
e (llplle +llz - Volls + - (D?pa)ll¢ ) < po,
then M is a co-dimension one manifold.

Proof. By Lemma 3.2, it suffices to show that J'(u) # 0 if u € M. Suppose by contradiction
that u € M satisfies J'(u) = 0. Then by Lemma 2.1 (i), one finds that u is a weak solution of
the problem:

—3Au +wu — (2p — DulP " u + 3¢2Sp(u)u — e2Siu + e2Sou = 0. (3.5)
Especially we have

0=J(u)u = 3A(u) + wB(u) — (2p — 1)C(u) + 12¢2D(u) — 4€*Ey (u) + 2e2Ey(u).  (3.6)

Furthermore multiplying = - Vu by (3.5), using Lemma 2.1 (ii) and arguing as in Lemma 2.5,
one also finds that
3 3w 3(2p—1) )
0=Q(u) :==-A(u) + — ——C(u) + 15e¢“D(u
(w) = S A() + 2w (w) .
— 10e?E1 (u) + Te? By (u) + e*E3(u).

Now from (2.3), (3.1), (3.6) and (3.7), we obtain the following system of equations:

B(u) —

1 2

I—22E, : 5 T ) /4
2622E1 —~ (32215’2 |3y 25 32 ||B (3.8)
de” by — 27y 3 w —(2p—1) 1222 | C
10e2Ey — Te*Ey — €2F; § % _3(§i—ll> 15¢2] \D
Solving (3.8) with the aid of Mathematica [34], it follows that
D(u) = 255)__12) (166° By (u) — 76 By(u) — ¢ Ex(u) — 3I(u)} .
By Lemma 2.2 and Lemma 3.3, we find that
2p—1

0< D(u) < - onljull®+ € (llplls + llz - Tolls + - (D?p)l|s ) 1l

8(p —2)
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from which we arrive at a contradiction provided that e(||pllc + ||z - Vp||s + ||z - (D?px)||s) is
5 5 5
sufficiently small. O

By Lemma 3.4, we are able to apply the method of Lagrange multiplier, which yields that if
w is a nontrivial critical point of I|rq, there exists u € R such that

I'(u) — pJ'(u) = 0. (3.9)
Lemma 3.5. Suppose that 2 < p < 5. There exists pg > 0 such that if
(lolls + llz - Vplls + |z - (D*pa)l|s) < po,
then it holds that pu =0, that is, the set M is a natural constraint for the functional I.
Proof. First we have from (2.9), (3.6) and (3.9) that
= I'(w)u — pJ' (w)u = N(u) — pJ'(u)u (3.10)
— (1= 3u)A(u) + (1 — pwB(w) — (1 — (2p — D)C(w) + (4 — 120)e2 D(u)
+ (44 4p)e’ By (u) — 2pe? By (u).
Furthermore from (2.10) and (3.7) and arguing as in Lemma 2.5, one also finds that
0 = P(u) - pQ(u) (3.11)
1—3u 3(1 — pw - 3-3up-1)
2 2 p+1
+ (10 + 10p)e*Er (u) = (1 + Tp)e® Ba(u) — pe’ Es(u).

A(u) + B(u) C(u) + (5 — 15u)e? D (u)

Combining (2.3), (3.1), (3.10) and (3.11), we arrive at the following system of equations:

I—2e%F, A
262E1 - 62E2 B
=A 3.12
(4 +4p)e*Ey — 2ue’Es cl’ (3.12)
(10 + 10p)e?Ey — (1 + Tp)e? By — e uEs D
where
1 w _ L 2
2 2 pt1
3 2p—1
_ 2 B i 3e?
3u—1 (p—1Nw 1—02p—1pu (12p — 4)e?
3u— 3(p—1 3(2p—1)u—3
3u2 1 (u2 w _3( pﬁ&u (150 — 5)62
By a direct calculation with the aid of Mathematica, it follows that
4(p—2)(p — 1)e?
det A = (p=2)(p=Le wu(?),u —1).

p+1

If p= %, we can perform row operations on the augmented matrix to obtain

I—2e*F;
2€2E1 — 62E2
A (4 +4p)e? By — 2ue’ By
(10 + 10p)e?Ey — (1 + Tp)e By — e uEs
309 —oa ¢ I —2e’E,
L0 e R0 —31 + 8e2E) — €2F,
0 —w 2—=p 0 8e?E) — e?Fy
0 0 0 0|3+2%e2E — 1e?Ey — 1e’F3



14 M. COLIN AND T. WATANABE

However by Lemma 2.2 and Lemma 3.3, it holds that

16 7 1
31(u) + §e2E1(u) - g@QEQ(U) — §€2E3(U) >0 for any u e M

if e2(||plls + ||z - Vplle + || - (D?p(z)z)||s) < 1, which is a contradiction.
5 5 5
On the other hand when det A # 0, one can solve (3.12) to obtain

0<Clu)=— P! | {16¢2E, (u) — Te® Ea(u) — €2 B3(u) — 31(u)} .

Alp—-1D(p—-2
This leads a contradiction provided that e*(||plls + ||z - Vplls + [l - (D?*px)||s) is sufficiently
small, from which we conclude that p = 0. ’ ’ ’ O

Now let us define the ground state energy level for (1.1) by

m = 7L1Lr€1‘fsj'(u), S={ueH'(R*C)\{0}|I'(u) =0}.

By Lemma 3.5, we are able to prove the following.

Proposition 3.6. Suppose that 2 < p < 5 and assume that
& (Iplls + 1z Vplls + - (D)6 ) < po

for sufficiently small pg > 0.
If o defined in (3.4) is attained by some ug € H'(R3,C) \ {0}, then ug is a ground state
solution of (1.1), namely ug satisfies

o = I(ug) = m.

Proof. Let 4 € H'(R3,C) be a nontrivial critical point of I. Then by Lemma 2.5, it follows
that @ € M and hence

= inf I(u) < I(u).
o= inf (u) < I(u)

Taking infimum over §, we find that o < m.
On the other hand by Lemma 3.5, if o is achieved by ug € M, one has I'(up) = 0. This
implies that ug € S and

<inf I(u) <I =
m < inf I(u) < Iu) = 0.

from which we conclude that m = o. O

By Proposition 3.6, it suffices to investigate the attainability of o. To this aim, we next
establish the following energy estimate, which is a key tool in this paper and will be also used
to prove the equivalence between two types of ground state solutions in Section 5.

Lemma 3.7. Suppose that 2 < p < 5 and take T > 4 so that T?’~* > 3. There exist o =
a(T) > 0 and B = B(T) > 0 independent of e, p, t such that the following estimates hold: For
any u € H'(R3,C),

43
H — Tw) — 2=F 7 (3.13)
— 2w 6
> <1;)Hulg + m(l - t)QHUH;?E

= 80 =% (Ilplls + lz - Volls + llz - (D)l ) (Iull3 + ulZyy) Jor0<t<T,

3.7-1
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! _tgj(u) (3.14) [3.7-2

I(u) = I(u) =

1 — )2(|glPT! @ £ PH
(L= &) ullpy + 6+ 1) [l

1-t)2w, o Bw «

= 6% (plls + Il Volls + - (D)0 ) (lullf + ullZ)  fort> T,

>

Assume further that ||ul|p+1 > 0 for some § > 0 independent of e, p. There exists py > 0

independent of e, p, t such that if
e (llolls + - Vplls + - (D?pz)l¢ ) < po,

then the following estimate holds:

1— (1—1)%w adP~!
I(u) — I(ug) — 3 J(u) > Tuuug + m(1 —t)*ulzyy  for all t>0.
(3.15)

Proof. The proof consists of four steps.
Step 1 (Transformation of I(u) — I(u;)): First we observe from (3.2) that

11—t (1—t)w 1 —¢2r1 3. o
I(u) — I(uy) = 5 A(u) + 5 B(u) — pTC(u) + (1 —t7)e“D(u)
2 e*t! -1
+2e*Eq(u) + So(u)p(t™ x) dx.
2 R3
Transforming (3.1), one also has
1 1 w 2 — 1 2 1
—A D(u) = = - -B Ze?Ey(u) — —€*FE
from which we deduce that
1—¢ 1—t)*(t+2
1)~ 1) = 5y + G2 g
1
3%~ —(2p—1)t* +2p—4) C
—2t3 1t 21
+ 8 2y (u) — e*Ey(u) + ¢ So(u)p(t™tz) da.
3 3 2 Jgs
Moreover putting
8 — 2t 1—¢ 21
R(t,u) := e2Fy(u) — e*Ey(u) + c So(u)p(t™ta) dx
3 3 2 Jrs
=e? [ So(u)M(t,z)dz,
R3
£ -1 o) | plt'a)
M = : —
(t,) —(p(@) +2- V@) = =~ + =5,
we arrive at
/ / _1—t3J (1—t)2(t—|—2)wB 516 .
(1) = () = = J(u) + (w) (3.16)
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Step 2 (Evaluation of coefficients): Now for 7" > 4, one has
(I-t)(t+2) (11—t & ¢ ¢

6 T3 67376
1—-t?2 283 3  (1-12
=3 a7 a7 5 Tgp ort=h
from which we get
(1—t2(t+2) _ [U5L for 0<t<T,
— N t)2 3 (3.17)
+ap for t>T.
Next we claim that
2
. ! = (3877 = (2p— 1)+ 2p—4) > { (1) ; r0=t=T 4
(p+1) e (1= ) + oyt for t>T.

For this purpose, we put g(t) := 3t?»~1 — (2p — 1)t3 +2p — 4. For t > T, one has
g(t) >3 (3t~ — (2p— 1)) > 3 (3T~ — (2p — 1))

Since 2 < p < 5 and T?%~* > 3, it holds 2% < 3 < T?~4. Taking C; = 3T%~*— (2p—1) > 0,
we get

g(t) > Cit3 fort >T. (3.19)

Now we take 0 < 7 < 1 so that (1 — 1)~ = ﬁ, which is possible because p > 2. For
0<t<1-—r,it holds that ¢'(t) = 3(2p — D)t?(t*»* — 1) < 0 and thus

gt)>g(l—71)>g(1—7)1—-1t)? for0<t<1-1. (3.20)
Next we show that
g(t) > Cy(1 —t)? for t > 1+ 7 and some Cy > 0. (3.21)
Letting h(t) := g(t) — C2(1 — t)?, one finds that
W(t)=3(2p — 1)t (P74 — 1) — 205t + 205 > ¢* (3(2p — 1)(#*P~* — 1) — 2C%)
>t (B32p—1) (1+7)* " —1)—2C,) fort>1+r.
IfO0<Cy<2(2p—1)((147)%*—1), then #/(t) > 0 on [1+7,00). Thus taking

Cy = min {9(1;7) ;(2;9 — 1) ((1+7)% - 1)} ,

we deduce that h'(t) > 0 and h(t) > h(1 + 7) > 0, which shows (3.21).
Finally since g(1) = ¢/(1) = 0 and ¢”(¢) = 6(2p—1) ((p — 1)t*»~* — 1), we have by the Taylor
theorem that

1
g(t) = 5’9”(5)(1 —t)?  for some £ between ¢ and 1.

When 1 — 7 <t < 1+ 7, it follows that t?»=% > (1 — 7)%~4 = ﬁ, from which we obtain
g"(t) >6(2p—1)(5—1) and

g(t)zg(2p—1)(p—2)(1—t)2 forl—7<t<1+T. (3.22)

Combining (3.19)-(3.22) and putting

o= min{g(p— (p—2),9(1 —7‘),01702}7

3.7-6

3.7-8
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we arrive at

() > a(l —t)? fort >0,
g\ = at3 fort >T.

Moreover since
1

3(p+1)
we obtain (3.18).
Step 3 (Estimate for R(¢,u)): First when ¢t > T, one find from the assumption (1.6) that

(B —(2p— 1P +2p—4) =

31 1 t3 1
M(t,z) > — (Ip@) + 1o - Vp(@)]) = 5lp(@)| = =% (Io(@)| + |2 - Vo()]) = 5lp(@)]
2 1
> —t7( Zlp(@)| + Z|z - Vp(z)| ) .
3 6
Thus by Lemma 2.2, we get
R(t —t3e 2/ |So(u < p(x)|+ = |:ch(:1;)|> dz
_pBe2 (2 iz
> te(gmg+6m Vil ) )l
> ~Cyt*e? (|lolls + llz - Volls ) (Iull3 + ulZyy) fort=T,  (3.23) [3.7-9
where C5 > 0 is independent of e, p, t. Next for 0 <t < %, we have
31 1
M(t,x) > (Ip(@)] + |z - Vp(x)]) —*\p< )| > —f\p( z)| = gle - Vo),
from which one concludes that
2 1
R(t,u) > —€? <3||P||g +5lz VPHg) 150 (w)lle
> —4(1 =12 (2llplls + <l Volls ) 10w
= ¢ \3liPlig Tgliw - Velg | lisotwlle
1
> —Cat =11 (Il + - Vplls ) (lul3 + ul2e) foro<t<s  (324) [3.7-10]
for some C4 > 0 independent of e, p, t. For % <t <T, we first observe that
oM t2 p(t™1z) x- Vot lz)
o (7)) = 5 (p(@) + 2 Vo(2)) - =53 STER
92 M t~1 2% - Vp(t—1 z- (D?p(t 1a)z
at2(t,x):t(p(x)+x-Vp(x))+p( ?) + = Pl ) + (D% ) )

t3 t 2t°
Then for fixed 2 € R3, one finds that M(1,z) = %—]\f(l,m) =0 and
9*M
W(t’ x) > ~t(|p(@)| + |z - Vp()])
1 _ 1., - _ _
~ g (I 2+ 20 0) o)+ Gl D e )
= —N(t,z).
By the Taylor theorem, there exists £ = £(¢,z) € (

2
M(t,x) = 5 L€ 01— 1 = — N (& 2) (1~ 1)

%, T) such that
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Using the Holder inequality, we deduce that

R{t,uw) > —3 (1 - 1€ |N(E)[s[So(u)ls for 3 <t<T.
Moreover since % < &< T, we have

_1 _1 1. 1
[N )lg < €plls + i€z Tollg + I 2ol + 20652~ Vollg + 5 € 2a(D?pn)|

1
<T (llplle +llz- Vplle ) + V2 { llplle +2llz - Vplls + 5l - (D*pz)]s | -
5 5 5 5 2 5

6
5

Then by Lemma 2.2, it follows that

1
R(t,u) = ~Cs(1— 16 (lpllg + 1o Fpllg + [z (Do) ) (Jull3 + ull2r) for 5 <t <T,

(3.25)

where C5 > 0 is independent of e, p, t. From (3.23)-(3.25), letting 8 = min{C3,Cy,C5} > 0,

we find that
R(t,u) (3.26)
=81~ 0% (lolly + lle- Vol + lla- (D%l ) (Il + ) foro<t<T,
—8t% (Ilplle + llo - Volls + o - (D2pw)ls ) (ulld + Jull2,.) for t > T.

Step 4 (Conclusion): Now from (3.16), (3.17), (3.18) and (3.26), we can see that (3.13) and
(3.14) hold.
Finally suppose that ||ul[p41 > 9. If
1 2w adP!
2 , 2 2 oind ¥
¢ (Ioll + - ol + [o(D%po)ly) < gmin{ 32,07}

using (3.13) and (3.14), we obtain
-t 1-t)2w, o  afP?
Ju) > =% _ar
-7 > S + o

This finishes the proof. ([

Remark 3.8. Letting

I(u) — I(uy) — (1-— t)2||u|]§+1 for all ¢t > 0.

1 _ _ _
F(t,x):= a (pt7'2) + (t'z) - Vp(t '),
we find that M(t,x) can be written as

3 x _11‘
E L o) 2 Vplay) - 2D AL )

t 82 t
= /1 E(p(x) +x- Vp(x)) ds + ;/1 % (3_1/)(5_193)) ds

M(t,x) =

= ;/1 s (F(1,2) — F(s,x)) ds.

Thus if F(t,x) is non-increasing with respect to t for every x € R3, it holds that M(t,z) > 0
and hence R(t,u) > 0 for all t > 0, which is a same situation to |30]. However we cannot expect
that F(t,x) is non-increasing in t for doping profiles.

Indeed by a direct calculation, F(t,x) is non-increasing in t if p satisfies

4p(z) + 62 - Vp(x) + 2 - (D*p(x)x) >0  for all x € R®. (3.27)
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When p is a Gaussian function e—olel? for a >0, one finds that

%JL’ . (sz(x)x) = (2a2‘x|4 . 704|x‘2 n 2) ool

Hence no matter how we choose «, (3.27) fails to hold near the inflection point. Moreover if we

2p(x) + 3z - Vp(z) +

consider p(x) = ﬁ, we see that
1 1
2p(x)+3w-v,0(x)—|—§;v- (D2p(x)ac) = m {(r —1)(r— 4)’$|2T — (7“2 +5r — 8)|x|" + 4} .

Then it follows that
r>4 = (3.27) fails to hold near the inflection point,
1<r<4 = (3.27) fails to hold for large |x|,

O<r<1 = p¢L5(RY.
In this sense, the assumption (1.5) and (3.27) seem to be inconsistent.
Now using 3.7, we can show the following.
Lemma 3.9. Suppose that 2 < p < 5 and assume that
e* (ol +llz - Vplls + 1z (Dp)]ls ) < po

for sufficiently small pg > 0.
Then for any v € H'(R3,C)\ {0}, there exists a unique t, > 0 such that u;, € M. Especially
forue M,
ur € M if and only if t, =1.

Proof. By Lemma 3.1, we know that there exists t,, > 0, which is a maximum point of f(t)
defined in (3.2), such that u;, € M. Thus it suffices to show that f(¢) has a unique critical
point for ¢ > 0.

Now suppose by contradiction that there exist 0 < t; < to such that f'(¢t1) = f/(t2) = 0. As
we have observed in the proof of Lemma 3.1, it holds that J(u;) = tf’(t), which yields that

J(Utl) = J(UtQ) =0. (328)
Since uy,, ut, € M, we can use (3.3) to show that ||us, ||p+1 > 91 and ||ug,||p+1 > d1. Then we
are able to apply (3.15) if €2 (Hp”g + ||z - Vplle + ||z - (Dpr)H§> is sufficiently small.
5 5 5
Applying (3.15) with u = uy, and t = %, we have

01511071 (tl — t2)2

Hue) > Iury) + S ) + B2, ey |2
U u U — || W U .
) = 2\ 3t3 f 612 fliz 12(p+ 1) Tl
Similarly one gets
3 — 13 (ty — t1)%w o adl T (ty — )2 )
I(utz) > I(ut1)+ 3t§ J(th)—l— Gt% Hut2||2+ 12(p+1)t% ||ut2||p+1'

Thus from (3.28), it follows that
—1
w 2 (1 2, 1 2 ady 2 (1 2 1 2
OZGm—h)<ﬁWMb+@W%M>+m@+D@r%ﬁ gl s+ gl ) >0,

from which arrive at a contradiction and conclude that f(¢) has a unique critical point. [l

Remark 3.10. By Proposition 3.6 and Lemma 3.9, we can obtain the following minimaz char-
acterization of m:

m = inf max I (uy).
ue HL(R3,C)\{0} ¢>0
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4. EXISTENCE OF A GROUND STATE SOLUTION FOR 2 < p <5

In this section, we establish the existence of a ground state solution of (1.1). For this purpose,
we define the energy functional I, associated with (1.3) by

Io(u) := %A(u) + %B(u) - pi10(u) +e*D(u) for u € H'(R?,C).

Indeed if p(z) — 0 as |z| — 00, I can be seen as a functional at infinity. We define the ground
state energy corresponding to (1.3) by

— - 1/m3
Moo .—ule%iofm(u), Soo i={u e H'(R*,C) | I} (u) =0} .

Let us denote by J the Nehari-Pohozaev functional for I, that is,

Joo(u) = gA(u) + 2 B(u) - 2;’+_110(u> + 3¢2D(u).

We also set

Ooo 1= 1nf Io(u), Mo :={ue H'(R* C)\ {0} | Joo(u) =0} .
ueM
Then by the result in [3] with minor modifications considering v € H'(R3,C), it follows that
Ooo = Moo and oo is achieved by some uy € HY(R3,C) \ {0} for 2 < p < 5 and any e > 0.
Moreover arguing as Lemma 3.7 (see also |30, Corollary 3.3|), we have

Joo(u) for all u € HY(R?,C) and t >0, (4.1)

1—1¢3

where u(7) = t2u(tx).
To prove the attainability of o, we need the following lemma. Note that this is the only part
where we require (1.6).

Lemma 4.1. Suppose that 2 < p < 5. Assume further (1.5) and (1.6). Then it follows that
0< 05 and m < mMeo.
Proof. First we observe from (1.6) that
I(u) < Io(u) for all u € H'(R? C)\ {0}

because Ej(u) < 0 by (2.2).
Now let us be a ground state solution for (1.3). By Lemma 3.1, there exists to, > 0 such
that oo () 1= 2 Uoo (teo) € M. Then from (4.1) and Joo(uso) = 0, we obtain

0 < Ilioo) < Ioo(lino) < Ioo(Uno) = Ono,
which ends the proof. O

Now we are ready to prove the following result.

Proposition 4.2. Suppose that 2 < p < 5. Assume further (1.5), (1.6) and
e (lolls + - Vplls + - (D?p)ls ) < po

for sufficiently small pg > 0.
Then there exists ug € H'(R3,C) \ {0} such that

I(ug) =0 and J(up)=0.
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Proof. Let {u,} C M be a minimizing sequence for o, that is,
I(up)=0+0(1) and J(u,)=0. (4.2)
Then by Lemma 3.3, it follows that
o +o(1) = I(un) > anlul,

which implies that ||u,|| is bounded. Thus passing to a subsequence, we may assume that
u, — up in HY(R3,C) for some ug € H'(R3,C). We divide the proof into two steps.

Step 1: We claim that ug # 0.
Suppose by contradiction that ug = 0 so that u, — 0 in H'(R3,C). Then by Lemma 2.4, it
follows that

Ei(up) — 0 and FEs(u,) -0 asn— oo.

Since we can write
I(u) = Io(u) + 2e2E1(u)  and  J(u) = Joo(u) — 262 Ey (u) + €2 Fs(u),
we have from (4.2) that
Io(up) >0 and Joo(up) = 0 asn — oc. (4.3)

Arguing as in Lemma 3.2, we also deduce that ||uy,||,+1 > ¢ for some § > 0 independent of e, p
and n € N.

Now we apply the concentration compactness principle [24, 33] to show that there exist 5>0
and {y,} C R3 such that

/ [ (2)|PH da > 6.
Bl(yn)

Letting G, (x) := up(x + yp), we have
Jinll = lJunll and [ (o) do 2 5
B1(0)
Especially, there exists & € H'(R3,C) \ {0} such that @, — @ in H'(R3,C). Moreover from
(4.3), one also finds that
Ino(Un) = Io(up) =0 +0(1) and Joo(tn) = Joo(un) = o(1). (4.4)
Let us put v, := 1, — 4. Then by the Brezis-Lieb lemma [10] and Lemma 2.3, it follows that
Ino(tn) = Ino(0) + Ino(vpn) +0(1) and Joo(tn) = Joo(@) + Joo(vp) + 0(1).

We also define

Koo (1) = Lo (1) — éjoo(u) = < B(u)+ ggj = ?;C(u)
Then from (4.4), one finds that
Koo(vp) =0 — Koo(@) +0(1) and  Joo(vn) = —Joo (@) + o(1). (4.5)

If there exists a subsequence {vy;} C {v,} such that v,; = 0, then passing to a limit along this
subsequence, it holds from (4.5) that K (@) = 0 and J (@) = 0. This implies that

0o < Tog (1) = Koo (1) + %Jm(a) .

which is absurd by Lemma 4.1. Thus we may assume that v, # 0. Arguing as Lemma 3.9
(see also [27, Lemma 3.3], [30, Lemma 2.4]), there exists a unique %, > 0 such that ¢, (z) :=
(tn)?vn (thx) € Moo.
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Next we prove that Jo(u) < 0. Suppose by contradiction that Joo (@) > 0. Then from (4.5),
it follows that J(vy) < 0 and hence |lv,|lp+1 > 01 by Lemma 3.2. Using (3.15) with p = 0
and (4.5), one deduces that

o — Koo(@) + 0(1) = Koo (vn) = Lno(vn) — %Joo(vn)

(tn)?
3

(tn)?
3

Joo (Vn)

> 0o —

Joo(vn) > Ooos
which yields that
Ooo <0 — Koo() < 000 — Koo(@t) and thus K (@) < 0.

This is a contradiction to the fact Koo(u) > 0 for any u € H*(R3,C)\ {0} and hence J. (@) < 0.
Now by Lemma 3.9, there exists a unique ¢ > 0 such that ¢(x) := (£)?i(fx) € M. Then
from (3.15) with p =0, (4.4) and by the Fatou lemma, we obtain

o — lim {Joo(an) _ 1J00(an)} — lim Koo (i) > Koo (1)

n—00 3 n—00
= I (1 1J ]
= m(u)_g oo (1)
A (A3
> IOO(¢) - ?Joom)
>0 —(A)BJ (0) >0
o0 3 (o] oo

This is a contradiction to Lemma 4.1 and hence we conclude that ug # 0.
Step 2: We prove that I(ug) = o and J(ug) = 0.

Let us define w,, := u, —ug. By Lemma 2.3, Lemma 2.4 and the Brezis-Lieb lemma, we have

I(up) = I(ug) + I(wy) +0o(1) and  J(u,) = J(ug) + J(wy) + o(1).

We also put
K () i= I(u) — 3 J(u)
= gB(u) + ;Ei _T_ i;()’(u) + geQEl(u) - %eQEg(u) for u € HY(R?,C).
Then from (4.2), it holds that
K(wy) =0 — K(up) +0(1) and J(wy) = —J(ug) + o(1). (4.6)

If there exists a subsequence {wy;} C {wy,} such that w,, = 0, then passing to a limit along
this subsequence, we arrive at K(up) = o and J(up) = 0. This implies that I(up) = o and
hence we conclude. Thus we may assume that w,, # 0.

Next we show that J(ug) < 0. Indeed if J(ug) > 0, it follows from (4.6) that J(w,) < 0 and
hence ||wy||p+1 > 61 by Lemma 3.2. Then by Lemma 3.9, there exists a unique ¢, > 0 such
that ¢ () := t2w, (t,r) € M. Using (3.15) and (4.6), we deduce that

7~ K(uo) +0(1) = K (wn) = I(uwn) ~ 5T (wn)
3

> 1(gn) = 2 J(wn)

t3
>0 — §”J(wn) > o,
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yielding that K(up) < 0. However this is a contradiction because K(u) > 0 for any u €
HY(R3,C)\ {0} by Lemma 2.2 provided that 62(||pHg + ||z - VpHg) is sufficiently small, from
which we conclude that J(ug) < 0.

Now using Lemma 3.9 again, there exists a unique to > 0 such that ¢o(z) := t3ug(toz) € M.
Moreover since J(ug) < 0, we are able to use (3.15) by Lemma 3.2. Then from (4.2), Lemma
2.4 and by the Fatou lemma, one finds that

= lim {I(Un) - ;J(un)} — lim K (un) > K (uo)

n—00 n—oo

= I(uo) — %J(uo)

t3
> I(co) — goJ(Uo)
>0 — ?J(ug) > o, (4.7)

from which we get K(ug) = o. Moreover if J(up) < 0, (4.7) leads a contradiction. Thus it
follows that J(ug) = 0 and hence I(ug) = 0. This completes the proof. O

Remark 4.3. As we have observed in the proof of Proposition 4.2,
2(p — 2) 8 1

K(w) = %B(u) + mc(“) + 562E1 (u) — §€2E2(U)
w — 62
= /RS {3’u($)’2 + ?MW(@NP'H _ ESO(U)(:E) (p(gj) + - Vp(l’))} dz

plays an tmportant role. Especially it is natural to apply the concentration compaciness principle
to the function
2(p —2 e?
e @) = ol (0) (o) + 2 )
for a minimizing sequence {u,} C M. However we don’t know whether p,(x) > 0 for all
x € R3, although one knows that K (uy,) > 0 if €2(||plls + ||z - Vpl||e) is small by Lemma 2.2.
5 5
If p satisfies

pu(@) = Flun(@) +

plx)+z-Vp(x) <0 for all z € R3, (4.8)

it follows that p, > 0 on R3. However the condition (4.8) seems to be inconsistent with (1.5)
and (1.6). For example, if we consider the Gaussian function p(x) = e—olel® for a > 0, we have

p(z) +x-Vp(z) = (1 - 2a|z|?) eolel?
Thus no matter how we choose «, (4.8) fails to hold near the origin.
Proof of Theorem 1.1. By Proposition 3.6 and Proposition 4.2, there exists ug € H'(R3,C)\{0}

such that
I(ug) =0c=m and J(up) =0, (4.9)
namely, ug is a ground state solution of (1.1). We claim that ug can be assumed to be real-valued

up to phase shift.
For this purpose, we argue as in [1] and show that

V|uo|| = |Vuo| ae. in R?. (4.10)

Indeed suppose by contradiction that £ ({z € R® | |V]ug(z)|| < [Vuo(x)|}) > 0, where L(A) is
the Lebesgue measure for the set A C R3. Then it follows that

o= I(ug) > I(Juol), 0=J(ug) > J(Juo|) and K(ug) > K(Juol)- (4.11)
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Moreover by Lemma 3.9, there exists a unique ¢y > 0 such that vo(z) := t3|uo|(tox) € M. Then
from (3.15), (4.9) and (4.11), we find that

azlmw—%ﬂw%:wa>KWM)

= I(Jug]) — 3 (Juol)
> I(vo) — thJ(\uo) > I(Uo) > o,

which is a contradiction and hence (4.10) holds.
Now using the polar form, we can write ug(z) = |ug(z)[e”®). Then a direct calculation
shows that

2
[Vuol® = |V]uol|” + |uol*[Vnl?,

yielding that Vi = 0 a.e. in R® from (4.10). This implies that ug(z) = €®|ug(z)| for some
f € R and hence ug can be assumed to be real-valued up to phase shift. [l

5. RELATION BETWEEN ACTION GSS AND ENERGY GSS

In this section, we investigate the relation between action ground state solutions and energy
ground state solutions of (1.1).
For given p1 > 0, let u, € H'(R?, C) be an energy ground state solution of (1.1), that is,

E(uy) = ;?E)E(U), By ={ue H'RC) | [[ul3 = n},

1 1 9 9
E(u) := §A(u) — mC(u) +e“D(u) + 2e“Ey(u).
By the result in [16], if 2 < p < I, coo(p) < 0 and €2 (||p\|g + ||z Vp||g) < po for sufficiently
small pg > 0, u, exists and the corresponding Lagrange multiplier w = wy, is positive. Here
Coo(p) is the minimum energy defined in (1.8). Especially u, is a nontrivial solution of (1.1)
with w = w,,.

To clarify the dependence with respect to w, we write [ = I,,, J = J,, § = S, and m = my,.
Under these preparations, we have the following result.

Proposition 5.1. Let > 0 be given so that coo(p) < 0 and suppose that 2 < p < % Under
the assumptions in Theorem 1.1, the energy ground state solution u, is an action ground state
solution of (1.1) with w = w,,.

Proof. Since u,, is a nontrivial critical point of I, we have

uy €S,, and my, < Iy, (u,). (5.1)

Thus it suffices to show that I, (u,) < my,,.
Now let w, € H*(R3,C)\ {0} be an action ground state solution of (1.1) with w = w,,, which
exists by Theorem 1.1. Then by (3.15) and J,, (w,) = 0, it follows that

11—t
L, (wy) — 1o, ((wy)e) > TJW“(U}M) =0 forall t>0, (5.2)
where (w,); = t?w,(tx). Taking t, := I“'Z“'”é, one has
K2

2
5 = |uull3 and hence E(u,) < FE (wp)e,) -

H (w/ﬁt“
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Thus from (5.1) and (5.2), we obtain
My < Loy () = Blw) + 2 1
< E((w)e,) + w*; ICwi)e 5
=L, (wp)t,) < Lo, (wy) = My,

from which we conclude. U

In order to consider the converse, let Q(u) be the set of Lagrange multipliers associated with
energy ground state solutions for B,,, namely
Q) :=={ wu > 0| wy, is the Lagrange multiplier associated with an energy ground state
of (1.1) under the constraint B, }.

By the result in [16], we know that Q(u) # () for every 1 > 0, when 2 < p < £ and 62(||p||g +
|z - Vpl|le) is small. Moreover for any w, € Q(u), there exists an action ground state solution
5
w, € HY(R3,C) \ {0} of (1.1) with w = w), by Theorem 1.1.
In this setting, the following result holds.

Proposition 5.2. Let o > 0 be given so that coo () < 0 and suppose that 2 < p < % Under the
assumptions of Theorem 1.1, w, is an energy ground state solution of (1.1) under the constraint
B,.

Proof. Since w,, is an action ground state solution of (1.1) with w = w,, by using (3.15), we
have J,, (wy,) = 0 and

1—1)2w
L, (wy) — 1o, ((wy)e) > (6)“||wu||g >0 forall t>0. (5.3)

Now let @, be an energy ground state solution of (1.1) under the constraint B, whose
Lagrange multiplier coincides with w,. Then if follows that

My, < 1L, (4,) and E(f@,) < E(u) for any u € H'(R? C) with [lul|3 = p.

Especially choosing £, = W, we have
wlla
2
@i, |, = n=lau3 and B, < B ((w), ) (5.4)

Then from (5.3) and (5.4), we deduce that

~ ~ w ~
My, < Lo, (0,) = E(U,) + 7“”“u|!22

2

W
<FE ((wu)fu) + 9 H(wﬁ{u 9
= Iwu <(wﬂ)t~u) = Iwu (wﬂ) = Mayy,s
which yields that I, ((w,); ) = I, (w,). Going back to (5.3), one finds that
13 1 tﬂ n 1%

(1—-1,)%w
> Lo bl e 32

from which we conclude that t~u = 1 and hence

0

E(wy,) = E(ay,) = %EE(U)

This completes the proof. O
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Remark 5.3. (i) By Proposition 5.2, if w, € Q(u), every action ground state solution of (1.1)
with w = w,, share the same L?-norm.

(ii) Although Q(u) # 0 for every p > 0, we don’t know whether Q(u) is an interval. Moreover
we don’t know for given w, € Q(u), there exists a unique p > 0 such that the corresponding
Lagrange multiplier coincides with w,. In other words, it is not known if

p=wy :(0,00) = (0,£) is one to one mapping for some £ > 0. (5.5)

(5.5) is important in investigating further properties of ground state solutions, such as unique-
ness and stability. However (5.5) is known only in limited situations; see [13, 16, 19]. In
particular, it is not known whether (5.5) holds true even when p = 0.

Proof of Theorem 1.2. The claim follows by Propositions 5.1 and 5.2. O

6. EXISTENCE OF A RADIAL GROUND STATE SOLUTION FOR 1 < p < 2

In this section, we consider the case 1 < p < 2, for which arguments in sections 3-5 do not
work well. Especially we cannot handle the energy inequality (3.15) in Lemma 3.7 because the
coefficient in front of HquH becomes negative when 1 < p < 2.

In the case 1 < p < 2, we only have the following weak result.

Theorem 6.1. Suppose that 1 < p < 2. Assume p € Lg(R3) and p(x) = p(|z|). There exists
eo > 0 such that if 0 < e < eq, (1.1) has a radial ground state solution ug, that is, uy satisfies

Iwo) = inf I(w), Sraa = {u € H}pg(®*) | I'(u) = 0}

where H*

rad

(R?) = {u € H'(R%,R) | u(z) = u(la))}.
To this aim, let us recall the functional I, for p = 0, which was defined by
Too(u) = %A(u) + 2 Bw) - ﬁC( W)+ e2D() for uc H\(R,C).
When 1 < p < 2, the following properties are known; see |27, Theorem 4.3|.

Proposition 6.2. Suppose that 1 < p < 2 and e > 0. Then it holds:

(i) inf )Ioo(u) > —00,

(ii) Ioo satisfies the Palais-Smale condition on H!

(R3).
Now by Lemma 2.2, one finds that
I(u) = Io(u) + 62E1(u) > Ioo(u) — CGQH,OHgHu”Q for any u € HI(RS,(C),

from which we conclude that m(f I(u) > —oo. Moreover since Ej is a compact operator by
rad R3 )
Lemma 2.4, I also satisfies the Palais-Smale condition on H! ,(R?).

Proof of Theorem 6.1. Let us define the energy functional Iy for e = 0:
1 w 1 13
Ip(u) = 2A(u)+ 2B(u) p+1C(u) for u € H*(R’,C).

It is standard to show that there exists @ € H} ,(R3) such that Io(@) < 0. Then by Lemma
2.2, one has

Io(@) + e*D(@) + e*E1 (1)
) + Ce?llal|* + Ce?|lpl s 6 [al?.

(@
(1) <0for 0 <e<e and hence  inf I(u) <O.
ueH! (R3)

rad

I(a)
<1
Choosing a small eg > 0, we have I
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By Proposition 6.2, we are able to apply Ekeland’s variational principle. Then there exists
ug € H' (R?)\ {0} such that

rad

I(up) = uehrrrllin(R3) I(u) <0.

rad

Particularly, up is a nontrivial solution of (1.1). Moreover since ug is a global minimizer on
H! (R3), it follows that

I(ug) > inf I(u)> inf I(u)=I(up),

ues’ra,d - ’MEHl (R3)

rad

yielding that ug is a radial ground state solution of (1.1). O

Remark 6.3. (i) In [16], we have shown that (1.1) has an energy ground state solution if
1 < p <2 and e is sufficiently small. Unfortunately unlike the case 2 < p < %, we cannot say
anything about the relation between the radial ground state solution obtained in Theorem 6.1
and the energy ground state solution in [16].

(ii) In the case p = 2, it remains open whether (1.1) has a nontrivial solution for any w > 0
and small e > 0. Moreover in [13], thanks to the scaling invariance of (1.3) when p = 2, it
was proved that an energy ground state solution of (1.3) is an action ground state solution and
vise versa. However due to the loss of scaling invariance for p £ 0, we don’t know if an energy
ground state solution of (1.1) obtained in [16] is an action ground state of (1.1).

7. THE CASE p IS A CHARACTERISTIC FUNCTION

In this section, we consider the case where the doping profile p is a characteristic function,
which appears frequently in physical literatures [22, 26, 28]. More precisely, let {Q;}7, C R?
be disjoint bounded open sets with smooth boundary. For a; > 0 (i = 1,--- ,m), we assume
that the doping profile p has the form:

1 (x ey,

In this case, p cannot be weakly differentiable so that the assumption (1.5) does not make

ple) =) aixe(r), xe(z)= { (7.1)
i=1

sense. Even so, we are able to obtain the existence of ground state solutions by imposing some
smallness condition related with «a; and €;.

To state our main result for this case, let us put L := sup |z| < co. A key is the following
€052
sharp boundary trace inequality due to [2, Theorem 6.1], which we present here according to

the form used in this paper.

Proposition 7.1. Let Q C R? be a bounded domain with smooth boundary and v : H'(Q) —
L2(09Q) be the trace operator. Then it holds that

[ htwas <m@ [ i ( !u|2dx>% (] Wuzdx)% o oy € QD)

where k1(Q2) = %ﬂ‘l, ko (Q) = H|Vw|HLOO(89) and w is a unique solution of the torsion problem:

_ 0
Aw = k1() in Q, 8—1;: =1 on 0.

In relation to the size of p, we define

N

D(Q) 1= LIS | (LIH] 200 + 1090 ) (s (@21 + (),

where H is the mean curvature of 0.
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Remark 7.2. It is known that k2(2) > 1; see [2]. Then by the isoperimetric inequality in R3:
09| > 305 |B 5,
and the fact | < |BL(0)| = L3|By|, we find that

1

1 1
M i L i 2 _ 3
D() > (|Bly> Qs - V3|Q[5|By|5 (3|Blys +1) = C|Qfs = Cllxoll g o (7.2)

where C' is a positive constant independent of €).
Under these preparations, we have the following result.

thm:7.3| Theorem 7.3. Suppose that 2 < p <5 and assume (7.1). There exists pg > 0 such that if

m

e’ Z a; D(€;) < po,
=1

then (1.1) has a ground state solution ug. Moreover the statement of Theorem 1.2 holds true.
Note that when 1 < p < 2, we have only assumed that p(x) € Lg(R?’) and p(z) = p(|z|) in
Theorem 6.1, which covers the case (7.1).

We mention that the first part z - Vp(x) and x - (D?p(z)x) appeared was the definition of
Es(u) and E3(u) in (2.5). Under the assumption (7.1), we replace them by

1 m
Ey(u) = —42041/ So(u) d,
i=1 7
1 m
Es(u) := —= ; So(u)x - n; dS;,
2(u) 2; o, o(w)
Eg(u) = —;Zai/ HZ<$)SQ(U)(QJTL1)2 dSZ‘,
=1 0%

where n; is the unit outward normal on 9€);. Indeed we have the following.

Lemma 7.4. It holds that

lim So(w)uzx - Vidr = —10E1 (u) + Eo(u),
R—o00 Br(0)

lim Si(uw)uzx - Vudr = —6E2(u) — Es(u).
R—o0 BR(O)

Proof. For simplicity, let us consider the case m = 1 and o« = 1. First by the divergence theorem
and the fact So(u)|u|? € LY(R?), one finds that

lim So(u)uz - Vudx——— lim // vy - Vuly) >d dx
Br(0

R—o0 Br(0) 8T R—oo ]a: — y|

2 di
// 1Vyyd dx +/ lu(y)?y - V dy dx
~ 167 R3 |l‘— R3 lz—y| y\
Yy
AR [ wpt =y g)dydx
" 167 3 |z —y| —y| 167T R3 |z — y|



SCHRODINGER-POISSON SYSTEM WITH A DOPING PROFILE 29

Using the identity y - (z — y) = —|z — y|> + o - (z — y), the Fubini theorem and the divergence
theorem, we get

lim So(w)uzx - Vudx
R—o0 Br(0)

1/ /R3 :Z(f);l 167 /Rg/ [uly <|xiy‘) dx dy
w(w)|2
87T/ /RS Ixfyl 167 /Rg/ ( iz — g ) dfvdy+12w/R Ix(ﬂy' da dy

// d dr — —— @)l ndsS dy
" 167 R3 \x—y\ 167T r3 Ja [z — Yl

= 2/95’0(11) dx — 2/89 So(u)x -ndS = —10E1(u) + Ea(u).

Similarly, we have

lim 51 (w)uz - Vudx

R—o0 BR
= "% lim / / Vu(y) )m ndydS
87 R—o0 Joq BR(O) \x—y\
o INRCERA
d dS—— x-ndSdy
T 8 /aQ/R3 |x—y| 167 Jr3 Joo lz —yl
)2
/ / )l -n dS—/ / < )z ")x> ds dy
~ 87 Jog Jeo |9C—y| 167 Jr3 Joo —y!

|u(y)°z - n / / Va(z - n)
" aSdy + —— ds dy
167r /Rs /89 ]x—yl 167 Jrs Joo \x—y\

=3 /80 So(u)z - ndS — 2/39 div, (So(u)(x - n)x) dS + 3 /an So(w)z - Vy(z -n)dS. (7.3)

Applying the surface divergence theorem (see e.g. [29, 7.6]) and noticing that 9(92) = 0, it
follows that

/ divy(So(u)(z - n)x)dS = —/ (So(u)(z - n)a:)L CHdS = — H(x)So(u)(z - n)?dS,
o0 o0N

0N

where 7 is the normal component of = and H is the mean curvature vector H = Hn. Finally
since z - Vg (z - n) = x - n, we deduce from (7.3) that

lim S1(w)ux - Vudz
R—o0 BR(O)

=3 So(u)x -ndS + % H(2)So(u)(x-n)?dS = —6E5(u) — E3(u),
o0 o0N

which ends the proof. The general case can be shown by summing up the integrals. ]

By Lemma 7.4, the Pohozev identity can be reformulated as follows.

Lemma 7.5. Under the assumption (7.1), the functionals P(u) defined in (2.10) and Q(u) in
(3.7) have the same form.

Proof. As we have mentioned in the proof of Lemma 2.5, the Pohozaev identity can be shown
by multiplying = - Va and ex - Sp(u) by (1.1), integrating them over Br(0) and passing to a
limit R — oo. Then we are able to obtain (2.10) and (3.7) by Lemma 7.4. O

Next we establish estimates for £y, Fy and Ej3.
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Lemma 7.6. For any u € H'(R3,C), E1, Ey and F3 satisfy the estimates:

E1(w)] < C " ail€ls [ VSo(w)]l2,

=1
| Ea(u)| < CZa, )IIVSo(u)|l2,
|E3(u)] < CZO@ DIV So(u)ll2,

where C' > 0 is a constant independent of €;.

Proof. First we observe that

CICER oy NEIEIEE S oA G R i)’ ([ )’

from which the estimate for F; can be obtained by the Sobolev inequality. Next by Proposition
7.1, the Holder inequality and the Sobolev inequality, one has

1m
Ey(u)| < = ai/ So(u)||x| dS;
| E2(u)] 22 am‘ o(w)]|z]

,Zaz (/ 2|S0 )2dSi>% (/BQ |:c2d5’i>é

1
B Z o L; |08 2 (K1<Qi)HSO(u)”%2(Qi) + £2(€%)[[So (W) 2(0) HVSO(U)HLz(QiO
=1

| /\

o=

| /\

N

IN

1 — 1 2 1
5 D LilOul > (1 (2194151 S0(w) e gy + 522113 [1S0 ()| e [V So (W)l e
i=1
" 1 1
sczaiLimz-\ﬁwm\z(m( DIl + (€ >) V.50 (u)ll 2(es)

< CZaZ )|IVSo(u)| 2(gs)-

Similarly, we obtain

1 m
Ba(w)] < 5 D0 [ 1HlISo) ol dS,
=1 i

1 m
B > L Hill 200,150 (W) |2 (02,
=1

- 1
<czaiﬁnﬂlumﬂrmﬁ(m( IS + ka2 >) 1VSo(w)]l 2as)

IN

< CZOQ IIVSo(u )”LQ(RS).

This completes the proof. O

Our next step is to modify the proof of the energy inequality in Lemma 3.7. For this purpose,
we prove the following.
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Lemma 7.7. Let Q C R3? be a bounded domain with smooth boundary and put
Q) = [ So(ua)do=¢ [ So(w(ty) dy
t2 Q
Then it holds that

(1) = 12 /8 So(w)(ty)(y ) S

Q"(t)=—2t | So(u)(ty)(y-n)dS—t | H(y)So(u)(ty)(y-n)*dS.
o0 o0

Proof. First we observe that

(1) = 3¢ /Q So(u)(ty) dy + £ /Q Y, So(u)(ty) - y dy
_ g2 /Q So(u)(ty) dy + 12 /Q div, (So(u) (ty)y) dy — 12 /Q So(u)(ty) divy y dy

=t | So(u)(ty)(y - n)ds.
o0

Similarly by the surface divergence theorem, one has

Q) =2t [ So(u)(ty)(y-n)dS+t | V,So(u)(ty) y(y-n)dS
o0 0

=2t [ So(u)(ty)(y-n)dS
o0

s [y (So()y- ) ds — ¢ [ So(uew)div, (v n)y) d
o0 o0

=2t | So(u)(ty)(y-n)dS —t [ H(y)So(u)(ty)(y-n)*dS

o0 oN
—t So(u)(ty) divy y(y -n)dS —t So(uw)(ty)y - Vy(y-n)dS
o0 o0
-2t [ S)(t)ly-m)dS ~t [ H)Solu)t)(y- 0 dS.
o0 o0
This completes the proof. O

rem:7.8| Remark 7.8. Lemma 7.7 is related with the “calculus of moving surfaces” due to Hadamard;
see |20, (38)-(39)].

Using Lemma 7.6 and Lemma 7.7, we can establish the energy identity as follows.

lem:7.9| Lemma 7.9. Suppose that 2 < p < 5 and let uy(v) = t?u(tz) for t > 0. Under the assumption
(7.1), there exist o« > 0, B >0, pg > 0 independent of e, p, t such that if ||ul[p+1 > J for some
m

§ > 0 independent of e, p and € Z a; D(9;) < po, then the following estimate holds.
i=1

1—t3 (1—t)2w, adP~!
> 7 -

I(u) — I(uy) — (1- t)2||u||?)+1 for all t > 0.
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Proof. Under the notation of Lemma 7.7, we can write the remainder term R(t) as follows:

— 93 1—¢3 24-1
R(t) = 5 3 e? B (u) — 3 e’ Ba(u) + ‘ 5 So(u)p(t™'z) da
R3

Qi { 0 sde+ =8 [ sow) dS+t1/ S()d}
=e o —— u) dx wz-ndS; + — w) dx
6 Jo, " o 2 S, "

Let T > 4 be chosen so that 72’~* > 3 and put

3 _ )
G(t) :== t 5 ! (Q:(1) — (1)) — sz( =

For t > T, it follows that

3
6(t) 2 =S5 ()] + 160 - 10| = ¢ (S0 + glo).

Similarly one has
6(0) 2 = (S + IO ) = ~40 -2 (FI000]+ Gl ) for0 <<
When § <t < T, we see that G(1) = G'(1) = 0 and
1 / ]‘ ! ! t2 1
6"(0) =t (1) - (1) + 5 (9% — 12500 + 5940
1 t2 N
> ¢ (0] + 120) - 5 (1601 + 001+ 5101 = -F ).

N | =

Then by the Taylor theorem, there exists & = £(t) € (%, T) such that
1 - 1
G(t) = =5 N - t)?  for g St<T.
Now by Proposition 7.1 and Lemma 7.7, arguing similarly as Lemma 7.6, one finds that

Q
| / [So () (t) | dy < |91511S0 () (ty) s sy < C™2 D)V So(w)| (e,

Q’- 1
'é”séﬁwwmmwstMMW&wmmy

B <o [ iss@lolds + [ IS elly? ds < O D@V So(w)lzaes)
o Y

Then by Lemma 2.2, we have
N(©) < T (16D + [25(1)]) + V2 (CD() IV So () 2es)) < CD(%) (lull3 + l[ullps)

and hence

- t)%e? Zal <”UH2 + HUHp +1) for 0 <t <T,
R(t) >
t“th ) (Il + [lul247) for t > T

for some 8 > 0 independent of e, p, t. The remaining parts can be shown in the same way as

Lemma 3.7. O
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Proof of Theorem 7.3. By Lemma 7.5, Lemma 7.6 and Lemma 7.9, we are able to modify the
proofs in Sections 3-5. O
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