STRONG INSTABILITY OF STANDING WAVES FOR L?-SUPERCRITICAL
SCHRODINGER-POISSON SYSTEM WITH A DOPING PROFILE

MATHIEU COLIN AND TATSUYA WATANABE

ABsTrRACT. This paper is devoted to the study of the nonlinear Schrédinger-Poisson system
with a doping profile. We are interested in the strong instability of standing waves associated
with ground state solutions in the L?-supercritical case. The presence of a doping profile
causes several difficulties, especially in examining geometric shapes of fibering maps along an
L-invariant scaling curve. Furthermore, the classical approach by Berestycki-Cazenave for
the strong instability cannot be applied to our problem due to a remainder term caused by the
doping profile. To overcome these difficulties, we establish a new energy inequality associated
with the L?-invariant scaling and adopt the strong instability result developed in [19]. When
the doping profile is a characteristic function supported on a bounded smooth domain, some
geometric quantities related to the domain, such as the mean curvature, are responsible for
the strong instability of standing waves.

1. INTRODUCTION
In this paper, we are concerned with the following nonlinear Schrodinger-Poisson system:
—Au+ wu + edu = |ulP~tu
—A¢ =5 ([ul? - p(2))

where w > 0, e > 0. Equation (1.1) appears as a stationary problem for the time-dependent

in R3, (1.1)

nonlinear Schrodinger-Poisson system:

it + A — gty + [BP1p =0 in Ry x RS,
—Ap = §(IP - p(a)) in Ry x R, (1.2
¥(0,7) =1y in R3,

Indeed when we look for a standing wave of the form: (¢, z) = e™*

u(z), we are led to the elliptic
problem (1.1). Here, we are interested in the strong instability of standing waves corresponding
to ground state solutions of (1.1) when % <p<b.

The Schrédinger-Poisson system appears in various fields of physics, such as quantum me-
chanics, black holes in gravitation and plasma physics. Especially, this system plays an impor-
tant role in the study of semi-conductor theory; see [22, 26, 30], and then the function p(z)
is referred as impurities or a doping profile. The doping profile comes from the difference of
density numbers of positively charged donor ions and negatively charged acceptor ions, and
the most typical examples are characteristic functions, step functions or Gaussian functions.
Equation (1.1) also appears as a stationary problem for the Maxwell-Schrodinger system. We
refer to [5, 12, 13] for the physical background and the stability result of standing waves for
the Maxwell-Schrodinger system. In this case, the constant e describes the strength of the
interaction between a particle and an external electromagnetic field.
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On one hand, the nonlinear Schrédinger-Poisson system with p = 0:

{ —Au+ wu + epu = |ulP~1u

in R? (1.3)
~Ap = §ul?

has been studied widely in the last two decades. Especially, the existence of non-trivial solutions
and ground state solutions of (1.3) has been considered in detail. Furthermore, the existence of
associated L2-constraint minimizers depending on p and the size of the mass and their stability
have been investigated as well. We refer to e.g. [2, 3, 4, 10, 12, 23, 25, 29, 32, 33, 34, 35]
and references therein. The strong instability of standing waves associated with ground state
solutions of (1.3) has been established in [3] for the L2-supercritical case and in [18] for the
L?-critical case respectively.

On the other hand, the nonlinear Schrédinger-Poisson system with a doping profile is less
studied. In [16, 17], the corresponding 1D problem has been considered. Moreover, the linear
Schrédinger-Poisson system (that is, the problem (1.1) without |u[P~1u) with a doping profile
in R? has been studied in [6, 7]. In [14], the authors have investigated the existence of stable
standing waves for (1.2) by considering the corresponding L?-minimization problem in the
L2-subcritical case 1 < p < % The existence of ground state solutions for (1.1) in the case
2 < p < 5 has been obtained in [15]. Moreover in [15], the authors have established the relation
between ground state solutions of (1.1) and L?-constraint minimizers obtained in [14] in the case
2<p< % But as far as we know, there is no literature concerning with the strong instability
of standing waves associated with ground state solutions of (1.1) in the L2-supercritical case,
which is exactly the purpose of this paper.

To state our main results, let us give some notations. For v € H'(R3,C), the energy
functional associated with (1.1) is given by

1

I(u):2/ Va2 dz+ / |u|2dm—/ Pt dz + €2 A(w). (14)

Here we denote the nonlocal term by S(u) = So(u) + S1 with

u\x 2
So(u)(a) = (-7 (M2 = st (15)

Su(a) = (—A)"! (")2(””’)) — g ) (1.6)

and the functional corresponding to the nonlocal term by

u(x u(y)|? -
A(u) == 1 ) S(w)(u®* = p(z)) dz = o /R3 /R3 (e (|$))_(‘y|(y)‘ rw) dx dy.

A function wug is said to be a ground state solution (GSS) of (1.1) if ug has a least energy among
all nontrivial solutions of (1.1), namely ug satisfies

T(ug) = inf{Z(u) | u € H'(R3,C), Z'(u) = 0}.

For the doping profile p, we assume that
p(x) € L%(]R{‘g)ﬁL?OC(RS) for someq >3, x-Vp(z)€ LS(RS’), z-(D*p(z)x) € Lg(R3), (A1)
where D?p is the Hessian matrix of p, and
p(r) >0, #0 for z € R, (A2)

Typical examples are the Gaussian function p(z) = ee~**I” and p(z) = for a > 5. In

3
I+[z]™
this setting, the following result is known; see [15].

eq:1.4
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Proposition 1.1. Suppose that 2 < p < 5 and assume that (A1)-(A2) are satisfied. There
exists po independent of e, p such that if

& (112118 ) + 112 V0l ¢ ) + - (D202) 5 ) < 0

then (1.1) has a ground state solution ug. Moreover any ground state solution of (1.1) is
real-valued up to phase shift.

It was shown in [15] that the ground state solution ug is characterized as a minimizer of Z
on a Nehari-Pohozaev set {J(u) = 0}, where J(u) = 2N (u) — P(u), N(u) = 0 is the Nehari
identity and P(u) = 0 is the Pohozaev identity. See also Section 4 below.

Next we proceed to the instability result. As mentioned later, the Cauchy problem for (1.2) is
locally well-posed in the energy space H'(R3, C) and the maximal existence time T = T* (1)
corresponding to 1o € H*(R3,C) is well defined. We say that the (unique) solution (¢, x) of
(1.2) blows up in finite time if 7% < co. Furthermore, the standing wave e“‘u(z) of (1.2) is said
to be strongly unstable if for any e > 0, there exists ¢g € H'(R?, C) such that [|¢ho—ul| g1(rs) < €
but the solution ¥ (¢, z) of (1.2) with ¥(0,z) = 1) blows up in finite time.

In order to prove the strong instability of standing waves corresponding to ground state
solutions of (1.1), we further impose the following condition on the doping profile:

There exist a > 2 and C' > 0 such that p(x) < . +C‘Y = for € R3. (A3)

We will see that (A3) guarantees the exponential decay of ground state solutions of (1.1) at
infinity. Under these preparations, we are able to state and show the following result.

thm:1.1] Theorem 1.2. Suppose that £ < p < 5 and assume that (A1)-(A3) hold. There exists po
independent of e, p such that if

& (11018 gy 12 Vol g oy + 2 (D02 g ) < o,

iwt

then the standing wave e**ug is strongly unstable.

We emphasize that no restriction on the frequency w is required in Theorem 1.2. The
assumption (Al) rules out the case p is a characteristic function supported on a bounded
smooth domain. Even in this case, we are still able to obtain the strong instability of ground
state solutions under a smallness condition on some geometric quantities related to the domain;
See Section 7. We also mention that our instability result heavily relies on the fact p is L%
supercritical. For the moment, we don’t know whether the strong instability holds for p = %

Here we briefly explain our strategy and its difficulty. It is known that the strong instability
of standing waves is based on the wvirial identity:

V'(t) =8Q(v(1)).
Here V (¢) is the variance defined in (2.2) below, while the functional @) is defined by

3(p
Q) = [Vl 2z, — E §|| 25,

—/ So(u)|u|? dx + 2¢2 / Sy|ul? dx — e / So|ul? dz, (1.7)

z - Vp(z)

Sala) = (-8) (T ) = (o Vo), (1)
m
and Q(u) can be obtained formally by considering =7 (u*)|5=; = 0 for the L*-invariant scaling:

uM(z) = Azu(Az). (1.9)
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Then we are able to prove the strong instability of standing waves for ug if we could show that
there exists a subset B C H'(R3,C) such that

%Q(u) < T(u) — Z(ug) <0 for all u € B (1.10)

and
uy € B for all A > 1. (1.11)

In fact, (1.10) together with the conservation laws shows that the set B is invariant under the
flow for Equation (1.2) and V" (t) < 0 for ¢(0,x) = ¢ € B, which implies that ¢ (¢, z) blows up
in finite time. Moreover by (1.11), there exists vy satisfying [|tho — uo| g1 (ws) ~ 0 and 9o € B,
concluding that e™’uq is strongly unstable. In [3, 18] where the case p = 0 was treated, it was
established that the ground state solution ug of (1.3) has the variational characterization:

Z(uo) = inf{Z(u) | u € H'(R*,C)\ {0}, Q(u) = 0}. (1.12)
Then the proof of (1.10) and (1.11) was carried out by considering
B={uecHR>C)|I(u) < I(u), Qu)< 0},

which is exactly the classical approach by [8] (see also [24]).

As we can easily imagine, if a doping profile p is considered, scaling arguments do not work
straightforwardly because of the loss of spatial homogeneity. Furthermore the presence of the
doping profile p satisfying (A1)-(A3) causes additional difficulties. Especially we cannot expect
to apply the classical approach due to [3, 8, 18, 24]. See the discussion in the end of Section 5
below. To overcome these difficulties, we first prove the following energy inequality:

2 1
I(u) — 3Q(U) —Z(u) + 5@(%6) (1.13)
<-Ci(1— A)QHUIIZEL(RS) + Ca(1 — \)%e? (lelg + |z Vpllg + [z - (DQPIE)Hg) HUIIfm(Rs)

for any u € H'(R3,C), A < 1 and some C1, Cy > 0 independent of e, p, \. The energy estimate
(1.13) enables us to prove (1.10) for u € H'(R3,C) satisfying Q(u) < 0 and J(u) < 0. By
setting
B:={uec H'R3C) | I(u) < I(up), J(u) <0, Q(u) <0},

in our problem, we are able to show that the set B is invariant under the flow of (1.2). Fur-
thermore in order to obtain (1.11), we adopt a strategy developed in [19] (see also [20, 27, 28]).
By establishing dd—;l(uA)]Azl < 0, we can obtain (1.11) without using the variational charac-
terization (1.12).

When p is a characteristic function, further consideration is required because p cannot be
weakly differentiable. In this case, a key of the proof is the sharp boundary trace inequality
which was developed in [1], and a variation of domain related with the calculus of moving
surfaces due to Hadamard [21]. Then by imposing a smallness condition of some geometric
quantities related to the support of p, we are able to obtain the strong instability of standing
waves associated with ground state solutions of (1.1).

This paper is organized as follows. In Section 2, we recall a known result on the Cauchy
problem for (1.2) and establish the virial identity associated with (1.2). In Section 3, we prepare
several properties of the energy functional and some lemmas which will be used later on. We
introduce fundamental properties of ground state solutions of (1.1) in Section 4. In Section
5, we investigate several fibering maps along the L?-invariant scaling (1.9). We complete the
proof of Theorem 1.2 in Section 6. In Section 7, we finish this paper by considering the case
where p is a characteristic function and present the strong instability of standing waves for this
case.

char
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Hereafter in this paper, unless otherwise specified, we write |ul|zprs) = |lull,. We also set
[ull® := [[Vul3 + [[ul3-
2. WELL-POSEDNESS OF THE CAUCHY PROBLEM AND THE VIRIAL IDENTITY
In this section, we consider the Cauchy problem:
i + A — €28 + [P~y =0 in Ry x R3,
ik A= S+ ol ; o)
¥(0,2) =¢o in R,
where e > 0, 1 < p <5, S(¥) = 1(—=A)71(|¢)]> — p) and ¢y € H'(R3,C). Then we have the

following result on the local well-posedness.

Proposition 2.1. Assume that p € L%(RS). Then there exists T* = T™(||Ybol| g1 (m3y) > 0 such
that (2.1) has a unique solution ¢ € X, where

X ={yeC (0,17 H(R?C))NL>((0,T%), H(R*C))}.
Furthermore, 1 satisfies the energy conservation law and the charge conservation law:

EW®) = &) and [[@E)|2 = |[volla for all t € (0,T%).

The proof of Proposition 2.1 can be found in [14]. (See also [11, Proposition 3.2.9, Theorem
4.3.1 and Corollary 4.3.3].)

Next we establish the virial identity for (2.1), which plays a fundamental role in the study
of the strong instability. Let us define the weighted function space:

S {u c H'(R?,C) | / 22 ulde < oo} |
R3
Then we are able to show the following.

Lemma 2.2. Assume that ¥g € ¥ and let T* > 0 be the mazimal existence time associated
with Yg. For the unique solution ¢ of (2.1), let us denote by V (t) the variance:

V() ::/ 22l (t, 2) 2 da. (22) [var
R3
Then the following identity holds:

V'(t) =8Q(¢(t)) for allt € [0,TF), (2.3)

where Q) is the functional defined in (1.7).
Proof. First we show that

V'(t) = 4Im /Rg(x )i da. (2.4)

Indeed multiplying (2.1) by 2t and taking the imaginary part, one finds that
0 9 L0 L — . —
a|q,zj| = Im (Zatw ) = Im(2iyp) = —2Im(PAy) = —2div(Im(yVe)). (2.5)

Moreover multiplying (2.5) by |z|? and integrating over R3, we get
0

- 2 2 - _ 2 4. -
5 /R3 |z|* [¢]° dx Q/RS |z]? div(Im(¢ V) d

= —2/ div (|z? Im(y V) das+2/ V|z|? - Tm(x V) da
R3 R3

=4Tm [ (z- Vi) da,
R3

yielding that (2.4) holds.
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Next we multiply (2.1) by 2x - V), integrate over R® and take the real part. Then one has
0= 2Re/ i(z - V)b do + 2Re/ (z - V) Ay dx
R3 R3

— 2¢? Re/ (x'V¢)5(¢)¢dw+2Re/ (- V) [P~ do
R3 R3
=14 II+III+IV. (2.6)

It is standard to see that
I= Re /RS iz (YY) — V(¥iy)) do CZRe/RSi(x V) dx + 3Re/Rg iy de.

Thus from (2.1) and (2.4), it follows that

I= ilm (x-Vw)lﬁdx—i—?)Re/ U (AP — 2SW)Y + [P 1p) da

dt R3 R3

_ _ 2 o 2 2 p+1 .
= V") 3/}1@\%; da — 3¢ /Rss(w)w\ dx—|—3/R3 P da 2.7)
Using the integration by parts, we also have
1= / vadx, (2.8)
p+1 .
oy [ 29)

(See also |11].)
Finally we estimate III. First by the integration by parts, we observe that

111 = —e2Re/ x - V|[2S(v) dx
R3
= —¢? Re/ div (zS(¥)[¢)?) dx + € Re/ diveS(Y)|[¢)? da + € Re/ x - VS()|w|? dx
R3 R3 R3

:362/RS S(w)w\Qda:—i—eQ/Rsx'VSO(¢)|¢|2dx+e2/Rsx-VS1|¢]2da:. (2.10)

Moreover by the definition of Sy given in (1.5) and the Fubini theorem, one finds that

[ Isalol e = ;j/R i (] 90 )
Z/Rg /R3 nite ) y|3 () Ply () dy da

_ WP @) v — ) )
N 871' /R‘/]l@ ’x—y’ d dl’ 871-2/]1&3 /]R3 y’3 ( )‘ ’w( )’ dydx

= J S x—*Z /R Yo ( I3 |x(f)1’/| )w )P dy
—/Rg So(¥)|9]* d — /Rsy-VSo(@D)W}de,

from which we deduce that

e Vsawl e == [ sl e 211)
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Similarly by the definition of S7 and So given in (1.6) and (1.8) respectively, we arrive at

/ z- vslwﬁdx—_z/ 3 </RS |£( )‘ )W)( P da
Z// B ) oo dy o

yj(z; — 2
dydx—l—— / / p Y dy dx
" 8 /R3/1Rd |$—y| Z r3 JR3 ?J’S W)l @)

- [osiears o [ (] Sy-vyml_mmy) ) ot da
/ Sl|¢]2d:c+— g </RS div, <|ip_(yy)|> dy) o (x)|? da
“55 L, ( g dwyyp( ) ()] dw—Slﬂ/ <AM@) ()2 das
:2/]@3 51|¢|2dx—4352|¢|2dx. (2.12)

From (2.6)-(2.12), we obtain

Lo 2 3(p—1) +1
- (t)—Q/ngw d:c+p+1/st\p do
2
—Z/W So(w)\w\zdx—l—QeQ/Rg 51w|2dx—62/R3 Sol[2 da
1

which completes the proof.
A rigorous proof can be carried out by using the density argument and the regularizing
argument as in |11, Proposition 6.5.1]. O

3. VARIATIONAL SETTING AND PRELIMINARIES

The aim of this section is to prepare several properties of the energy functional and present
intermediate lemmas which will be used later on.

3.1. Decomposition of the energy.
In this subsection, we rewrite the energy functional Z in a more convenient way. We put

A(w) = |[Vul3, B(uw) = [lul3,  C(u) = [ullpiy,

and decompose 7 in the following way:

1
p+1C( u)

2
/ So(u \u|2dm+ /51u|2 x—/ So(u x—z Sip(x) dx.
R3

T(w) = 5A@) + S B(u) -
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Next we define three nonlocal terms:

/ So(u)|ul? dz,

[u(y)[*p(x) /
E =— 1 S = S d
() 4 Jps o(u)plz) 32 /Rs/Rs ]m—y[ tfuf* de,
1
F=—- Sip(z) dx.
4 Jus

Note that F is independent of v € H'(R?, C). Then we are able to write Z defined in (1.4) in
the following form:

1 1
Z(u) = SA(w) + gB(u) — O+ 2D (u) + 262E1 (u) + €*F.
Now it is convenient to define I(u) := Z(u) — e?F, which yields that

w 1

—B(u) — —— ’D 2¢2Fy (u). 1
5 Blu) = —Clw) +D(u) +2°F1 (1) (31)
Since F'is independent of u, for minimization purpose, we only have to work with the functional
I. Recalling that

I(u) = %A(u) 4

u\x 2
So(u)(a) = (-8) (M5 20

we find that
D(u) >0 forall u € H'(R? C). (3.2)
For later use, let us also define
1
Bow) =3 [ So(u)e- V(e / Solul? dz, (3.3)
R3
1
Ba(u) =5 [ So(wa- (Dpla)a)da =5 [ Suful da,
R3
_ (A1 (D p(z)z) _ 2
Sala) = () (ZELOD) L o (2plo)),

which is well-defined for u € H*(R3,C) by (A1).

3.2. Estimates of nonlocal terms.
This subsection is devoted to present estimates for the nonlocal terms.

Lemma 3.1. For any u € HY(R3,C), Sy, D, E1, B> and E3 satisfy the estimates:

1So(w)lls < ClIVSo(w)ll2 < Cllulliz < Cllul?,

5p—T7 p+1

1So(w)lle < Cllulls™ " lullfr” < Clul3 + llullpyr) o 2<p <5,
D(u) < Cl[So(w)6lul1z < Clull®,

1
B1(w)] < Z1So()llslolls < Clols ul?,
1
[Baw)] < 5 So(@lllle - Vellg < Clla - Vlsllull®.
1
Ba(w)] < 580l - (D*pa)lls < Clla - (D2pa)]g

For the proof of the inequality on Sp(u), we refer to [29]. The other estimates can be obtained
by the Hodler inequality and the Sobolev inequality.



SCHRODINGER-POISSON SYSTEM WITH A DOPING PROFILE 9

3.3. Scaling properties.
In this subsection, we collect scaling properties of the nonlocal terms. For a, b € R and
A > 0, let us adapt the scaling uy(x) := \u(A\’z). Then we have

1 lu(y)|? A2 / [u(Xy)[? | y=abs A2 / Ju(2)[?
o(ur) (@) 8 /R3 |z — 9] Y7 % r3 T — vl 4 81 Jrs |\ — 2| :
Thus one finds that
So(uy)(z) = AQ“_QbSo(u)()\bzv),

D(uy) = M= D(u), (3.4)
1 )\2a72b
Eq(uy) = ~1 So(uy)(z)p(x) de = — 1 So(u)(Nox)p(x) da
R3 R3
)\2a—5b
= - So(u)(x)p(A\~x) de. (3.5)
R3

By the Hélder inequality, it follows that
2a—5b

A _ b
[Br(un)] < = —ISo()ls[ oA "2)[e < CX**72p]le|So(u)]le- (3.6)
Similarly, we have
)\2a—5b b b
Es(uy) = 7 Js So(u)(z)(A"z) - Vp(A z) dz, (3.7)
>\2a—5b ) " 90— 5b
[B2(un)| < —5—[ISo(u)llsl(A72) - VoA "zl < CATT22[z - Vplls[So(u)lle.  (3.8)

3.4. Nehari and Pohozaev identities.
This subsection is devoted to introduce the Nehari identity and the Pohozaev identity asso-
ciated with (1.1).

Lemma 3.2. Let u € H'(R3,C) be a weak solution of (1.1). Then u satisfies the Nehari
identity N(u) = 0 and the Pohozaev identity P(u) = 0, where

N(u) = A(u) + wB(u) — C(u) + 4e*D(u) + 4> E1 (u), (3.9)
Plu) = %A(u) + %"B(u) - p_?_lC(u) +5¢2D(u) + 1062E: (u) — ¢ Ba(u). (3.10)

For the proof, we refer to [14, 15]. Since Q(u) = %N(u) — P(u), the functional @ defined in
(1.7) can be also written as follows:

Q) = AQw) — 221

2y + 1)C(u) + 2D (u) — 4 Ey (u) + €2 Ey(u). (3.11)

4. PROPERTIES OF GROUND STATE SOLUTIONS

In this section, we introduce fundamental properties of ground state solutions of (1.1). Now
let us define
J(u) :=2N(u) — P(u).
From (3.9) and (3.10), for any u € H'(R?, C), it holds that
I(w) = FA@ + 5 Bw) — 2
We also denote by M the Nehari-Pohozaev set:

M= {ue H'(R*,C)\ {0} | J(u) =0}.

C(u) + 3¢2D(u) — 2¢*F) (u) + €2 E(u). (4.1)

eq:3.4

eq:3.5

eq:3.6

eq:3.7

eq:3.8

eq:3.9

eq:3.10

eq:3.11
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By Lemma 3.2, one knows that any weak solution of (1.1) belongs to M. Next let us define

o= ulél/fxl I(u). (4.2)

and the ground state energy level for (1.1) by
m = érel‘fsl(u), S={ue H'(R*C)\ {0} | I'(u) =0} .
Note that u is a weak solution of (1.1) if and only if I’(u) = 0. Then we have the following
proposition.
Proposition 4.1. Suppose that 2 < p < 5. Assume (A1), (A2) and
e (Iolls + - Vplls + - (D*pz)l¢ ) < po

for sufficiently small pg > 0.
(i) If o defined in (4.2) is attained by some ug € HY(R3,C)\ {0}, then ug is a ground state
solution of (1.1), namely ug satisfies

o = I(ug) = m.
(ii) There exists up € H(R3,C) \ {0} such that
I(up) =0 and J(ug) =0.
(iii) Any ground state solution of (1.1) is real-valued up to phase shift.

For the proof of Proposition 4.1, we refer to [15].

Next we establish an exponential decay of ground state solution wug of (1.1), which guarantee
that ug € X. For this purpose, we apply the following result in [9].

Proposition 4.2. Let V:RYN - R, f € Lﬁ(RN) forr>2 and u € H,(RY,R), where

loc

HL (RN R) = {u e W RN R) ; ||u||§{‘1/ = /N (IVul?> + V(2)|uf?) dz < oo} .
R

Assume that the embedding H‘l/ — L"(RN) is continuous and u satisfies
—Au+V(z)u= f(z)u inRYN, (4.3)
If there exist 8 >0 and k > 0 such that

lim inf V (z)|z|>~2% > k2,

|z|—o00

then there exists C > 0 depending on (3, k, HfHL r

r_and HuHH%/ such that

lu(z)| < CeH1+z])"? for all z € RV,

An important consequence of Proposition 4.2 is given in the next lemma and concerns the
exponential decay estimate of wuyg.

Lemma 4.3. Suppose that 2 < p < 5. Assume (A1)-(A3) and
& (llols +llz - Vplls + 1z (Dpo)]ls ) < po

for sufficiently small pg > 0. Let ug be the ground state solution of (1.1) given in Proposition
4.1. Then for any k < \/w, there exists C > 0 such that

up(z) < Ce R+ for il & € R3.
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Proof. Let us take B =1,r =p+ 1, HL, = H'(R?), f(z) = |uo(z)[P~! and
V(z) = w+ e*S(ug)(x) = w + e*So(ug) + €251 (z),
so that ug satisfies (4.3) and H{ = L"(R3). To apply Proposition 4.2, we show that

liminf V(z) > w. (4.4)

|z|—o0
First we observe from (1.5) that S(up)(x) > 0. Next we claim that

lim Si(z) =0, (4.5)

|x|—o00
which yields that (4.4) holds. Indeed for a fixed z € R?, it follows from (1.6) that
1 1 1
/ IR e 4y )l
R

Si(a)] < o P i

dle—yl " 8T iyt o=yl T 8T st eyl

By the assumption (A3) and the fact a > 2, one can take q so that p € L4(R3) and max{1, %} <
q < % This also implies that the Holder conjugate ¢’ satisfies ¢’ > 3. Then observing that

1 1
ly| < 5!%\ = |r—y| >z -yl > §\w|

and by the Holder inequality, we have

/ P(y)l dy < . Ip(y)| dy
ly

<ol lz =yl 7 7 2] Sy <t

1 =

9 a q
< — d q
| </|ys;|z y) </|y|s;|m| ) y)

C
< T%H,()HLF,(R:),) — 0 as |z| = oco.
q

|z]

Next we decompose

/ o)l dy :/ o)l dy+/ o)l dy.
ly|> 1| [T — Yl ly1> [zl Je—y|< 1 |z| [T — Y] w121 [zl Je—y|> 1 |z| [T — Y]

Then from (A3), one finds that

1 c
/ lp(y)] dy</ . _dy
w121 fe] Jo—y|< Lz 1T = Yl yI<ilello—yl<tlal 12—yl 14yl
C 1 C
/ dy < — 0 as|z| = oc.
|

S e Y= -
‘x’a x—y|§%|x\ ‘.%' - y‘ "T‘a 2

Moreover by the Holder inequality, we also have

)
/ ‘M”@5</ WMWQ
ly|> Ll Jz—y|> 112 17— Y ly|>1 el

S

|z

Q [
m\‘,_.

Lo ®
jo—yl>Lal [T — yl?

[Pl zagesy = 0 as Jz] = oo.

Thus we obtain (4.5).
Now from (4.4), we are able to apply Proposition 4.2 to obtain the desired decay estimate. [
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5. FIBERING MAPS ALONG L2-INVARIANT SCALING
In this section, we consider the L?-invariant scaling:

uMz) = A2u(Az) (5.1)

and investigate several fibering maps along this curve. First we begin with the following lemma.

Lemma 5.1. Suppose that 2 < p < 5 and J(u) < 0. There exists py and Cy > 0 independent
of e, p such that if e (HPH§ + ||z - Vp”g) < po, then it holds that
5 5

+1
lull* < Collullpiy-

Proof. From (3.2) and (4.1) and by Lemma 3.1, one has
m1n{3 w} lull? =

for some C; > 0. By Lemma 3.1, we also have ||So(u)||¢ < Cal|lu||?, which shows that

min{3, w
02 {2 oo (ol + o Vlg) 1l -

0>J(u) >

—1 1
a7t = Cre? (lolls + llz - Vol ) 1So(w)llo

p+1°

Choosing pg = miggg’éj} and taking e? <||,0||§ + ||z - VpHg) < po, we deduce that
5

Imn{3 w}
0> Jlul|*

p+1
which ends the proof. O

Next we consider the fibering map J(u*) for (5.1). Applying (3.4) with a = 3, b = 1 and
using (4.1), we find that

3)\2 w 2p* 1 36-1 2 ) A 2 A
A( )+ §B(u) i A2 C(u) + 3e*AD(u) — 2e°Ey (u) 4 e*Ey(u?). (5.2)

Lemma 5.2. Suppose £ < p < 5 and let u € H'(R3,C) \ {0} satisfy J(u) < 0. Then there
exists \* = AZ , € (0,1] such that J(w?) = 0. Moreover there exist py > 0 and 6* € (0,1)

independent of e, p such that if €2 (HPH% + ||z Vp||g> < po, it holds that \* > 6*.

J(u)‘)

Proof. First by using (3.6) and (3.8), one has
1
¢*|B1(u)| + €| Ba(u)] < CAze?(|lplls + [lo - Vplls) 1 So(u)ls.

Thus it follows that

w
lim MN=2=B .
/\LO+J(U) 5 (u) >0

Moreover, for A = 1, one has J(u?") = J(u) < 0. By the continuity of J(u*) with respect to ),
there exists A € (0,1] such that J(u*) = 0. We then define

\* = inf {)\ € (0,1] | J(u) = o}.

It is obvious that \* € (0,1] and J(u") = 0.
Next we establish the uniform lower estimate of A*. For this purpose, let us define the
Nehari-Pohozaev functional for NLS (that is, we take e = 0 in (1.1)) by

Jo(u) = S A(u) + “Bl) - =100, we HU(REC).

2 p+1
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We claim that Jo(u) < 0 if €2 (Hp”g + H:c.VpHg) < 1. In fact by Lemma 3.1 and (3.2), it
follows that
0> J(u) = Jo(u) + 3e2D(u) — 2*Ey (u) + ¢*Fa(u)
> Jo(u) = e (Jlplle + 2 Volls ) 1So(w)lls.
Thus if

Jo(u
e (lllly +llz- Vol ) < 2c‘||sf)<3t|>16

we deduce that .
0> Jo(u) — §|J0(u)| and hence Jp(u) < 0.
Since Jo(u) < 0 and

2p—1 -
P )\3(1)2 I)C(u),

=3 )+ By -

A —_—
Jo(w?) = =3 2 p+1

we can readily see that there exists a unique \g € (0, 1] such that Jy(u?) = 0.
20

Finally we prove that \* > 22 if ¢? (||pH§ + [ - V,OHQ) < 1. Indeed since Jo(u2 ) > 0, we
5 5
find that

Ao Ao )\0 % 2
J@®) = Jow®) = () e (lols + Iz~ olls) [So(wlls > 0
provided that e? <||p||g + ||z - Vp”g) is sufficiently small. This implies that \* > 22 which
5 5
completes the proof. O
Next we investigate another fibering map:
)\2

fOA) = I(u?) — o Qu). (5.3)

From (3.1) and (3.11), it follows that

FO) = 5 Bu) - 4@1“) (075 = 30— DA?) C(w) - S (0% = 20 D(w)
e?\?

+2¢2E1 (u) + 262 N2 By (u) — 5 Es(u). (5.4)

Then we have the following energy inequality, which is a key in our analysis.

Lemma 5.3. Suppose that % < p < 5. There exists C1, Cy > 0 independent of e, p, A such
that the following estimate holds: For any u € HY(R3,C) and X\ € [6*,1], where §* € (0,1) is
the constant given in Lemma 5.2, it holds that

FO) = F(1) < =Co(1 = Ml + Ca1 = 0?2 (Jlpllg + |z - Vollg + llz - (Do)l ) [lull®

55

Proof. The proof consists of four steps.
Step 1 (Transformation of f(A\) — f(1)): First we observe from (3.2) and (5.4) that

1 2

FO) =50 =~ (075 = 3= DX+ 3p = 7) C(w) = S (1= N)?D(w)

+ 262 By (ut) + 22 (AN — 2) By (u) — 622@2 —1)Es(u)

1
4(p+1)

(4)\73@5 23— 1A+ 3p— 7) C(u)

+ 262y (u?) + 262 (N2 — 2) By (u) — 622@2 — 1) By ().
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Moreover recalling (3.5), (3.7) and putting

2 62

R\, u) == 262 Fy (ut) + 2¢*(\2 — 2) By (u) — %(AQ —1)Es(u) = T | So(u)M (X, x) dz,
M\ x) :=22"2p(\ ") +2(\2 = 2)p(x) + (A2 — 1)z - Vp(x),

we arrive at
1

3(p=1)
f) = f(1) < IoESY) (4/\ 7 —3(p— 1A +3p— 7) X1 + R(A, ). (5.6)

Step 2 (Evaluation of coefﬁcients)' Let us put

(p

g =T C3(p— 1A+ 3p—T7 for A e [5%,1].
Then one finds that g(1) = ¢’(1) = 0. Thus by the Taylor theorem, we have

1
g(A) = ig”(f)(l —\)?  for some £ between \ and 1.
Now we choose 7 € (0, 1) such that (1 —T)3p2_7 = 23(%’; 1)) Then for A € [1—7,1], it follows that

3p—7

g"(N) =3(p—1)Bp—5A"T —6(p—1)>3(p—Bp—5)(1—7)"7 —6(p—1)

3
=5-1)Bp-7)>0
yielding that
9N = 21BN forl-7<A<L

—1)<0on [0,1), we have
_1_7_2(1—)\)2 ford* <A<1—-1.

Thus putting

we conclude that

9N = 4p+ 1)1 (1= N on (57,1, (5.7)
Step 3 (Estimate of R(\,u)): First we find that
M
88)\ = 4\ 3p(A ) — 227 - V(A z) + 4)p(x) 42Xz - Vp(z),
20/
%)\ =122 p(A\t2) + 120 Pz - Vp(Az) + 200z - (D?p(Ata)z) + 4p(x) + 22 - Vp(2).
Then for fixed x € R3, it follows that M (1,z) = %]\f( x) =0 and
82
Tz ) = —1227 Yo o) — 12071 (W) - Vp(A )|
- 2)\*4‘ Al2) - (DPp(A ) (A ) )| = 4lp(x)| = 2|z - Vp()|
= =N\ z).
By the Taylor theorem, there exists £ = {(A, x) € (6%, 1) such that
19°M

MO2) = 3 T 60 (1= N 2~ N(E ) (1 - NP

Using the Holder inequality, we deduce that

e? e?
R\ u) = —— So(u)M (N, x) dx < T

T s (1= NS0 (@) [6IN (€ 2)][s for 6" <A< 1.
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Moreover since §* < £ < 1, one obtains

ING @)lle <12 ¢ 20

‘g + 12H§—3x-vp
5

s T2 Hf_%x - (D?px)
5

+4llplls +2[z- Vols

6
5

12 12 2
< s T4 lelle + 7 +2 | llz- Vplls + —llz - (D?p)lls,
(0%)2 AN CE T(07)2 ’

from which we conclude that

ROvw) < Colt = N2 (lplly + 12 pllg + - (Do)l [ul} for 6" <A<1  (58)

by Lemma 3.1, where Cy > 0 is a constant independent of e, p and A.

Step 4 (Conclusion): Now from (5.6)-(5.8), we can see that (5.5) holds. O

By Lemma 5.3, we are able to prove the following proposition, which plays an important role
for the strong instability.

Proposition 5.4. Suppose that £ < p < 5 and let u € H'(R?,C) \ {0} satisfy J(u) < 0 and
Q(u) < 0. Then there exists py such that if e (HpHg + ||z - Vplls + ||z - (DQpl’)Hg) < po, it
5 5 5
holds that

5 Q) < T(w) ~ T(uo), (59)

where ug is the ground state solution of (1.1).

Proof. First we claim that f(A*) < f(1), where A* € (0, 1] is the constant given in Lemma 5.2.
In fact by Lemma 5.1 and Lemma 5.3, we find that

FO) = F(1) < =Cr(1 = A Jullbty
+Co(1 = X2 (lllls + 12+ Vpllg + 2 - (D2pa) s ) 1l
< —(1 =2l {1 = CoCae? (Iplls + - Fplls + - (D2p)lls ) }

Thus taking po smaller, we obtain f(A*) < f(1) as claimed.
Now since J(u*") = 0, Proposition 4.1 shows that

I(ug) = inf{I(u) | u € H (R C)\ {0}, J(u) =0} < I(u").
Thus from (5.3) and Q(u) < 0, we deduce that

*\2
A ) < 0% < 71) = 1) - LQ(w).

I(uo) < I(u™) = fF(\) + -5 2

This completes the proof. [l

Remark 5.5. By Lemma 3.1, we know that ||So(u)lls is controlled by |ull3 + [ull2,,. Since

there is no term involving |[ul3 in f(A) — f(1) and the power of ||ullp+1 is different between
C(u) and So(u), we cannot expect that (5.9) holds without the assumption J(u) < 0.
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Next we consider two fibering maps:

F(\) == I(u")
e w A ) 2\ 2 .
= ?A(u) + EB(u) T C(u) + e“AD(u) — > Jos So(w)p(A" ) dx, (5.10)
G(\) == Q(uY)
A — P =D 3 s 42Dl

2(p+1)
eZ\ 2

+ e\ 72 \ So(u)p(A\12) da +
R

Then one finds that

/Rg So(u)A~'w) - Vo(A~ ') da.

G(\) = AF'(\). (5.11)

Lemma 5.6. Suppose that % < p <5 andlet u € H'(R3 C) \ {0} satisfy J(u)
Q(u) < 0. There exists po > 0 such that if e <||p||g + [|x - VpHg + [z - (Dpr)Hg)
holds that F"(X) < 0 for all X € [1,00).

and

<0
< po,

Proof. First from (5.10) and by the Holder inequality, we find that

F//()\)
= A(u) — 3(p ;(]1))_(511))_ 5) A C(u) — 3e2\™4 o So(u)p(A\"12) da
— 3?2 » So(u)(A"tz) - Vp(A\12) da — N ” So(u) (A 'z) - (D*p(A ') (A M2)) da

< () - 222N C) o ceat (Il + e Tolly + e (D)l ) ISoCul
< () - 22 0w+ 0 (ol + Lo Tolly + o (Do)l ) ISoCu)le
Moreover since

B _3(p—-1) 2 42 2

0> Q(u) = A(u) 2T 1)C(u) +e“D(u) — 4e“Ey(u) + e“ Ea(u)
> A(w) - 3 etw) - e (ol + - Vol ) o0

it follows that

3(p—1)Bp—T7)
4p+1)

Thus by Lemma 3.1 and Lemma 5.1, we deduce that

1" 3(]? — 1)(317 — 7)
P <= {2
<0 forall A\ >1.

F'()) < - C(w)+ e (lplls + - Fplle + - (D*pz)ll¢ ) 1S0(w) -

1
— e (llpll + llz - Vol + |1z <D2px>||g)} el

This ends the proof. O

By Lemma 5.6, we obtain the following proposition, which is also a fundamental tool for the
strong instability.
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Proposition 5.7. Suppose % < p <5 and let ug be the ground state solution of (1.1). There
exists po > 0 such that if €2 (HpH§ +lz-Vplls + |- (DQpSC)HQ) < po, it holds that
5 5 5

I(ug) < I(ug), Qup) <0 and J(uy) <0 forall X > 1. (5.12)

Proof. First by Lemma 5.6 and from F’(1) = Q(ug) = 0, we find that
A
F'(\) =F'(1) +/ F"(r)dr <0 for A > 1,
1

which yields that F'(\) < F(1) and hence I(u}) < I(up) for all A > 1.
Next from (5.11), one has

G'N)=F'(A\)+AF"(A\) <0 for A>1

from which we deduce that Q(uo) < Q(up) =0 for all A > 1.
Finally if J(uo) = 0 for some A > 1, it follows by Proposition 4.1 that I(ug) < I(u ) This
is a contradiction to the first assertion. O

We finish this section by mentioning that we cannot expect to apply the classical approach
due to [8] (see also [18, 24]).

Indeed in [8, 18, 24], it was required to establish the variational characterization of the ground
state solutions as follows:

I(ug) = 6 := inf{I(u) |u € H'(R? C)\ {0},Q(u) = 0}. (5.13)
If we could show that for any u € H'(R3,C) \ {0} with Q(u) =
there exists a unique A > 0 such that G(}) = Q( ) =0, (5.14)

then we are able to prove (5.13). In fact since Q(u) = 3N (u) — P(u), we have by Lemma 3.2
that I(ug) > 6. On the other hand since F'(\) = G(A), G(\) < 0 for large A and A = 1 for
Q(u) = 0, it follows that

F'A)>0for0<A<1 and F'(\)<O0forA>1

and hence F(\) < F(1) for any A > 0 and v € H'(R?,C) \ {0} with Q(u) = 0. Arguing as
Lemma 5.2, we also see that J(u*") = 0 for some A* > 0. Thus by Proposition 4.1, we arrive at
I(ug) < I(w?") < I(u) for any u € HY(R3,C)\ {0} with Q(u) =0
which yields that I(up) < ¢ and hence (5.13).
Our main concern is whether (5.14) holds or not. When Q(u) = 0 and Q(u) = 0, we can
see that

3(p=1)
3

)C(u) + €2(A — A D(u) + R(A\,u)  for A > 0,

where

R\ u) :=¢® | So(u)M(\,u)dz,
R3

1 1 _ 1
M\, z) = 2 ( (A lz) + 5()\ L2) - Vp(A 1x)> —\? (p(:v) + 5% Vp(x)) .
Thus if we could show that

R\ u)>0for0<A<1 and R\ u)<O0forA>1, (5.15)

we obtain the uniqueness of £. In order to confirm (5.15), let us put

A\ z) =\ <p()\a:) + %()\l’) . Vp()w)) .
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Then we can see that
M\ z) =N (A\"'2) — A(L,2)) .
Moreover (5.15) is satisfied if
0A

a(A, x) >0 forall A > 0. (5.16)

By a direct calculation, one also has

0A A3
5()\,.%) =5 {8p(A\x) + 7(\z) - Vp(Az) + (\2) - (D*p(Ax)(A2)) } -
Thus we are able to conclude that (5.16) holds by assuming
8p(x) + Tz - Vp(z) +x - (D*p(z)x) >0 for all z € R>. (5.17)

However we cannot expect (5.17) to hold for doping profiles. When p is a Gaussian function
e for o > 0, it holds that

8p(x) + Tz - Vp(z) + x - (D?p(a)z) = 4¢P (a?[z]* — 4alz|® + 2).

Hence no matter how we choose «, (5.17) fails to hold for 4/ 2_(1—‘/5 < x| < 2EV2  Moreover

«
if we consider p(x) = ﬁ, we find that

1
8p(x)+Tz-Vp(z)+z-(D*p(z)r) = (PO (e —2)(a —4)|z** = (a — 2)(a + 8)|z|* +8) .
Then it folds that
a>4 = (5.17) fails to hold on some annulus,
2<a<4 = (5.17) fails to hold for large |z,
a<?2 = p¢ L5(R3).

In this sense, the assumption (Al) and (5.17) seem to be inconsistent.

6. STRONG INSTABILITY OF STANDING WAVES

In this section, we prove Theorem 1.2. For this purpose, we introduce the set

B:={uc H(R?C) | I(u) < I(u), J(u) <0, Q(u) <0}, (6.1)
where ug is the ground state solution of (1.1). Then we have the following lemma, which states
that the set B given in (6.1) is invariant under the flow for (2.1).

lem:6.1 emma 6.1. Suppose that 5 < p < 5 and assume g € b. Let e the mazrimal existence
L 6.1. S hat % 5 and o € B. Let T* be th imal exi
time for 1. There exists pg > 0 such that if e (||p||@ + ||z - Vplle + ||z - (sz:c)Hg) < po, then
5 5 5
the solution ¥(t) of (2.1) with ¥(0) = o belongs to B for all t € [0,T%).

Proof. First by the energy conservation law and the charge conservation law given in Proposition
2.1, it follows that

1(0(1) = B(0(0)) + 51003 = B(vo) + 5 [bol3 = I(do) < I(uo) forall ¢ € [0,77). (6.2) [eq6.2

Next if J(¢(t1)) = 0 for some ¢1 € (0,T*), we have by Proposition 4.1 that I(ug) < I(¢(t1)),
which contradicts (6.2). Thus by the continuity of the solution (t) with respect to ¢, we
conclude that J(¢(t)) < 0 for all ¢ € [0,T).

Finally suppose by contradiction that Q(w(tg)) = 0 for some to € (0,7%*). Then by Proposi-
tion 5.4, it holds that

1
5@(7%)@2)) < I(9(t2)) — I(uo).
Again, this is a contradiction with (6.2). This completes the proof. O
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Next we establish the following lemma.

Lemma 6.2. Suppose thal % < p <5 and let ug be the ground state solution of (1.1). There

exists po > 0 such that if €2 (Hp”g + ||z - Vplle + ||z - (szx)Hg> < po, then u} € B for all
5 5 5

A>1.

Proof. This is a direct consequence of Proposition 5.7. ]
Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. First by Lemma 4.3, we find that ug € ¥. This together with Lemma
6.2 implies that u()\ € BN for all A > 1. Then by Lemma 6.1, it follows that the solution
P(t) of (2.1) with ¢(0) = u belongs to B. Moreover applying Lemma 2.2, Proposition 5.4 and
using the conservation of I, we obtain

V(1) = 8Q(v(1)) < 16((4p(1)) — I(uo)) = 16(I(up) — I(ug)) <0

for all t € (0, 7*). This implies that T* < oo and the solution (t) blows up in finite time.
Finally since u) — up in H'(R?,C) as A \ 1, we conclude that the standing wave €™ of
(1.2) is strongly unstable. 0

7. THE CASE p IS A CHARACTERISTIC FUNCTION

In this section, we consider the case where the doping profile p is a characteristic function,
which appears frequently in physical literatures [22, 26, 30]. More precisely, let {€;}7, C R3
be disjoint bounded open sets with smooth boundary. For o; > 0 (i = 1,--- ,m), we assume
that the doping profile p has the form:

1 (l‘ S Qz),

In this case, p cannot be weakly differentiable so that the assumption (Al) does not make
sense. Even so, we are able to obtain the strong instability of standing waves by imposing some

pla) = oixa (@), xo,(2) = { (7.1)
i=1

smallness condition related with o; and ;.

To state our main result for this case, let us put L := sup |z| < oo. A key point is
€02
the following sharp boundary trace inequality due to [1, Theorem 6.1|, which we present here

according to the form used in this paper.

Proposition 7.1. Let Q C R? be a bounded domain with smooth boundary and ~ : H'(Q) —
L2(09Q) be the trace operator. Then it holds that

1

/m’r(u)PdS < m(Q)/Q\u|2dx+@(Q) (/Q ’U\2dx>% (/QIVu2d$>2 Jor any u € H'(S),

where k1(§2) = %ﬂ‘l, k2(02) = va|HL°°(6Q) and w is a unique solution of the torsion problem:

_ 0
Aw = k1(Q) in Q, a—: =1 on 0.

In relation to the size of p, we define

1

1
D(Q) = LIQJS (LI Hlp200) + 1021F) (s(@)101F + 52())

where H is the mean curvature of 0.
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Remark 7.2. It is known that k2(2) > 1; see [1]. Then by the isoperimetric inequality in R3:
2 1
09 = 3]Q[3| B3,
and by the fact that | < |BL(0)| = L3|B1], we find

12

1
31 1 1 1
D@ = (F5) 01t -vBpBd (3mt +1)* = ci0lf = Clhall g (72)

where C' is a positive constant independent of ).
Under these preparations, we have the following result.

thm:7.3| Theorem 7.3. Suppose that % < p < 5 and assume that p is given by (7.1). There exists
po > 0 such that if

2 Z o;D < P05
then the statement of Theorem 1.2 holds true.

We mention that the first place where = - Vp(z) and z - (D?p(x)z) appeared was in the
definition of Ea(u) and E3(u) in (3.3). Under the assumption (7.1), we replace them by

El(u = i; /S()

3

1 m
Es(u) = — o; So(u)z - n; dS;,
2(u) 2; o, o(u)
1 m
Es(u) == —52@ Hi(x)So(u)(x - ny)% dsS;,
i=1 VO

where n; is the unit outward normal on 9€2;. Then, we have the following.

Lemma 7.4. It holds that

lim So(u)uz - Vudr = —10E7 (u) + Ea(u),
R—o0 BR(O)

lim Si(w)ux - Vudr = —6E2(u) — E3(u).
R—oo Br(0)

Proof. For simplicity, let us consider the case m = 1 and ¢ = 1. First by the divergence theorem
and the fact So(u)|u|? € L*(R3), one finds that

lim So(u)uz - Vudx——— lim // vy - Vuly) >d dx
Br(0

R—o0 Br(0) 8T R—oo ]a: — y|

2 di
// 1Vyyd dx +/ lu(y)?y - V dy dx
~ 167 R3 |l‘— R3 lz—y| y\
Yy
AR [ wpt =y g)dydx
" 167 3 |z —y| —y| 167T R3 |z — y|
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Using the identity y - (z — y) = —|z — y|> + o - (z — y), the Fubini theorem and the divergence
theorem, we get

lim So(uw)ux - Vudx
R—o0 BR(O)

1//R3 ;Z(g); 16%/}1@3/Q‘u "z Vo (‘ ‘> dx dy
//Rs!x—y! 167r/Rs/Q (,w_y,> 1677/R; ‘x_y‘d x dy

Ju(y)?
dsd
167r//Rg \x—y\ 167 Jpe Q\x—y\m " 4

= 2/950(11) dx — 2/89 So(u)x -ndS = —10E1(u) + Ea(u).

Similarly, we have

lim Si(w)uz - Vudx
R—oo BR(O

= —— hm/ / (y>x-ndyd5
8T R—o0 Jon BR(O) \x—y\
eyt =g [ [ e v ()
d dS — ——— |x-ndSd
T8 /&)Q/Rd |CU—Z/| 167 Jrs Joo |z —y] Y
/ / [u@)l*z-n dS—/ / d1x<(x”)x> ds dy
87 Joq Jrs ’f—y\ 167 Jgr3s Joq lz —yl
" A4S dy ds dy
T 16r /]1%3/89 Ix—yl " 16r ’3 Joo |:v—y|

=5 /ag So(u)x -ndS — 2/89 divy (So(u)(z - n)x) dS + 5 /ag So(w)a - Va(z-n)dS. (7.3)

Applying the surface divergence theorem (see e.g. [31, 7.6]) and noticing that 9(9Q2) = 0, it
follows that

—

/ divy(So(u)(z - n)x)dS = —/ (So(u)(z - n)m)L -HdS =— H(z)So(u)(z - n)?dS,
o0 o0 o0

where 7 is the normal component of = and H is the mean curvature vector H = Hn. Finally
since z - Vg (z - n) =z - n, we deduce from (7.3) that

lim Si(w)uz - Vudz
R—o0 Br(0)

1
=3 So(u)x -ndS + = H(z)So(u)(z - n)?dS = —6E5(u) — E3(u),
oN o0
which ends the proof for m = 1 and ¢ = 1. The general case can be shown by summing up the
integrals. ]

By Lemma 7.4, the Nehari-Pohozev functional and the functional associated with the virial
identity can be reformulated as follows.

Lemma 7.5. Under the assumption (7.1), the functionals Q(u) is still given by (3.11) and
J(u) by (4.1).

Proof. Tt is known that the Pohozaev identity P(u) = 0 can be obtained by multiplying (1.1)
by z-Vu and ex - So(u), integrating the resulting equations over Br(0) and passing to the limit
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R — oco. Then, using Lemma 7.4, one can prove that (3.9) and (3.10) are still valid. Since
Qu) = 3N(u) — P(u) and J(u) = 2N (u) — P(u), we conclude that Q(u) and J(u) are given
respectively by (3.11) and (4.1). O

Next we establish estimates for E1, Fy and Ej3.

Lemma 7.6. For any u € H'(R3,C), E1, Ey and F3 satisfy the estimates:

[ Ex(u !<sz\9| S,

=1
|Ea(u)| < CZUZ Dllul®,
|Es(u)| < Czaz Dllul®,

where C' > 0 is a constant independent of Qi.

Proof. First we observe that

1 5
\Bx (u) a@/ 1o (u |d:v< S o, </ |So(u)6dx)6</ dm>6,

from which the estimate for FE can be obtained by Lemma 3.1. Next by Lemma 3.1, Proposition
7.1, the Holder inequality and the Sobolev inequality, one has

1m
Ey(u)| < = ai/ So(u)||x| dS;
| Ea(u)| QZ mil o(w)l[z]

(] o) ([, )

| /\

1 & 1 1
Siz o Lo % (s (@) 1S0(w) 1320 + K2(20)11S0(0) 220 IV S0 0l 200y )
" 2 1
< onzL 0915 (1 (201015 180 ()10 sy + 2 (20115110 ()| o)V So () | 2 e )
m 1
<O aLil 1005 (1 (Q)I1F + ra(62)) * 11V S0(w) | z2(es)
=1

< CZUl D2

Similarly, we obtain

1 m
Bs| < 5 Yoo [ (HlSi(w)lafas,
=1 i

1 m
<3 > o LE | Hil r2 (0, 150(w) | 2(a0;)

1

- 1
<chLQHH»HLmMe(m( DILE + ra(€)) * VS0 ()] p2eo)

<Czaz )l

[NIES
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This completes the proof. O

Our next step is to modify the proof of the energy inequality in Lemma 5.3. For this purpose,
we prove the following.

Lemma 7.7. Let Q C R? be a bounded domain with smooth boundary and put
Q) = So(u)(z) dx = /\3/ So(u)(Ay) dy.
AQ Q
Then it holds that
YN =X [ So(w)(Ay)(y - n)dS,
oN

Q"(N) = =2X [ So(u)(My)(y-n)dS—X [ H(y)So(w)(Ay)(y - n)*dS.
o0 o0

Proof. First we observe that
@) =32 [ Salw)w)dy+ 32 [ V500 (0) -y
Q Q

_ )2 /Q So(u) () dy + N2 /Q divy (So(u)(M)y) dy — N2 /Q So(u)(Ay) div, y dy

=X | So(w)(Ay)(y - n) dS.
o0
Similarly by the surface divergence theorem, one has
Q"(\) =2x o WOy ) dS A | VySo(u)(Ay) - yly - ) dS

=2X [ So(u)(Ay)(y - n)dS
o0

2 [ divy (So(@ ) y) a5 =1 [ Safu)Ow)divy (5 ) a5
o0 o0

=2\ [ So(u)(A\y)(y-n)dS —X [ H(y)So(u)(A\y)(y-n)?dS

o0 oN
= A [ So(w)(Ay)divyy(y -n)dS —A [ So(uw)(A\y)y - Vy(y-n)dS
0N oN
— -2\ [ Salw)w)y-mds — A | H)So(u) )y ) dS.
oN o0
This completes the proof. [l

Remark 7.8. Lemma 7.7 is related with the “calculus of moving surfaces” due to Hadamard;

see |21, (38)-(39)].
Using Lemma 7.6 and Lemma 7.7, we can establish the energy identity (5.5) as follows.

Lemma 7.9. Suppose that % < p < 5. Under the assumption (7.1), there exist C;, Co > 0
such that the following estimate holds: For any u € HY(R3,C) and X € [§*,1],

FO) = F(1) £ =C1(1 = N [lullpiy + Co(1 = N)*e* Y ouD() ul|*.
=1
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Proof. Under the notation of Lemma 7.7, we can write the remainder term R(\, u) as follows:

2

RO\ ) = 262E1 (u?) + 22(\2 — 2) By (1) — S (A2 — 1) Ea(u)

2
A2 A2 —2 A2 —1
— o2 R SN _ m. AS.
=e ; o; 7 )y, So(u) dx 5 /QZ So(u) dx + 1 o So(u)x - n; dSZ}
2 m
- —% 3o {22720 + 2002 — 2)2:(1) — (A% — QYD) } -
=1
Let us put
H(A) == 22720;(\) +2(0% = 2)Q4(1) — (A2 = 1)Q(1).
Then one finds that H(1) = H'(1) =0 and
H'(A) = 120720 (\) — 8AT3Q(N) + 227207 (\) + 49Q;(1) — 204(1)
1 5
> =1 (1212 (V)] + 8AI (V)] + 222107 (V)]) — 41 (1)] = 2|24(1)] =: =N (V).

Thus by the Taylor theorem, there exists £ = £(\) € (0*,1) such that
1 -
H(A) = =5 N(©)(1 - N2 for 0* <A< 1.

Now by Proposition 7.1 and Lemma 7.7, arguing similarly as Lemma 7.6, one finds that

i / 10(u) )] dy < 113 150 () () | oges) < CA3 D() .
Qg(z s [ sitoulslas < ox-p@a
2]

<2 / 1So(u)(Ay)ly| dS + / L (9)]1S0(w) ) [y dS < CA=3D(3)][u.
o0Q; Io,

%

Thus we have

~ c
N(©) < s DOl + D@ ul’
and hence
R(A\u) > —Co(1 — N)? QZUz i) lul?

for some Cs > 0 independent of e, p, A. The remaining parts can be shown in the same way as
Lemma 5.3. |

Proof of Theorem 7.3. By Lemma 7.5, Lemma 7.6 and Lemma 7.9, we are able to modify the
proofs in Sections 2-6. O
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