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1. Introduction.

Let p1,...,pa be polynomials in n variables with coefficients in an integral domain A, and
respective degrees Dy > Dy > ... > Dy, with no common zeros in an integral closure of
the quotient field K of A. It follows from effective versions of the Hilbert Nullstellensatz
([Br],[CGH],[Ko]) that one can find an element 79 € A \ {0} and polynomials ¢; € A[z]
such that

M
(11) To = qupj
Jj=1

with a priori estimates on the degrees

(1.2) max deg(g;) < (3/2)"Dy -+ Dy,

where p =min(n, M) and e =#{j: 1 <j<pu—1, D; =2}.
When A = Z, the Arithmetic Bézout Theorem ([Ph2], [BGS, Theorem 5.4.4]) shows
that the Faltings height H of the intersection of the arithmetic cycles X; in P™(Z) corre-

sponding to the polynomials hpj (homogeneous versions of the original polynomials) has
the bound

z 1 1
H< e, H ||D- — § — 1,
<c iU b H+j:1Dj

for some constant ¢,,, where H := max;(H(Xj;)), v := min(n + 1, M). This implies that
one can solve (1.1) with an r such that

v

N z 1 1
(1.3) log|ro| < é,h H D; 7 + Z o |
j=1 J

=1

where h is the maximal size in the sense of Mahler of the p;. There does not seem to
exist so far an Arithmetic Division Theory that could provide good estimates for the
Faltings heights of the cycles corresponding to hqj or for the maximal Mahler size of the
qj. Nevertheless, using analytic methods based on the existence of integral representation
formulas in Complex Analysis and multidimensional residues in C”, one can show ([BY1],
[BY2], [El], [BGVY, Section 5]) that the system (1.1) can be solved with the estimates

max; deg(q;) < n(2n + 1)(3/2)" (H Dj)

(1.4) . g

max; h(g;) < k(n)D} <H Dj> (h +log M + Dy log D1)
j=1
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The problem that remained was to obtain size estimates similar to (1.3)-(1.4), in the
case where A was an integral domain equipped with a size and whose quotient field is of
positive characteristic. A typical example would be A = F,[r,...,7,], with size deg,.
In order to solve this problem, as well as improve the exponents in (1.4), which we do
in this paper (see Theorem 6.1 and Corollaries 6.1, 6.2, below), we had to get rid of all
complex analytic tools involved in [BY1]. The way we proceed is to keep the structure of
our original work, while eliminating all the analytic artifacts.

The main thing we do in Sections 2 and 3, which are independent of the Nullstellensatz,
is to develop the algebraic theory of residues (as described in [L]) into a computational tool
(see also [An|, [AL], [H].) In fact, one can certainly extract from our work an algorithm
to compute total sums of residues with respect to a dominant polynomial map, avoiding
the search for Grébner bases. It will become evident here that the key tool (from the
computational point of view) is the Transformation Law and its variants, Propositions 2.2
and 2.3. For example, the algebraic substitute for Cauchy’s formula, that is the Kronecker
interpolation formula, is an immediate consequence of these properties of residues. In
fact, already in the analytic context of [BY2], the key point of the proof was the use
of the Cauchy-Weil representation formula (see also [BoH2]). Another consequence of the
Transformation Law is that the analytic and algebraic definitions of residues coincide when
A is the local ring of holomorphic functions O,, or any polynomial ring F[z1,...,x,], for
any subfield F of C [Bo]. It is interesting to point out that even for A = Z we had already
been compelled to develop the classical theory of residues in really novel ways in our work,
see [BGVY] and references therein.

Analytic techniques have frequently inspired some results which are algebraic in na-
ture. Such is the case for the Lipman-Teissier theorem ([LT], [LS], [HH]) about integral
closures of ideals in regular local rings, which was originally proved in an analytic con-
text by Briancon and Skoda in [BS] using Hérmander’s estimates for the solution of the
0 equation. Then, it is not really a surprise, that our substitute for the use of integral
representation formulas happens to be precisely Lipman-Teissier’s result (as we will see in
Section 3.) In fact, such a result seems to be closely connected to the vanishing theorems
we prove in Section 3 for total sums of residues with respect to a proper polynomial map
P = (P,...,P,) from K" to K", with Lojasiewicz exponent ¢, provided the quotient
max(deg(P;))/d is close to 1. It is quite probable that such vanishing theorems will have
interesting geometric consequences, as it is the case with the classical Jacobi vanishing
theorem ([J], [G], [Ku2].) Note that also in [BY1], [BY2], this kind of vanishing theorem
was crucial.

If Analysis remains present in this paper, it is in the use of the Lojasiewicz type
inequality of [JKS] and its relation to properness in Section 4. For convenience of the
reader, we have separated all the very technical estimates of sizes necessary to complete
the proof of the effective Nullstellensatz into Section 5, which may be safely skipped on
a first reading. In view of the length of this manuscript, we suggest the reader starts by
glancing through Section 6 to get a global view of the of the proof of the main result and
then appreciate the need for the different technical components. In fact, the proof can be
summarized as follows. First we construct a convenient family of polynomials Py, ..., P,
belonging to the ideal generated by the original polynomials p; and such that the collection
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of common zeros of the Py is a finite set and we use them to write 1 = > p;q¢; using a
Lagrange-type interpolation formula. It is at this point that we appeal to the residue
theory developped in Sections 2 and 3. The Generalized Transformation Law for residues
(proved in Section 2) and the general form of the Jacobi Vanishing Theorem of Sections 3
and 4 are then used to obtain good estimates of the degrees of the polynomials g;. As we
said, the estimates of the size of the coefficients appear in Section 5. As a short version of
this paper has appeared recently in [BY3], it may also provide the reader with an alternate
introduction to the subject and proofs of the present manuscript.

We hope that the tools we introduce here may help to solve some of the other open
problems in this field, for example [Am], and the fact that there is a true residue calculus
in Algebra, which may even extend to non-commutative bi-algebras [L, Section 1], suggests
that effectivity results of this type could possibly be applied to more complicated algebraic
situations, like the Weyl algebra (see [Gr].)

Bounds for the Nullstellensatz are related to problems of complexity, we refer to [SS]
and references therein. A novel approach both to complexity and solvability of the Bézout
equation is the use of the concept of straight-line programming, which was introduced in
this context by Giusti, Heintz, and their collaborators, see for instance, [FGS|, [GHMMP],
or [GHHMMP]. Using these ideas, Krick and Pardo ([KP1], [KP2]) solved (1.1) when
A = Z, finding polynomials g; of degree at most x, D7 and logarithmic size at most

/%nD?(n)(h + log M). In [GHMMP, Theorem 5|, an extension of this result to the case
where the ring is substituted by a perfect field K is also stated.

Finally, the second author would like to thank the University of Maryland, where this
work was completed, while we both would like to acknowledge illuminating remarks and
discussions we had with many people, among them, J.Y. Boyer, M. Elkadi, R. Gay, M.
Hickel, Q. Liu, and P. Philippon.

2. Residue symbols and transformation laws.

Let R be a commutative Noetherian ring. We recall from ([L, p. 44]) that a sequence
P=(Py,...,P,) in R is quasiregular if and only if the Koszul complex over R determined
by P is exact except possibly in degree 0. This is equivalent to say the following: let I
denote the ideal generated by the P; in R, then whenever there is a relation of the form

> Pt eI a,eR,peN,

kEN™T
|k|=p

then all ag are in I (here |k| :== ky + - + k,,, P¥ = PF... P5») If the sequence P is
regular, the Koszul complex is exact at all degrees. Note that the notion of regularity
depends on the ordering of the sequence, while quasiregularity does not.

The following remark will be useful for us later.

Remark 2.1. Let (hq,...,h,) be a quasiregular sequence in a commutative Noetherian
ring R and M an n x n matrix with coefficients in R, then the sequence (u,h — Mu) :=
(U1, ..oy Up, hi(z)—(Mu)y, ..., hy(x)—(Mu),) is a quasiregular sequence in Ruq, ..., uy,].

In order to see that, let us denote by I the ideal generated by the h; and J is the ideal
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generated by the u; and the h;—(Mu); in Rlu]. Let p € N and ay, &, in Rlu] , k1, k2 € N”,
|k1| + |k2| = p such that

(2.1) >k (wubt (b= Mu)k> € g
[k1|+k2|=p

Setting u = 0 in (2.1) and using the fact that h is a quasiregular sequence, one gets that
all ag i, (0) lie in ideal generated by hq, ..., h,, which implies that ag ,(0) € I, and thus
ap i, (u) € J, so that

(2.2) Z hy oy (W)™ (B — Mu)k2 € JPTt,
[k1l+lk2|=p
k1#0
Set ug = --- = u, =0, and denote ki; = (4,0,...,0) then (2.2) implies that

p
SN hy ke (ur,0)uf (h = M(uy,0))* € (Iup)PH!
=1

1lka|=p—j

Decomposing the two sides as polynomials in u; we see that

Z ak‘1,1yk2 (O)hkg € I»

|k2|=p—1

so that ag, , x,(0) € I and ag, , .k, € J. We can repeat this reasoning to see that all ax, g,
with |k1| = 1 belong to J. This procedure can be continued in an obvious way and the
assertion in Remark 2.1 follows.

Remark 2.2. Note that when R = Klz1,...,z,]|, K a field of arbitrary characteristic,
then, if Pp,..., P, is a quasiregular sequence in R such that (Py,..., P,) is a proper ideal
I, it follows that the P; are algebraically independent over K. In fact, assume one has a
non trivial relation

Z akPlkl...Pf” =0, ar € K;

|k|I<M
rewrite it as
E akPkE— E akPICEIqO—H.
[k|=q0 [k|>q0

From the definition of quasiregularity, all the ax, |k| = qo are in the ideal, since this ideal
is proper, they must be zero.

Suppose now that R is a Noetherian K-algebra, where K is a commutative field.
Given arbitrary zi,...,z, in R and hq,...,h,, also in R, such that (hy,...,h,) is a
quasiregular sequence (generating an ideal (h) = I in R) such that P := R/(h)R is a
finite dimension K-vector space, we follow Lipman [L, Chapter 3| (see also [Hu]) to define
the residue symbols

dxi N -+ Ndx, d "
Res g’flﬁll hknfl}:Res{}%+€}, QeR, ke N".
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Let E = Homk (P, P). Let 0 be any K-linear map from P to R such that moo = Idp,
where 7 is the quotient map from R to P. For instance, if R = K[z, ..., x,], one can
choose o(r) to be the remainder in the division algorithm with respect to a Grobner basis
of any representative of » modulo I. From the quasiregularity, it follows that any element
(@ in R has a formal expansion

(2.3) Q=Y ola)h",
keN™
where the g € P are uniquely determined (depending on the choice of o) and the series

in (2.3) converges in the I-adic completion R of R, with the topology associated to the
pseudodistance

d(Q1,Q2) = exp(—vr(Q1 — Q2)),
where

vr(Q) == sup({p € N, Q € I"}).
One can define linear operator Q — Q" from R into E[[h]] as follows: given any r in P,
one can write in R

(2.4) Q-o(r)= Z o(re(Q,r))h*,
keNn

where the 7, (Q,r) € P are uniquely determined. Since o is K-linear, each map

QIE L= Tk(Q,T')

defines an element in E. We now define Q* in E[[h]] as the formal series of operators

QF = Z q,ﬁhk’.

keNn

One can expand, as a product of formal series of operators. the product

(2.5) Q¥ det AN Dy okhF
. ah] - k ’
keN™

where the determinant in (2.5) is computed using the standard product rule, keeping track
of the noncommutativity of the multiplication in E (see [L, 1.10.3, p.21]). It is clear that the
previous constructions depend on the choice of the section o. Nevertheless, it is important
to remark that the traces (in fact, the characteristic polynomials) of the operators d; do
not depend on the choice of the section o. As done by Lipman, we define the residual
symbols by

(2.6) Res [;%—lfi] = Tr(6;,) € K.

Note that if @ € I then the expansion (2.5) of Q* does not contain a term with index
0, and so the residue symbol (2.6) is zero for £k = 0. Another important and immediate
consequence of the definition of the residual symbol is the following lemma, similar to the
Fubini theorem for integrals (see [Ho].)



Lemma 2.1. LetR :=K][x1,...,21,y1,-..,Yk], where L, K € N and K is a commutative
field. Let Py(x),..., Pr(xz) be L polynomials defining a quasiregular sequence in K[x] and
Q1]y],-..,Qxkly], K polynomials defining a quasiregular sequence in K[y|. Then, for any
multiindices | € N¥, k € N¥ | one has

1,k l k
'y dx N dy x'dx y dy
Res = Res Res ,
Pi(z),...,PL(z), Q1(y), -, Qr(y) Py, ... P Q1,..., 0k
with the standard notations x! := xlll :clLL, K = y]fl --~yl;(K, dr = dxy N\ --- Ndxp,
dy :=dyy N --- Ndyg.

As a simple example, let us consider in the algebra K(y1,...,yn)[z1,...,2,] the
quasiregular sequence (1 — y1,...,Tn — Yn). Then, one can easily verify from the def-
initions and the elementary properties mentioned above that for @ € Klzq,...,x,] one
has the identity
.1 Q) = Res | | 001 1 R

L1 —Ylyeoo 3Ty — Yn

which is the algebraic version of Cauchy’s formula. In fact, one just uses that Q(z) =
Q(y) mod (z1 —y1...,%, — Yn) and the invariance of the residue under translation in the
variables x.

Another important formula, when R = K[z1,...,,] and K is infinite, is the Jacobi
vanishing theorem [KK, Theorem 4.8|, that b is, if P, ..., Py € R have no common zeros at
infinity in the projective space P”E, where K is an integral closure of K, then

Qdzy N Ndxy, |
(2.8) Res l P.... P, =0
for any € R such that
(2.9) deg(Q) < Zdeng —n—1
j=1

In the case of a single variable, for polynomial of degree D P(z) = agz” + --- + ap,

we have that
{i,z,...,z° 1

is a basis for the quotient space P. If Q € R = K]z], let

D—1
@ = Z akfk.
k=0
Then, as shown in [Ho, Example 2, p.519], one has

Qdx| ap-1
(2.10) Res{ D ]— a

One of the main properties of the residue symbols is the Transformation Law [L,
Corollary 2.8, p.40], namely,



Proposition 2.1. Let f = (f1,..., fs) and g = (91, .., gn) be two quasiregular sequences
in R, such that g = Af, where A is a n X n matrix with coefficients in R, and such that
the quotients R/(f) and R/(g), are finite dimensional K-vector spaces. Then for any
T1,...,%n,Q € R,

(2.11) Re

Y

o Qd:cl/\~--/\dxn1 — Res {QAdwl/\-~/\dmn
fl?"'vfn gi,---,9n

where A is the determinant of the matrix A.

Later on, we will use the following variant of this proposition.

Proposition 2.2. Let f = (fo, f1,-..,fn) be a regular sequence in some order in R
and let g = (g1,...,9n) be such that the sequence fy,g1,...,gn is quasiregular and the
quotients R/(f) and R/(fo,g) are finite dimensional. Assume that there are nonnegative

integers si,. .., s, and an n X n matrix A = [a;;] of elements in R such that
(2.12) 09 =Y apfi j=1,...,n.
1=1

Then, for any ko € N and any xg,...,T,,Q € R, one has

Qdmo/\---/\dxn} [QAdxo/\-~-/\dxn
2.13 Res = Res s
( ) |: (I)€0+17f17~~-,fn f§0+1+| l,gl,...,gn

where |s| = s1 + -+ + s, and A is the determinant of the matrix A.

Proof. Let N be an integer strictly larger than |s| + kg. It follows that the sequence
f&, f1,..., fn is also quasiregular. Hence, from the relations (2.12) we conclude that there
is an n X (n + 1) matrix A with entries in R such that

n n
(2.14) g; =ajofe + Y _aufi=azfo T Y anf.
=1 =1

Let A’ be the n X n matrix obtained from A by deleting the first column. Using the
Transformation Law (2.11) for the sequences fé€°+1,f1, ..., fn and f§°+1,g1, cees Gn We
obtain for any @, x

Qdx ] [ Q det(A")dx }
R =R .
eS|: §O+17f17"'7fn s (I)COJrl?gl?"'agn

A second application of the Transformation Law yields

Qda } { Q det(A")dz ]
2.15 R =R . :
( ) es|: §0+1af17"'7fn eS fé€0+1+| ‘7 1y--+>9n
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where A” is obtained from A’ by multiplying the jth-line by f;’.
In order to finish the proof we need to show that the difference det(A”) — A is in

the ideal I’ generated by f§°+1+‘5|,gl, ..., gn. If that were the case, then, as pointed out

following (2.6), the corresponding residue symbol would be zero. This fact will clearly
imply the identity (2.13).

Note that the sequence f&V, f1,..., fn is regular for some convenient order, as follows
from the original hypotheses on fy,..., f,. Moreover, from (2.12) and (2.14) we obtain
the relations

n
i~ ~ N+s; .
(Z(aﬂ —flai)fi) —ajofy =0 j=1,...,n.
=1
Since the sequence f2, fi,..., f, is regular, the module of relations in R"*?! is generated

by the elements of the form
(07 I 7_fj7 07' T 7fi; Oa I 70) 1§Z<j§n7
i J
(fi; 07 o7 ;_févv O;' T 70) 1§Z§7’L,
1
Observe that the difference between the j lines of the matrices A and A” is in the projection

of this module of relations onto the last n coordinates. Thus, the difference between det(A)
and det(A”) is a sum of determinants of the following form: the [ first lines are either

0,...,=bf;,0,...,bf;,0,...), or (0,...,bf,0,...), for some b € R which may change
from line to line. The remaining n — [ last lines are of the form: (fy’a;1, ..., fo’@jn). Any
determinant that contains a line (0,...,bf2,0,...) can be ignored since it gives an element

in I’ as soon as N is sufficiently big. Consider then a determinant among those remaining,
for example

—bfs bf1 0o ... 0
N
2.16 R T
( ) 0 a’jl P oo o e 0 ajn
fgj/aj’l fgjld]’n

A simple algebraic manipulation (formally just replace the first column by the linear com-
bination of columns C7 + %C’Q 4+ o+ %Cm where in fact the division by f; is just an
artificial trick to justify the transformation, since everything is multiplied again by f; later)
shows that the determinant (2.16) also equals

0 b 0 ... 0
0 LV

(g —ajofl)  apfy ... ... [P,

£ (g —ajofd) agafy” .. fy7 dm
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which is in the ideal I’, since the first column contains only elements of I’. In fact, these
are just the standard computations for the Koszul complex. Note that it is here where
the exactness of this complex played a fundamental role. This completes the proof of the
proposition. ]

Let us now explain an idea which we will use extensively later: the introduction of
additional parameters in order to compute residue symbols. As we have seen in Remark
2.1, if h is a quasiregular sequence in R, then (u,h — u) is a quasiregular sequence in

R[u]. So, as shown in [L, (3.2,c)], for any u,v € (N*)™, the sequence (uf*,... uf" (hy —
up)*t, ..., (hp—uy)¥) is also quasiregular. Let us show that we have the following property.

Lemma 2.2. Let h := (hy, ..., h,) be a quasiregular sequence in R such that the quotient
R/(h) is a finite dimensional K-vector space. For any x1,...,x,,Q in R and any k € N",

Q(z)du A dx B
Res {ulfﬁ'l, coyuFn Ry — g Ry U |
B Q(z)du A dx
(217) = Res |:ula e Uny, (hl - ul)k1+17 ) (hn - Un)kn—‘rl

x)dx
Proof. We write

k;

kj+l K+l ki=ly

Wy =T (hy =) (Y WbhE T, =1,
1=0

From the transformation law in K[u, z] applied to the pairs (u**1, h —u) and (u**1, pF+L),
one gets

—Uu

x)du A dx
Res [%gﬁ_)l, h } = Res

Q) Ty (Sl ™) du dfﬁ] |

uk—i—l’ hk+l

From Lemma 2.1, one has then

Res |:u'11€1+1, . uﬁn‘El,)hl ,hn —u, = Res uk+l Res ]’Ekli

cey —Uy,...

Let us also write

J

By = (g =) =g | SRy =)V =1,



and
kj+1 k

— ki -
u; —ujuj,j_l,...,n.

From the transformation law in K[u, z] with the pairs (u, (h —u)¥*1) and (u**2, h¥T1)) we
also get

Q(z)du A dx B Q(z)ukdu A dx
Res Uty ooy Up,y (B — ) (R — )Y = Res ubtl ph+l
x)dx ’
which concludes the proof of the lemma. [

The Transformation Law has the following extension [Ky]. The proof in [Ky]|, based
on the same ideas than the proof of the Transformation Law given in [GH], is not complete.
In the analytic case, an immediate and complete proof of this generalized transformation
law (with the formulation we propose here), was given by [BoH1]; their proof is based on
the representation of residues by Bochner-Martinelli formulas [BGVY]. We need here to
give a completely algebraic proof, which is in fact valid under the general hypotheses in

[L, Chapter 3.

Proposition 2.3. Let f = (f1,..., fn) and g = (g1, - .., gn) be two quasiregular sequences
in R, such that the quotients R/(f) and R/(g) are finite dimensional K-vector spaces and

n
g; :Za'jlfl7 ]: 15"'7”7
=1

where the coefficients a;; are in R and we let A be the determinant of the matrix A = [a;].
Then, for any 1, ...,x,,Q € R, any k € N", and any n x n matrix [aj;| with coefficients
in A, we have

dx T ( QAT <; jenlai)®ida
(2.18) Res {?kﬂ} = Z H (5) Res { 1S 7 ’
la,jl=kj i=1 N g1 - 9n

1<5<n

where we have introduced the following notations for the matrix of indices q; ; € N

q;; = <Q1,j7---7Qn,j); qi; = (Qi,la---aQi,n>7 Hi = ’Ch;!

(Mi) _ !
s Ginl e Gin!

Proof. As a consequence of Remark 2.1, we know that the sequence (u,f — u) :=

and

(U1, .oy Un, f1 —u1,..., fn —uy) is quasiregular in R[u]. From Lemma 2.2 one obtains
dx du A dx du A dx
fes [Jciﬂ} = Res {uvc(?f - u)kﬂ] = Res {uc’gﬂ,f — u} '
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We know from Remark 2.1 that the sequence (u, g — Au) is also quasiregular in R[u]. Using
the Transformation Law one has

dx Adu A dx
] e

,g— Au
where A is the determinant of the matrix A. For any j € {1,...,n}, one has
|K|
(2.19) gy = (Aw)) I = (g, - Zg"“' ((Au);
Since the polynomials ((Au);)/¥I*! are in the ideal generated by the ul*t' i =1,... n,
one can apply the Transformation Law (with the systems (u I“H, el fl +1, g — Au) and
(ubrtl ket glEEL G R Thus (2.19) implies that
n k| k|-
o) e[ 9] e [0 [T (21 o) ((Aw,)!) du A de
' fk+1 u’f1+17-"7unn+1>g|1kl+17"'7g'lﬂk‘+1 .

Let r € R denote the coefficient of ©* in the development of

k|—1
AQ[] Zg" (Au);) ] .
j=1 \I=
so that
(2.21) r= Qg1 .. glkI=tn
0<1;<|k|

for some convenient @); € R. We now appeal to Lemma 2.1 to rewrite (2.20) as

d d
Res {J%fl} = Res |:g|1k|-|—1 res |k+1}

ey On
Using the previous representation (2.21) of r, the linearity of the residual symbol,
Hdx
H — Res | |kl+1 k|+1 } ,
|:.gl | )" 79"n |

and the Transformation Law, one obtains

Qdx Qg1 gl g
Res [fkﬂ = > Res| YN, gl

0<L <kl Ji e dn
= Z Res {C;llff ] .
0<i;<|k|
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Taking into account the precise value of @, we get (2.18). This completes the proof of
Proposition 2.3. [ ]

Remark 2.3. When K is a field of characteristic zero, the generalized transformation law
of the last proposition can be understood as follows. For f and g related as in Proposition
2.3, consider the left R-module I of K-linear operators of R into K of the form

Qr— Z (Res {H]ﬁﬁ‘f} + Res {Jg,fﬁxb

[kl<q

where the coefficients Hy, Jr € R and the length g are arbitrary. One can consider the
two homomorphisms of R-modules between Rlzq,...,z,]| and K defined by

op: > Hya® — Y klRes {H;klfm}
k k

o4 Zﬂkxk — Z/{;!Res {Hgk:ﬂdx}
k k

where we we have used e to represent the operators

Res [H ;ldm} (r) = Res [szx} .

Then, one has for any P € R[z],
0(P)=Aoy(z— P("A-z)),

where ' A is the transposed of A. When P € R, this is the Transformation Law (2.11).

Let now R = K]zy,...,2,]. Given a quasiregular sequence Pi,..., P, in R, one
can extend the action of the corresponding residue symbol to rational functions Q1/Q2,
whenever Q1, Q2 are two elements in R such that the ideal (Py,..., P,,Q2) is the whole
ring R. Namely, we define

Q1 . o
(222) Res |:@dl’1 VAN N d$n] — Res |:Q1Vdﬂ§‘1 A AN dxn

P,...,P, P,...,P, :

where V is any polynomial such that for some Uy,...,U, in R one has 1 =U; P, +--- +
U, P, + V Q2. This definition does not depend on the choice of V', since if

1= ZUij +VQ, = ZUJIP] +V/Q2
Jj=1 Jj=1

then V' — V' belongs to the ideal (Py, ..., P,). (In fact, V' — V' belongs to the localization
of this ideal at any maximal ideal in R.)
In this context, the following lemma will be useful later.
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Lemma 2.3. Let P;;,1 <7 <n,1<j <m be a collection of polynomials in R such that
the polynomials ©; := H;nzl P;; define a quasiregular sequence. Assume additionally that
the ideal generated by all the possible products

Sh1yeendn T H Pi,li7 1 Sjlw"vjn Sma
1<i<n

l1#d1 5 in#in

is the whole ring R. Then for any rational function Q) € K(z) with no poles on the set of
common zeros of the ©; in Kn, we have

22 Re|o Mol ¥ me |

O1,...,0, . :
1§]17"'aJnSm P . P .
Ljis---r4dmn,jgn

Proof. Let Q = Qi ()2 be an irreducible representation. Since () and the ©; have no

common zeros over K, there exist polynomials Vg, Vi,...,V, in R such that 1 = V[,Q2 +
> V;0;. The second hypothesis implies there are polynomials W}, ; such that
1= Z Ejrreesin Wit -

1S]17,]n§m

Using the definition (2.22) of the residue symbol of a rational function and the Transfor-
mation Law we have

Qdx - [ Q1 Vpdx
Res [61,...,(% = Res 1O1,...,0,

OV Y E Wi )de

= Res 1<j1,0 0 jn<m

O1,...,0,

leO:’]la’Jn W]177]nd$

= Z Res

1<j1,n<m ©1,...,0,

-Q1V0Wj1,...,jnd£€

= Z Res

1<j1,eenrjn<m | Pijys--s Pag,

Q P)d
= Z Res ( /1331;; l]) '

1<iq,....in<m
P].,’h) ceey Pn,in

13



To obtain the last line, for every multiindex ¢ we have used the Bézout identity

1=Vo( > EjdaWinedn)Q2 + Y V6,
j

1<g1,gn<m

n
=VoWi,..in (Eiy i, Q2) + Z Uik Pr.iy
k=1
and the definition (2.22) in order to transform each term in the previous sum. m
The Transformation Laws remain valid for the residue symbols of rational functions,

as shown in the following proposition.

Proposition 2.4. Let (f1,...,f,) and (g1,...,9») be two quasiregular sequences in the
polynomial ring K[x1,...,x,] such that

(2.24) 9= ajfi, j=1,...,n
k=1
Then, for any rational function Q1/Q2 such that (fi,...,fn,Q2) = (91,---,9n,Q2) =
K[x1,...,z,], and for any multiindex k € N"™, one has
(QI/QQ d.’L’ (Ql/Q2)A H1<z ]<n(alj) “idx
frrL Z H CIz gi““,...,g ntl ’

lg,j1=k; 1=1
1San

with the same notations as in Proposition 2.3.

Proof. One has just to notice that if one takes ¢ = |k|+ 1, then we have a Bézout identity

1= Zung? + Vi Qo
j=1
which can also be written (thanks to the relations (2.24)) as

n

L= g/} + VuQs.

j=1
We then have, by definition of the extended residue symbol, that for any u € N such that
ul =g,

s (/208 sy 4" 0] _ g [ QAT (o)
g gt gt gl
and also
Res [(Qlj{g%)dm} _ Res {Q}Zﬁdx} ‘
Then the conclusion of the proposition follows from formula (2.18). n

In the same vein, we have also the following proposition.

14



Proposition 2.5. Let fo, f1,..., fn be a regular sequence in K[z, ..., x,]. Let g1,...,gn

in K[z, ..., x,] such that the sequence (fo,g1,.-.,9n) is quasiregular. Assume that there
are nonnegative integers si,...,S, and an n x n matrix A of elements in Klzg,...,z,]
such that

n

s .

OjngE a'jlfla j:17"'an
=1

Let Q1/Q2 be a rational function such that (fo, f1,..., fn,Q2) = (fo,91,---,9n,Q2) =

K[xg,21,...,2,]. Then, for any ko € N, one has
Res (Q1/%202+)1dxo A A dmn} _ Res {(Ql/kazﬁsdeo A Ndzy
7f17--~7fn 0 915+ Gn
where |s| = s1 + -+ + s, and A is the determinant of the matrix A.
Proof. It is similar to the last proof. Let us consider ug,...,u,,V such that
(2.25) 1 = g frotttsl 4 zn: uig; +VQs.
j=1

and vg,...,v,, W such that

(226) 1 = Uofé€0+1 —|— Zvjfj —|— WQQ .
=1

Multiplying (2.25) and (2.26) by f(l)s| and comparing the identities, we conclude that
(|)S|(W — V) is in the ideal generated by féco“ﬂs',fl, ...y fn. Therefore,

Q1/Q QWd O f'wd
Res f 0(+ 17{]8172')-'7.}('71] = Res [ k0+171f17"x'7fn:| :Res|: éﬂo_i_lii];ﬁ)afl":%'afn]

Q1 'V ] { O,V ]
=R _R
o [V e B

Q1V Adz } [ (Q1/Q2)Adx ]
= Res o s = Res 0 s )
|:f(§C i |7gla"'7gn (;€+1+| |7gl7"'7gn

if one uses formula (2.13). ]

3. Residue symbols and properness.

In this section, we consider an infinite algebraically closed field K (any characteristic),
equipped with a non trivial absolute value | |. We will consider the norms, defined respec-
tively on K™ and K"*! by,

|z| = max |z;|, z = (z1,...,2,) € K"
1<i<n
[X| = max |X |, X = (Xo,...,X,) e K",

15



Definition 3.1. Let P; € K[z1,...,2,], 1 <j <mn, the polynomial map P = (P, ..., P,)
from K™ to K" is proper if and only if K[x1,...,x,] is a finitely generated K[P1, ..., P,]-
module.

Due to the following proposition, one can check properness by means of inequalities.

Proposition 3.1. Let P = (Py,...,P,) be a polynomial map from K" to K". The
morphism P is proper if and only if there exist three constants K, v, 6 > 0 such that

(3.1) 2| > K = |P(x)] = 7]z]’.

Any exposant § > 0 such that (3.1) holds for convenient constants K, is called a Lo-
jasiewicz exponent for the map P.

Proof. We are greatly indebted to Q. Liu for the proof of this statement in the case of
positive characteristic. The most interesting part of the proof is the fact that condition
(3.1) implies properness. This can be shown as follows. One can assume that K is complete
(otherwise, take a completion of K.) It is clear from (3.1) that for any point z € K", the
set P71(2) is an algebraic set which is closed and bounded, thus finite; this means that
P is a quasi-finite morphism. It follows from Zariski’s Main Theorem [Mu] that one can
factorize P as P = go f, where f : K" — X is an open immersion from K" into some
affine variety X, and g : X — K" is a finite morphism (therefore proper.) When K has
characteristic is 0 and can be topologically embedded in C (when the absolute value is
not ultrametric), f (as P) is proper in the topological sense, so that f(K") is a closed
subset (in the topological sense) in X, that is f(K™) = & and we are done. When the
characteristic is positive or when the absolute value is ultrametric, one can show that,
under the hypothesis (3.1), P is proper in the rigid sense (see [Ki]), which implies that in
the decomposition P = go f, f is also proper in the rigid sense. Therefore f(K") is closed
(in the rigid analytic sense) and equals X', so we are done in this case.

Let now suppose that P is a proper morphism from K™ to K. We can write down
the integral dependency relations satisfied by the z;, j =1,...,n over K[P,..., P,], that
is

N
N; _ N~k .
(3.2) T :ZAj,k(P1,---,Pn)$j ,7=1,...,n,
k=1
where A, € K[z1,...,2,]. One gets from (3.2) inequalities of the form
(33) 2,1% < 1+ ;)5 1+ PP, G =1,...m,

where C; > 0, ¢; € N. From these inequalities, it is immediate to deduce that (3.1) holds
for some convenient choice of K, 7, § (depending on the Cj, g;, N;j, 1 < j <n.) [

Since for any z € K", one has |P(z)| < C(1 + |z|)P, where D := max;<;<, deg P,
and C is a positive constant depending on the coefficients of the P;. It follows that,
if § satisfies (3.1) (with corresponding constants K, 7), then § < D (just take z such
that |z| is arbitrarily large, which is possible since | | is not the trivial absolute value
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on K.) Moreover, let "Py,...,"P, be the homogeneous polynomials in n + 1 variables
corresponding to P, ..., P,, namely,

deg P; X Xn .
"Pi(Xo,. .., Xn) = X5 Pj(fé,...z),jzl,...,n.

Then, one has the following proposition

Proposition 3.2. Let P = (P,...,P,) be a proper polynomial map from K" to K"
such that (3.1) is fullfilled with constants K, v, 6. Let D := maxj<;<y deg P;. Then, for
any j, 1 < j < n, one can find a positive constant I'; and some homogeneous polynomial
R; in two variables, with coefficients in K and total degree r; > 0 such that, for any
X = (Xo,...,X,) € Kt

(3.4) IR (Xo, X5)| [ Xol”™ < Tyl x| ° (Z || Pdes B \th(X)I> :
k=1

Proof. Let us write (3.1) for x = (X1 /Xo, ..., X,/ Xo), where X = (Xy,...,X,) € K",
Xo # 0. Then, whenever max | X;| > K| Xo|, we get
<j<n

IS g e
(3.5) (max |X;])°XoP° < 5 (Z\XolD deg P |th(X)|> :

1<5<n
=)= k=1

As we have already seen in the proof of Proposition 3.1, the algebraic set P~1(0) is finite
since P is a proper map. From the Hilbert Nullstellensatz it follows that one can find
polynomials Ry (z1),. .., Ry(z,) in one variable, such that R;(x;) lies in the ideal generated
by Pi,..., P, in K[zy,...,2z,]. One can assume that r; := deg R; > §. Let us define

R;(Xo, X;) == X' R;(X;/Xo), X € KM,

For any © = (x1,...,%,) such that |z| < 2K, one has |R;(x;)| < k;|P(x)| for some
kj = Kk;(K) > 0. One has also, for some £; > 0, |R;(X)| < £;|X|". Therefore, for any
X = (Xo,...,X,) € K" X, # 0, such that max | X;| <2K|Xy|, one gets

<j<n

(3.6) R (Xo, X;)| < k| Xo| 7P (Z | Xo|Pdes |th(X)|) :
k=1

So, if X € K™"*! and X # 0, we have, either

IR, (Xo, X;)|| X0|P ™0 < k] Xo| 0 (Z | Xo| P des P |th<X>|)
k=1

(3.7) < g X[ (Z | Xo|Pdes B |th(X)|> :

k=1

17



when max |X;| < 2K|Xy|, or
1<j<n

1 e
(jmax |X; %1 Xo| P8R, (Xo, X;)| < S IRj (X0, X <Z|X |[Pdee P P P (X )I)

R s e
< FJIX’T” (Z | Xo|P—des T |th(X)|)
k=1

3
< J X X D— deng hP
- ’}/min(l,K)(lrgja}n‘ D™ <I;| | | (X]
which, together with (3.5), implies
) X, D—¢ (Xa. X < '%J er—6 X, D—deg Py, hP X
B9 1Ko (0 ) < g XISl ) )

when max |X;| > K|Xo|. Note that (3.8) is similar to (3.7). In fact we just proved that
<j<n
for any X € K"*t!, Xy # 0, then

R;j(Xo, X;)||Xo|P~° < Ty| X[ 70 (Z | Xo|Pdes \th(X)\> ,
k=1

where I'; = max(k;,K;/ymin(l, K)). The inequality remains valid when X, = 0, so
Proposition 3.2 is completely proved. ™

The following proposition is a corollary of the Lipman- Teissier theorem ([LT], [LS])
about integral closure of ideals.

Proposition 3.3. Let Pyq,...,P,, be homogeneous polynomials of degree D in the n + 1
variables Xy, ..., X,, with coefficients in the field K. Let Q be another homogeneous
polynomial in K[ Xy, ..., X,], of deg @ > D, such that, for some positive constant T,

(3.9) QM) < TIX*# 27 max |P;(X)], X € K™

Then Q™! lies in the ideal generated by Py, ..., P, in K[Xo,. .., X,].

Proof. Let us consider the regular local ring K[Xo, ..., X,|r (of dimension n+ 1), where
M denotes the maximal ideal (X, ..., X,,). Let Z be the ideal generated by Pi,...,Pn
in this local ring.

Fix s > D, such that s is coprime with the characteristic of K, and consider the ideal
in K[Xo,...,Xn]m, Zs := T + M?®. We want to show that Q is in the integral closure of
7, in K[Xq,...,X,]m. This can be done following the ideas in [LT].

First, since v/Z; = M (see [NR]), one can find a regular sequence (p,...,Ppny1) such
that the ideal Js := (p1,...,pn+1) is a reduction of Z + M* in K[Xo,..., X,|am. The

18



pj, 1 < j < n+1, are linear combinations of the P; and of all the monomials generating
M?. Since s > D and s is coprime with the characteristic of the field, one can assume
that the homogeneous parts of higher degree (in fact s) of the p; have the origin as only
common zero in K" and that the Jacobian of (pi,...,pn+1) is not identically zero.
The p;, j = 1,...,n + 1, define a zero dimensional algebraic variety Vi, = V in K"t
containing the origin. Since J; is a reduction of Z,, P1,...P,,, which are in Zg, are also
in the integral closure of Js in the local ring K[Xy, ..., X,,Ja. This implies, by means of
integral dependency relations, that for any X € K"™! such that | X| < e (for a convenient
choice of € > 0), one has

(3.10) max |[P;(X)| <C max |[p;(X)]

1<j<m 1<j<n+1
for some positive constant C, so that, for | X| <,

A1 X)<T (X)) .
(3.11) QU0 < T mas Iy (X)
Let qs € K[Xo,...,X,]| be a polynomial in K[X, ..., X,]| such that ¢5(0) # 0 and g5 is
in the ideal generated by p1,...,pp+1 in all the localizations K[ Xy, ..., X, ], , where «

is any point in V' \ {0}. Therefore, for each R > 0 one can find a positive constant I'(R)
such that, for any X € K"™! with |X| < R, one has

. < i .
(3.12) QX)gs(X)| < T(R) max  p;(X)]
Since the homogeneous parts of higher degree of p1,...,p,41 have the origin as only com-
mon zero in K"t it follows from Proposition 3.1 that the polynomial map (P1y-- -y Pny1) 18

proper (in the algebraic sense), with [K[Xg, ..., X,] : K[p1,...,pne1]] = s"1 (by Bézout’s
theorem.) This implies that one can find a relation of integral dependency

Sn+1
n+1 —1

(3.13) (Qqs)sn+1 = Z Ai(p1s- - pnt1)(Qqs)° )
=1

which can be obtained just writing that the multiplication operator corresponding to Qqs,
acting on the finite dimensional K(uq, ..., u,1)-vector space

K(Ula s 7un+1)[X07"' 7Xn]
(P1(X) —ut, .., Pry1(X) = Uny1)

Y

annihilates its characteristic polynomial. From (3.12), we deduce that for v in K" such
that |u| < 1 and any 1 <1 < s"*!, there is a constant C; > 0 such that

[Ay(u)] < Cilu]'.

(Since A;(u) corresponds to the [-elementary symmetric polynomial in the [Qg,](c;(u)),
where oy (u),...,agm+1(u) are the zeroes of (p1 — u1,...,Ppt1 — Unt1).) Therefore, the
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polynomial A;(p1,...,pns1) is in J! and (3.13) provides a relation of integral dependency
for Q over the ideal J; in the local ring K[Xo, ..., X,]m. Since Js is a reduction of Zs,
the polynomial Q is in the integral closure of Z, in the local ring K[Xy,..., X,]m-

Applying the Lipman-Teissier theorem in the regular local ring K[Xo, ..., X,|r1, we
conclude that Q™! is in Z,. Since this is true for any s > D, from

=1,

s>D

we conclude that Q"*! € Z. Because Q is homogeneous and the Pi, 1 < j < m, are
homogeneous with the same degree, Q"' is in the ideal generated by Pi,...,P,, in
K[Xo,...,X,]. This concludes the proof of our assertion. m

The Jacobi vanishing theorem (2.8) was extended, using analytic methods, to proper
polynomial maps in C" in [BY1] and [BY2] as follows. Let us assume the degrees D; of
the polynomials P; are in decreasing order and that ¢ is an exponent such that (3.1) holds.
Then, for any polynomial @ € C[z| and multiindex k, one has

(3.14) (k| +2n —1)0 > deg Q + D1 + -+ Dp_1 +n = Res {gkﬁ} _0.

This statement was crucial in the proof of the effective Nullstellensatz over C given in
[BY1]. On the other hand, one can see that this vanishing theorem is not the best one
could expect. For example, (3.14) implies that

(315)  degQ < (2n—1)6 — (D1 + -+ Dn_1) — n —> Res {P dep } o
1y-++»4dn

A more careful analysis of the Bochner-Martinelli representation of the residue current (see
[Y1], [Y2]) yields the statement

(3.16) degQSné—n—ljRes{ Qdz ]:0.
P.,....P,

The point here is that this result depends on the Lojasiewicz exponent ¢, related to the
properness condition, but not on the degrees of the P;. We do not know how to prove
such result when K has positive characteristic, though it is possibly true. Nevertheless, we
have the following result that will be enough to prove the effective Nullstellensatz theorem
below.

Proposition 3.4. Let P, ..., P, be polynomials in K[x1, ..., x,], such that deg P; = D,
1 < j < n, and such that there exist strictly positive constants K, vy, and a strictly positive
integer 0 such that

(3.17) |z| > K = max |Pj(z)| > y|z|°.
1<j<n
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Assume that

1

1 1—e,)D <§, fore, = ———.
(3.18) (1—€,)D <6, fore T p—Y

Then, for any (ki,...,k,) € N" one has
(319)  degQ < n(n+1)(|k|+n)(6 — (1 — e2)D) —n — 1 —> Res {g,fﬂ?i} 0.

Moreover, under the stronger hypothesis that

€
3.20 1-—-)D<$é
(3.20) (1--“p<s,
one has

deg Q < n(D — 1) Qdz | _

(3.21) {k:;é() — Res phtl =0.
Proof. It is clear that global residual symbols in R = K|z, ..., z,] are well defined since
the sequence (P, ..., P,) is quasi-regular in K[z1, ..., x,] (because of the properness of the
map (Py, ..., P,), see Proposition 3.1.), and therefore the same is true for all the sequences

(PPt PRty Let Ry,...,R,, be the polynomials associated to (Py,...,P,) by
Proposition 3.2. From Proposition 3.3 it follows that, for any 1 < 57 < n,

(X7 TR (X0, X)) € (P1, ..., Py),

where P;(X) = "P;(X), 1 < j < n. Note that we can choose R; to be distinguished in
X;. For any multi-index £, we have then

[XPOR, (Xo, X)) DM € (it phat),

Let R?(XO,Xj) = [R;(Xo, X;)|(mTDUk+R) 1 < 5 < n. One can write

RE(Xo, X;) XDk ZR’“, YPE(X),

where Rk 1 is homogeneous, with degree
degR%, = degRE + (n+ 1)([k| +n)(D —6) — (ly + 1)D, 1 < j,l<n.

Let R?(xj) = R";(l, x;). Then, one has the polynomial identities
(3.22) R¥(z;) Z z) PP (x),
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where R;?’l(x) = Rﬁl(l,x). Let Ay be the determinant of the matrix [R;?’l]

degree of Ay is at most

». The

deg Ay < zn:degR? + (|k| + n)[n(n+ 1)(D = §) — D].

From the Transformation Law in R = K|z x,] (Proposition 2.1), applied to the two
quasi-regular sequences (P, ..., P,) and (R}, ..., RF), one has, for any Q € K[z1,. .., x,],

dxi N - Ndxy, Apdri N - Ndxy,
Res {gkﬁll .,Pffnﬂ} = Res {Q kR’f,l...,Rﬁ ] .

Since the homogeneous parts of highest degree in Rf,..., RF have no common zeroes
except at the origin, one can apply the Jacobi vanishing theorem (2.8) and get, if we define

Pk = Z?:l deg R?;
pr +deg@Q —n(n+ 1)(|k| +n)[0 — (1 —€,)D] < pr —n — 1 = Res [ggﬂ] =0,

which gives the conclusion (3.19). In order to check (3.21), we have just to check that
condition (3.20) implies that

n(D —1) < n(n+1)*[6 - (1 —€,)D] —n,

that is
(n(n+1)* =1)D < n(n+1)%§,
which is exactly the condition (3.20). n

As a corollary of this result, let us state the following proposition (that will be crucial
for our purposes later on.)

Proposition 3.5. Let Py,..., P, be n polynomials in K[z1,...,x,], of degree D with
the property that there exist strictly positive constants K, ~y, such that (3.17) holds for
some integer 6 > 0 satisfying 1 — m < D < 1. Suppose that the g;;, 1 < j,I <n are
elements in K[x1,..., 2y, y1,...,Yn], with degree less or equal than D — 1, such that

(3.23) Py(x) = (m—y)g(z,y), 1<j<n, z,ycK";
=1
Then, if A(z,y) := det[gji(x,y)]1<j<n (such a A is called a Bézoutian for the map P), the
1<i<n
following polynomial identity holds

A(z,y)dz

 yeK".
Pi(z),....Py(z) | " Y

(3.24) 1 = Res [
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Proof. The first remark one can make here is that, since (Py,..., P,) is proper (from
Proposition 3.1), it defines a quasiregular sequence in K|z1,...,z,]. On the other hand,
there are integral dependence relations of the form

N;

N; Nj—l .
xj]:ZAjl(Pl,...,Pn)zj’ ,i=1,....n,
=1

which can be rewritten in the form

N;

(325) @)’ = > Ajlur,..up)ey T =Y Az, Pu)(Po—w), j=1,...,m,
=1 =1

where the Aé- are polynomials in 2n + 1 variables. Such relations show that, for any

u = (uy,...,u,) € K", the sequence (P, — uq,..., P, — u,) remains quasiregular. Re-
mark 2.1 shows that one can also consider such a sequence as a quasiregular sequence in
K(u)[z1,...,z,] and compute for any polynomial @ € K|zq,...,x,], the residue symbol

with values in K(u)

L Qdx
(I)(u) = Res P1 —Ul,...,Pn — Up,

Applying Proposition 2.1, together with the identities (3.25), one gets

Q(x) det[Aé (x5, P,u)]i<

1<Ii<n

®(u) = Res
it = 0 Au(wa e = ST A ()
While @ is a priori a rational function, it follows from Lemma 2.1 and (2.10) that & €
Kluq,...,u,]. We want to show now that @ is in fact a constant that belongs to K, when
deg @ < n(D —1), provided the hypothesis on the ratio § /D is satisfied. This will be done
in two steps: first, we will show that for any polynomial (), one has
(3.26)

Qd Qdx k kn
Res Pi—ui,.. . Py—un | Z Res | prott " phogn | et
e dn U ] ) oo

for k(Q) large enough and independent of u. (This will hold in fact under the weaker
hypothesis 1 — (¢,,/2) < §/D < 1, where, as before, ¢, := 1/n(n+1).) Then, in the second
step, we will use statement (3.21) from Proposition 3.4 to conclude that ® is an element
in K provided deg@Q <n(D —1) and 1 — (¢,/(n+1)) <d§/D < 1.

e Let us prove the first step. Let u € K™. Then the morphism (P (P —uq),..., Ppo(Py —
uy)) is also proper (see Proposition 3.1) and such that, for |z| > K(u),

2
Y 5
Jmax [Py () (P () = u))] = |
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Then, the statement (3.19) in Proposition 3.4 implies that for any Qe K(z1,...,z,] one
has

degQ < 2n(n+1)(|k| +n)(6 — (1 —€,)D) —n — 1 =

— Res [ Qdz

(3.27)
(PP —wy))tt L (Pu(Py — un))k’”Ll} =0

This implies that for any polynomial () such that

(3.28) degQ§2n(n—|—1)(|k|—|—n)(§—(1—E)D)—n—l,

and any choice of 7,...7, in {0,1}, one has

Qdx
Res [Pfl“(Pl —ug)™, ..., PRt L(P gy, )

QII(Py — uy)ki+t = der
j=1

(P(PL — U1_))"“+1, o (Pu(Py = uy))kntl

(3.29)

= Res =0.

The first equality is just a consequence of Proposition 2.1, while the second follows from
the fact that condition (3.28) is equivalent to

deg Q@+ (|k| +n)D <2n(n+ 1)(|k| +n)(6 — (1 —€,)D) —n—1,
which implies that if
Q=Qr:=Q (P —uy)rst—,
j=1
then _
deg@ <2n(n+1)(Jk|+n)(6 — (1 —€,)D) —n —1

and we can therefore apply (3.27). Clearly, since 1 — (¢,/2) < §/D < 1, for k such that
condition (3.28) holds, (for instance, if |k| > k = k(Q), depending on the degree of @, but
not on the choice of u,) one has

Qdx _
(3.30) Res {Plkl—i—l(Pl — )", ..., PP, — ) | T 0

for any choice of ny,...,m, € {0,1}, and any u € K”. Now, we note that applying the
Transformation Law again, for any u € K™ one has

n P{-H—l_ 5—1—1

j j
Qdz bk Q]1 da
1 n — ; — ;
E Res {Pkﬁ_l Phat1 | U1 U = Res j=1 Py = u;
1 g ey n
0<kseeskin <k Pt PEtl

QI[P — ufth)da
j=1
PFY Py —uy),. .., PEHY(P, — uy)
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Now, one can rewrite

P1€+1 n+1 dx

Res QH )
Pf“(Pl — ul) L PN (P, — uy,)
QH Plﬁ+1 I‘€+1)d

= Res —
Py —uy, Py 41 (P2 —ug), ..., PETY(P, —uy)
PH—!—l K—|—1 dr
— uf"'Res QH ) =
Pf“(Pl — ul), o, PP, — )
Pl ity
~ Res Qj];[( AU
Pl —U1,P;+1(P2 —u2)’,..,P€+1(Pn _un)
since
Pﬁ:—i—l H+1 d
Res QH ) =0

P{““(Pl — ul), o PN (P, — uy,)

because it can be written as a sum of expressions of the form

Qdx —0

Res {P{““(Pl — )M, PR (P )

where |k| +n > k1 +1 = k + 1. Iterating this procedure, we get the required polynomial
identity (3.26). We would like to point out that these computations are the algebraic
counterpart of the manipulations of the kernel of the Cauchy-Weil formula that appear in
[BT, Section 1].

e We now apply (3.21) in Proposition 3.4 to get, as announced, that ® is a constant in K,
provided that deg @ < n(D—1) (we are asumming in this case that the stronger hypothesis
1—(en/n+1) <6/D <1 holds.)

We are now ready to conclude the proof of our proposition. Recall from Cauchy’s
formula (2.7) that one has for any @ € K[z],the polynomial identity in K[yi, ..., yn],

1:Res{ Qdz }
L1 —Yly-oo s Ty — Yn

We can now apply to this formula the Transformation Law to the two regular sequences (in
K(y)z1, ... zn]), (1 —y1,.. -y Tn —yn) and (Pr — Pi(y),..., P, — P,(y)). The identities
(3.23) imply the following identity in K(y1,...,yn):

- Az, y)de
1 = Res {Pl _pl(y),,,.,Pn—Pn(y)] .
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From what we have just proved, as deg, A(x,y) < n(D — 1), we conclude that

Az, y)dz _ A(z,y)dx
Res Pl—Pl(y),...,Pn—Pn(y)] = Res [Pl,...,Pn )

which completes the proof of (3.24). m

In order to complete this section, we need a few complements about computations of
residue symbols for polynomial maps of the form (Pi,..., P,), whenever (Py,...,P,) is
a quasiregular sequence in K[z1,...,z,] generating a proper ideal. Applying Remark 2.2
and [Pe, Satz 56] we conclude that the corresponding polynomial map P is dominant, that
is, one can find n relations of the form

Ni
AJO(P)Q:?[J = ZAJ'Z(P)I.;VJ.7Z7 J=1...n,
=1

with coefficients that are polynomials in n variables and Aj;y # 0. This equality can be
rewritten in the form

N;

(331) AJO(”)ijJ - ZAjl(u>x§Vj_l = ZAz(iUJ,P, u)(Pl - Ul), j = 17 s 1
=1 =1

where the Ag- are polynomials in 2n + 1 variables.

Relations of the form (3.31) show that, for any u = (uq,...,u,) € K" outside the
hypersurface [[; Ajo(u) = 0, thus for u generic, the sequence (P —uy, ..., P, —u,) remains
quasiregular. In particular, the set of common zeros of this sequence of polynomials is a
zero dimensional variety or it could be empty. For such u, using the Transformation Law
(2.11), the relations (3.31), Lemma 2.1, and the explicit computation (2.10) in the one
variable case, one can show that for any @ € K|x]

Res [ ]ﬁg(;“”;)fxu} — W) € K(u)

(see also [Bi] for an analytic proof of this result.) The main difficulty one has when P is

not a proper map over the origin, (that is, when [] i Ajo(0) =0 [Je],) is that it is in general
impossible to compute the different residue symbols

Res {g,ﬁ] , ke N",

from the rational function . For example, if P; = x(1 + 2%yz2), P> = y(1 + 2%yz2), P3 = 2
and () = 1, then one can see that ¥ = 0 while

Res {12‘7’1} =1.

We overcome this difficulty by means of the following interesting lemma.
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Lemma 3.1. Let Py,..., P, be a quasiregular sequence in K|[z|, then for any ¢ € N and
for any o € K™, the sequence (t971, Pi(x)—aat, ..., P,(z)—aut) is a quasiregular sequence
in K[z, t]. Moreover, we have the formula

Q(z)dt A dzx _ Qdx |
(3.32) ReS | o1 p(a) — ot Po() — ot _|§ Res | Spp1 | o’
=q

Proof. From Remark 2.1 we obtain the quasiregularity in K[z, t] of the longer sequence
(t1H1, P, — aqt,..., P, — ant). To compute the residue symbol in the left hand side of
(3.32), let us consider the identities

q
+1 +1 k;
P]q = (Oéjt)q ;i — Ozj Z ]Pq .

We apply the Transformation Law replacing P; — o t by ij+1 in the left hand side of
(3.32) to obtain

B ﬁ Z b P75 dt A da

= =0
J
+1 pgtl +1
tatl patt . Pg

Res{ Qdt A dx }

tatl P — ot

We use the linearity of the residue symbol, the Transformation Law in order to simplify

common factors in both lines of the symbol, and, finally, the Fubini property (Lemma 2.1),

to obtain the desired formula (3.32). m
This lemma is usually applied in the following form.

Proposition 3.6. Let Pi,..., P, be a quasiregular sequence defining a proper ideal in
K[x1,...,2,]. Consider a system of integral dependency relations for the coordinates, of
the form
Nj . n
N N;— 1 .
Bj(zj,u) := Ajo(u)z;” — ZAjl(u)scj T = ZAj(xj,P, w(P—w), j=1,...,n
=1 =1

and let s; be the valuation (in u) of the polynomial Bj, thus
(333) Bj((Ej,Oélt,...,Oént) Ztsj(Rj(ij,a) —tSj(xj,oz,t)), Rj §é0

Let o € K" be such that, for any j € {1,...,n}, one has R;(.,«) # 0. Then, for any
q € N, one has
(3.34)

- k
Qdt A dx } QA(z, P, at) H U (xg, o t)dt A da
Res { = E Res
tatl P — ot =

0<[k|<q+]s] pa+1+]s|—|k| R’fl“( a),...,REntl(z, )
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where A(x, P,u) is the determinant of the matrix [Aé (x, Pyu)]<

j<n .
1<1<n

Proof. Since the sequence Py, ..., P, is quasiregular, so is the sequence t, Py —ant, ..., P,—
ant in K[t,z]. Moreover, since the base field K is infinite, there is an n x n invertible

matrix A = [a;;]1<j<n with coefficients in K such that the sequence AP is regular for the
1<Ii<n

increasing order. Then the sequence

n n n n
(t, E aub —1 E anag,. .., E an P —t E anioy)
=1 =1 =1 =1

is also regular. Hence, we can use Proposition 2.2 with R = K[t, z], and fo = ¢, f;(t,z) =
S anPy —t>°  aja, gi(z,t) = t7%Bj(z;,at), 1 < j < n. Then, we have, from
formula (2.13) and an additional application of the Transformation Law

Qdt Ndx | QA(x, P,at)dt N\ dx
Res lt‘”l, P—at| Res tat1+lsl R(z, a) — tS(z, a, t)

where we denote by R(z,a) —tS(z, «,t) the sequence
Ri(z1,a) — tS1(z1,04t), ..., Ry(xp, ) — tSy(xp, ayt) .

We now use the identities
q+|s]

R?+1—|—|s| _ tq+1+|s|s;_1+1+|8| +(Rj — tSj)( Z (tSj)ij?-HS'*kj) :
kj:O

(where the variables have been left implicit), together with the Transformation Law (2.11)
and the linearity of the residue symbols, in order to obtain formula (3.34). ]

Remark 3.1. Note that if one lets ¢ = 0 and chooses a convenient «, the last proposition
yields a formula to compute the residue symbol

Qdx
Res [Pl,...,Pn

from the knowledge of relations of dependency for the coordinates x; over K(Py,..., P,).
In fact, as it follows from Lemma 3.1, the right-hand side of (3.34) is a polynomial in «,
though it would seem to be a rational function if one just looks at its expression.
Remark 3.2. Lemma 3.1 and Proposition 3.6 remain valid if one replaces @ by Q1/Q2,
where (Py,...,P,,Q2) = K[z1,...,x,], with the residue symbols understood in the gen-
eralized sense of (2.22). This follows from Propositions 2.4 and 2.5.

4. Lojasiewicz inequalities.

In this section, the ring R will be K[z1,...,z,], where K is an algebraically closed field of
arbitrary characteristic, equipped with a non trivial absolute value | |. The corresponding
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norm in K" was defined at the beginning of Section 3. Given n integers D1 > D5y ... >
D,, > 1 we define, as in [JKS],

(4.1) B:=B(Dy,...,Dy)=(2)D; - D,

where « = #{j < n—1|D; = 2}. The main result of this section is based on the arguments
in [BY1] and [BGVY, Propositions 5.7 and 5.8]. Small modifications are required by the
fact that we are now working with fields of arbitrary characteristic. We recall that a
sequence of polynomials P, ..., P, is said to be normal if it is a regular sequence for any
ordering.

Proposition 4.1. Let Py,..., P, be a quasiregular sequence in K|z, ...,z,|, then one
can find n linear combinations (with coefficients in K) of the P;, namely ﬁl, e ,ﬁn, n
linearly independent K-linear forms L, ..., L,, and a positive constant K such that for
any N € N* and any x € K™ with |z| > K one has

(42 amax | L) VB |P()] > (V0P

for some constant vy > 0.

Proof. Since the base field is infinite and the sequence of P; is quasiregular, using the
pigeonhole principle as in [MW] we can find a triangular, invertible matrix My, with
coefficients in K, such that the sequence of polynomials P]( ,j =1,...,n defined by the
system of linear equations P’ = My P is a regular sequence. Note that deg P = D;. Using
the same principle, one can find an invertible matrix M; with coefficients in K so that
the new system P’ = M; P’ is normal and every minor of M; is non zero [BY1, Lemma
5.2]. Let J be any subset of {1,...,n} of cardinality k, 1 <k <n — 1. As in the proof of
[El],[BGVY, Proposition 5.8, p.125], one can find a collection of polynomials ]BJJ-, j e dJ,

deg P;; < D;, which are linear combinations with coefficients in K of the P]'-’ , given by an
invertible matrix, so that one has

K maxj5 | < max|P/| <K maxﬁ ;

for some strictly positive constants s, x’;. Clearly, the polynomials P 7,; define the same
algebraic variety as the PJ(’ , 7 € J. That is, a variety of codimension at least n — k. From
the Noether Normalization Theorem [ZS, vol 1, Chapter 5, p. 266] applied to all possible
systems with different J, we can show there is an invertible matrix Ms and two positive
constants Cy, Ky such that for any x € K" with |z| > Ko, any k € {1,...,n— 1}, and any
subset in {1,...,n} with #J =k,

Py j(Mayz) =0, ¥j € J = P}/(Max) =0, ¥j € J

k n
=) |m| <Co Y |al.
=1

l=k+1

(4.3)
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Using the global Lojasiewicz inequality proved in [JKS, Corollary 6], we get that, for any
ke {l,...,n— 1}, there exists €, > 0 such that, for any subset J, #J = k, the set

A5 = (o € X, [r] > Ko + 1 max Py (M) € g}
7 (1 + [2))?

is included in the cone
Vi = {z € K", Z|xl| < (Co+1) Z 1]}
I=k41

We associate to this fan of cones Vi, 1 < k < n—1, a collection of linear forms Aq,...,A,,
as follows. Let M = [mj;] be some element in M,,(K) (the space of n x n matrices with
entries in K) such that all the minors of M have a norm bigger than 1. We let p be the
maximum of the norm of all these minors. Since the absolute value is non trivial, one can
always find some element o € K such that |a| > (Cy + 1)np. This guarantees that the
linear forms A; defined by

n
1-1 :
az)zg muya Tz j=1,...,n,
=1

are linearly independent. It follows from Cramer’s rule that there is a constant ¢y > 0 such
that for any k < n, the inequality

(4.4) [za] + k] < (Co + D(Jzpga] - 4 [2n])

implies that
4.5 mm ( Aj( ) > €glxl.

Note that because the A; were chosen to be independent, the inequality (4.5) is valid even
if J = (. Since the Pj are linear combinations of the P;, and conversely, it follows from
[JKS, Corollary 6], applied to the sequence Pi, ..., P,, that for convenient constants C1,
and €,, one has for |z| > C,

€n
P! (M. —_ .
Jpax [P (Ma2)| 2 g

Hence, for n < €,, the set {|z| > C1} can be written as the disjoint union of the sets

ZJ :{|$|>01|P;/(M2x>|<ﬁ if jGJ

n . .
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Fix J of cardinal #(J) = k. Then, if x € Z;, one has

Ky €k
max | Py . (Mox)| < J
e Py (Moo)| < G onE < (T3 (B

Hence, x € X}ek), and so x € ), thus it satisfies (4.4), hence also (4.5) and
> 1A ()] > eola].
J¢J

Therefore, we have for z € Z;

max |A(z)] > —
J1€J n —

Hence, for any N € N*,

ZIA )INEIP] (Maz)| =) A, (2)|NP | P} (Moa)|
JE¢J
> A (z)|VB) (min | P/ (M.
> (max |A; (2)|77) (min | Py (Maa)))
(6_0)NB |I|NB

— oot ()P
The fact that the sets Z; form a partition of the set {|x| > C;} implies that, for a
convenient choice of vy > 0, for any z with |z| > K one has the inequality

NB | p! > (N—l)B.
1r§13a>xn]A ()] ’PJ (Max)| > yN|z|

This concludes the proof of Proposition 4.1, as we can choose for the matrix of linear forms
L = AM;*, where A is the matrix of the linear forms A;. ]

Remark 4.1. It is clear in the previous that the only restriction on the choice of the
matrices My, M7, M5 is that they lie outside some algebraic variety in K3, Moreover,
any choice for the coefficients of the linear forms L; can be slightly perturbed, in fact,
we can also consider affine perturbations of the L;, that is perturbations of the form
x — ujo + Lj(xz). One can also keep, for N fixed, the same constant vy for all small
perturbations.

One can combine this result with Proposition 3.5 and get the following technical but
important result.

Proposition 4.2. Let Py,..., P, be a quasiregular sequence in K[z, ..., x|, with Dy >
Dy > ---> D, D; := deg P;. Then one can find a polynomial ® in n(n+ 1)+ n? variables
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wji, ik, 1 < j,k <n,0<1<n, with coefficients in K, and deg ® < 2"+ (n+ 1)*D7, such
that, for any (U, V) € K™+ g M,,(K), with ®(U, V) # 0, the polynomials

(4.6) H{}yv(x) = U (z) < VI, P(z) >:= (uj,o + Z%’lﬂ) (Z Ujlpz>

have degree exactly D1+ 1, define a quasiregular sequence in K[x1, ..., x|, and moreover,
if N € N* is such that

B+ D, < 1
NB+ D, ~n(n+1)2’

(4.7)
then the following polynomial identity holds in K[yi, ..., yy]

(4.8) 1 = Res Anuvy(z,y)dry A--- Adzy, }

Ulz)NB < VL P>, ..., U (2)NB <V P>

This formula (which is a polynomial identity in y), holds whenever Ay v (z,y) is the
determinant of an arbitrary n X n matrix whose coefficients 0, in K[U, V, z, y| have degree
in x,y at most NB + Dy — 1 and satisfy the relations

(4.9)

U]<:E)NB < VJ7P('I) > _Uj(y)NB < VJ»P(?/) >= Z(xl - yl)(;jl('rvy)v ] - ]-7' ., n.
=1

Remark 4.2. For example, one can construct d;; as
— 779 (,\NB J ol J (U,N)
5jl—U($) <va(x7y)>+<vap(y)>()0jl (x,y),

where the ¢’ is a vector of components gé-, which are polynomials in the 2n variables (x,y)
of degree D1 — 1 such that

n

Pi(x) = Pi(y) = Y (m—y)gs(xz,y), j=1,...,n.
=1

(U,N)
l

and the ¢; are polynomials in the variables (U, z,y) such that

degz ) go%v) =NB -1

and
n

U ()N — U7 ()VE = (@ — ) (@y) =1, n.
=1

Proof. For a generic choice of V1,..., V™ in K", the sequence < V/, P >, j=1,...,n,is
a normal sequence. (This follows from the pigeonhole principle, since the field is supposed
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to be infinite.) Choose V' so that it is the case. For any subset J C {1,...,n}, #(J) =k,
0 < k < n, the polynomials < V7, P >, j € J, define an algebraic set in K™ with dimension
n—k. Therefore, for any generic choice of the U7, j ¢ .J, the polynomials < VI, P >, j € J,
together with the affine functions U7 (x), j ¢ J, define a zero dimensional set in K™, that is,
they define a quasiregular sequence. We conclude from these remarks that the polynomials
Ui(x) < VI, P(z) >, j =1,...,n, define a quasiregular sequence in K(U,V)[z1,...,7,],
so that for any j € {1,...,n}, there exist a polynomial Q;(U,V,z;) € K[U,V,x;], such
that Q; lies in the ideal generated by the U’(z) < V7, P(z) > in K[U,V,z1,...,z,]. Of
course, one could find such polynomials just by using elimination theory, as done in [vdW],
later on we shall do it in a more constructive way, in order to obtain sharper estimates for
the degree in U, V. Let us write for the moment

(4.10) Q;(U,V,z;) = Qjo(U, V)z + i@jl((], V):z:;fj*l, j=1,...,n.
=1
We then define
(4.11) U(U,V):= ﬁ Qo (U, V).
j=1
and
(4.12) (U, V) =Y (U, V)ﬁ Vj1.
j=1

For any choice U,V such that ®(U,V) # 0, all the polynomials (in z) IT7, |, have degree
Dy 4+ 1 and define a quasiregular sequence in K|z]. To construct Q; with good degree
estimates, let us proceed as follows. Choose a subset J C {1,...,n} and consider the
n polynomials in K[U,V,x1][za,...,2,], U/(z),j € J, < VI,P > j ¢ J. The ring
A = K[U,V,z;] is a factorial regular ring, with Krull dimension 2n? + n + 1, which can
be equipped with a size, in the sense of [Phl, Section 1, p. 3-4]. Namely, we can take for
the definition of the size on A the map t defined by

t(0) = degy 1y ©, © € Pol(A),0 #0, t(0) = —oc0

where Pol(A) is the A module A[(Y;)ien] of polynomials in some arbitrary number of
variables with coefficients in A. From [Phl, Theorem 4|, one can find a polynomial
Qs1(U,V,z1) € A which belongs to the ideal generated in A[zs,...,z,] by the poly-
nomials U’ (z), j € J, and < VI P >, j ¢ J and such that

degyy Q1 < (2(n? +1)+2n)D}(n+1) <2(n+1)3D7.

One can do this construction for any subset J of {1,...,n} and get a family of relations

Qua(U,V,z1) =Y a1 yk(U,V,2)U () + > a1 yx(U, V,z) < V(x), P(z) >,
keJ kgJ
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where the ajj are in A[U,V,z1] = K[U, V, z|. Let us consider the product

QU V,z)= [ QuUV,z)

JC{1,...,n} (4 13)
= 11 (Z a1, (U V,2)U7 () + 3 a1, 50 (U, V,) < VY (2), Pl) > ) .
JC{1,..n} keJ k¢ J
We claim that the development of this product leads to
Qi (U, V,21) =Y by (U, V,2)U () < V7, P(x) > (4.14)

j=1

for some by ; in K[U,V,z]. This follows from a simple combinatorial argument: consider
all sequences with length n formed with 0 or 1. There is a correspondence between factors
in the right-hand side of (4.13) and such sequences: namely, the factor

> a1 k(U V,2) U (2) + ) arx(U, V,2) < VI(z), P(x) >

keJ k¢J
corresponds to the sequence (€1, ..., €,) where ¢, = 0 if and only if £ € J. Consider these
sequences as the successive rows of a 2" X n matrix, the first row being (0, ..., 0), the last
one being (1,...,1). For example, for n = 3, we get the matrix

—_ o) PRk OO O
—_—_ O M=) O M= OO
—_— = —_ 0 = O OO

One can see that it is impossible to select inductively (starting with the first row) a
coefficient in each row, according to the following rule: any time one selects a 0 in the
position (k,l) (k for row, [ for column), it is forbidden to choose a 1 which is in the
position (k’,1) with k' > k. For example, for n = 3, if we choose the 0 which is in the
position (1,1), we have to take a 0 again in the second row (for example in the second
column), which prevents us from taking a 1 in the two first columns any longer. We have
therefore to take the 0 in the position (5,3) and the 1 in the position (8,3), which does
not fit with our rule. The impossibility to find such a path shows that there is always a
pairing (U7, < V7, P >) (for some j € {1,...,n}) in each term in the expansion of the
product in (4.13), and this observation proves (4.14). Thus, the polynomial Q; is in the
ideal generated by the H{LV, 1 <j<n,in K[U,V,z]. The degree in U,V of Q; is at most
271 (np + 1)3D7. One can repeat this construction for the other indices # 1, in this case,
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the polynomial ® associated to this sequence Q; via (4.13) and (4.14) has degree at most
27+ (p + 1)1 D7

Let us fix now an integer N such that the condition (4.7) is satisfied. For any U,V
for which ®(U, V') # 0, we can rewrite the residue symbol in (4.8) as

AN,U,V(x7y) H < VJ’P(,T) >NB_1 dx
j=1
HlU,V(CU)NBv <. 7H?J,V(5L’)NB

Res

Using the form (4.10) of the polynomials Q;, the generalized transformation law of Propo-
sition 2.3, and formula (2.10) for the computation of residues in one variable, one can show
that the residue symbol (4.8) is a rational function in U, V of the form A//¥T where N is a
polynomial in (U, V) and T is a nonnegative integer. Consider now the point ((0, U}), V),
such that U} and Vj correspond respectively to the coefficients of the linear forms "L} in

the z;, j =1,...,n, (resp. P; in the P;, j =1,...,n) found in Proposition 4.1. It follows
from Remark 4.1 that one can choose ®(U, V') # 0, close to ((0,U}), Vo), and such that the
polynomial map

(4.15) i (UY)NB <V P>,... .U (x)NB <V™ P >)

is a proper map with Lojasiewicz exponent at least § = éy = (N — 1)B. Moreover, every
entry of the map (4.15) has the same degree, namely, D = Dy + N B. If the condition (4.7)
is satisfied, we can apply Proposition 3.5 so that, from (3.24), we conclude that

(4.16) NU,V)=w(U,V)T.

This follows from the fact that the determinant Ay v (x,y) is a Bézoutian for the poly-
nomial map (4.15). Therefore, the identity (4.16), which originally holds only in a neigh-
borhood of ((0,U(), Vo) and outside the hypersurface ®(U, V') = 0, is valid everywhere. So,
for any (U, V') outside the locus ® = 0, one can rewrite (4.16) as

L NwY)
(U, V)T
which is the identity (4.8). Thus we have completed the proof of the proposition. [

Remark 4.3. Since for any generic choice of V, the sequence < V, P >,..., <V, P, > is
a normal sequence, any subfamily of these polynomials with cardinal 1 < k < n defines,
for V' generic, an algebraic variety in K™ with codimension at least k. Therefore, for any
pair of subsets 7,7’ C {1,...,n} such that #J + #J' = n + 1, the polynomials

<VI,Px)> jeJ; U (x),j €T

(considered in K(U,V)[x1,...,x,]) define a non proper ideal in this ring. From [Phl,
Theorem 4|, one can find, for any such pair of subsets J, J’, a polynomial ®; 7 €

35



K[U, V] \ {0}, of degree at most 2(n + 1)2D7, such that, whenever ® 7 7(U,V) # 0, then
the polynomials

<VIi P> jeJ; U ), jed,

have no common zeros in K. We will define the polynomial ® as the product of all the
polynomials ® s 7 for all possible choices of J, J' such that #J + #J’ = n+ 1. The
degree of the polynomial ® is at most 2271 (p +1)3D7. Tt will be important for us later
on the fact that if we choose (U, V') such that

(4.17) (U, VYU, V) #0,

then, the polynomials ©;(z) := U’(xz) < V7, P(x) > satisfy the hypothesis required in
Lemma 2.3 and the identity (4.8) for a convenient choice of N.

5. Size estimates.

In this section, A will be a unitary factorial regular integral domain with a size, its quo-
tient field will be denoted by K and assumed to be infinite. The basic examples in the
characteristic zero case are A = Z[ry,...,7,],q € N and in the characteristic p > 0 case,
A=F,[r,...,7q

Let us recall from [Phl] that a size in A is a map t from Pol(A) = A[(Y;)ien] into
{—00} U0, 00 such that:

(TO) For any bijection ¢ of N into itself and for any f € Pol(A) one has t(&(f)) =
t(f), where & is the isomorphism of the A-module Pol(A) such that (Y;) = Y.

(T1) t(0) = —o0, t(v) =0 for any v € A*, and t(Y;) = 0 for any indeterminate Y;.

(T2) t(fg) = t() + t(0).

(T3) There are constants ¢,c¢’ > 0 such that if F' = f1Y* 4 ... + fY*  where the
Y% are different monomials which do not appear in any of the elements f; € Pol(A), then

(5.1) t(F) < c1r£lzagxk(t(fl) + ' deg(f1) log(m(f;) +1)) + ' logk,

where m(f;) denotes the number of indeterminates Y; that actually appear in f;.

(T4) There is an additional constant ¢’ > 0 such that if F = vy f1Y** +- - -t vp fr, Y %,
with vy,...,v5, € A* and the Y are pairwise distinct monomials of degree at most d in
m indeterminates which do not appear in any of the elements f; € Pol(A), then

(5.2) 1r£1lagxk(t(fl)) < "¢(F) + ddlog(m + 1) .

To simplify the estimations in this paper , we shall assume that ¢ > ¢”, and ¢ > 1.

We will also need the following lemma, which is a simple consequence of these prop-
erties.
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Lemma 5.1. Let A be a ring with a size and f be an element in A[&q,...,&1,Y1,..., Yk,
with size t (when considered as an element of Pol(A) and total degree d in all the variables
(&,Y). There exist elements f1,..., fx in Al§,Y1,..., Yk, Z1,...,ZK] such that

K
FEYI+ 21, Vi + Zk) = f(EV, . YR) = Y fil&, Y, 2)Z

and

. < ! .
(5.3) R t(fi) < ¢*(ct +7cdlog(L + 2K + 1))

Proof. Let f be the element of Pol(A) defined as the polynomial in the L + 2K variables
(&,Y,Z) by

FEY,Z) = f(E, Y1+ Z1,. ., Yie + Zk) — f(€,Y1,..., YE).
If f(&,Y,2):= f(€, Y1 + Zy,..., Yk + Zx), then it follows from (5.1) that
t(f) < c(max(t(f),t(f)) + 'dlog(L + 2K + 1)) + ¢’ log 2.

On the other hand, it follows from (5.2) that, if we develop f as a polynomial in Z,

fev,zy=">Y_ Jjsl&Y)2
BE(NF)*

and we have the size estimates

mgxt(fg) < ct(f) + dlog(K +1).

In order to estimate the size of f , we need to estimate the size of f . For that purpose we
develop f as a polynomial in Y.

> fy?

JENK

One has, again from (5.2),

m}xt(fj) < ct(f)+dlog(K +1).

We also have

K K
t(H(Yz + Zi)‘]i) = ZJit(Yi + Z;) < |J|log2 < ¢'dlog?2.
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Therefore, we have

t(fJ@)Hm s zz-vi) < ch(f) + Cdlog(2K +2).,

i=1
and so,

K+d

t(f) < c*t + 2cc’dlog(L + 2K + 1) + c’( ) < ¢t + 3cddlog(L + 2K +1).

We have then 3
t(f) < ?(ct 4+ 4c'dlog(L + 2K + 1)) + ' log 2.

We now construct the f; as follows: first, let

(Y, Z) = Zi Z fa(6,Y)ZP.

1 /g’ﬁl >0

Then, for 2 < 5 < n, we define

1 -
f2)=— Y, e Y)Z".
J B,B1="=Bj_1=0

B;>0

The size estimate for f; is given by (5.1), namely

t(f;) < c(mgxt(fg) +(d—1)log(L + 2K + 1)) + ¢ log (K; d)

< c(ct(f) + 3cdlog(L + 2K +1)).

These inequalities combine to give the conclusion of the lemma. [
Let us now introduce the function J¢ from [0, co[ to N U {+oo} defined by

V(&) :=#{a e A : tla) <E}.

This function is increasing, so we can consider its one-side inverse 9 defined for k£ €
N U {400} as
¥(k) := inf{€ € [0,00[: ¥o(§) > k}.

This function will play a role in the estimates of sizes in the following way. If 0 £ & €
Alyi,. ..,y has total degree D in the y variables, one can find elements aq,...,a, € A
such that t(a;) < ¥(D +1) and ®(aq,...,a,) # 0. This is immediate by induction on g.

Example 5.1. If A[U] is a polynomial ring, & being a finite set of indeterminates, a
size t on A induces in a natural way a size on the polynomial ring A[U]: let 7 be any
homomorphism of A-algebras between A[U] and Pol(A) which injects U into {Y;,i € N};
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such an homomorphism 7 can be extended as an homomorphism from Pol(A[H]) into
Pol(A). One defines a size on A[U] as

t(f) = t(7(f)), f € Pol(Afl]).

Example 5.2. On A[Uf], where U = {u,...,u,} is a finite set of indeterminates, there is
another way to define a size, completely independent of the fact that A may be equipped
with a size, namely

t(f) = degy f, f € Pol(A[U]).

When A is equipped with a size, one can combine on A[i] the size t in Example 5.1
and the size t of Example 5.2. For any positive constant C,

(5.4) tc: f € Pol(A[U]) = Ct(f) +t(f)

is a size on A[U]. Moreover, one can see that conditions T3 and T4 for this size are satisfied
with constants independent of C. For instance, to verify T3 we let

k

k
= Zfl’UlYal = Z Z flﬁﬂluﬂyal
=1

I=1 BENY

where vy € AlU]* = A", fi = > 5cna fisu? € AU] and the Y do not contain any
coordinate involved in one of the f;. It follows from (5.1) and (5.2) that, if ¢, ¢/, ¢” are the
constants relative to the size t,

to(f) < cmax (t(fi8) + ¢ deg figlog(m(fig) + 1)) + ¢’ log [k (deguqf + q)} + Cdegy, f

I

/

< o’ max (¢(f1) + CC— deg filog(m(fi) +1)) + (C +¢(c+ 1) log(q + 1)) degy, f + ¢'logk

Therefore, provided that C > /(¢ + 1) log(q + 1),

/

cC
o des i og(on() +1)) +/logk.

(5.5) to(f) < (ed" +2) max (tc(fl) + s

On the other hand, since

k
degy, (Z szzYal) = mlaX(degu fi)

=1

when the monomials Y% are distinct and do not involve any U variable, any size t¢ on
A[U] satisfies condition T4, namely, if F' = Zle v f1iY* with distinct monomials Y
which do not involve coordinates appearing in one of the f,

(5.6) max (to(f1) < (" + Dto(F) + ddlog(m + 1) .
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where m is the number of variables involved in the Y*, d is the maximum of the degrees
of these monomials, and the constants ¢/, ¢, are the constants related to the size t on A
by (5.3).

Example 5.3. On F,[r,...,7,| there are several natural choices of size, for instance,
given a multiindex m € N? we define

(5.7) to (f) = deg, (f(r{"",...,7"))
whenever f € Pol(F,[r]). The constants for such a size are ¢ = ¢ = 1,¢/ = 0. In this
example it is easy to compute the function 9y explicitly. For instance when m = (1,...,1),

if [¢] denotes the integral part of £, then

() = pH© — d©1osr e d(¢) = (q + [5]) '
q

Thus, it is finite-valued and
(k) ~ (logk/log p)'/9 .

The computation for other values of m is similar.

Example 5.4. For A[U| = Z[uq,...,u,] and a positive constant C, we have a size t¢,
associated to the Mahler measure t over Z, as done in [BY1, (4.9)]. The Mahler measure
is defined as follows, for f € Pol(Z) depending on m variables, we integrate on the torus
T™, with respect to the normalized measure d§, and let

o) = [ loglF©)lds.

In this particular case, if C' > 2log(q + 1) then we can take ¢ = 3, ¢ = 1, and ¢/ = 2 for
the constants corresponding to the size t¢. Similarly, the function ¥y corresponding to the
Mabhler measure is approximately the exponential function, so ¥(k) ~ log k.

Notation. From now on (in this section and the following one), when we consider the
constants ¢, ¢, ¢’ relative to a size t, we will take them as the constants relative to the
size tc in example 5.3 (for C' large enough.) Generally speaking, this means we replace
the original values of ¢ and ¢” by ¢¢” + 2 and ¢’ + 1 (see Example 5.2.); the constant ¢/
remains unchanged. Of course, in some particular situations, one can make better choices
for ¢, ¢, ¢” (see Remarks 5.2 and 5.3 below.)

As a consequence of Theorem 4 in [Phl], we have the following result.

Lemma 5.2. Let A be any factorial regular integral domain, with size t, of Krull dimen-

sion k and quotient field K. Assume that p1,...,p, are elements in Alxy,...,x,], which
are algebraically independent over K and such that x — (p1(x),...,pn(z)) is a dominant
polynomial map from K™ to K™. Let also q be a given polynomial in Alzy,...,x,]. Let

h :=max(t(p;), 1 < j < n,t(q),c log(n +2))
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and

"1 1
7 ; degp | degq’

Then, there exists a polynomial S, € Alxy,x1,...,z,] and a positive constant w, which
depends on n, k,c,c,c”, such that

(58) Sq(qaplv"'7pn)207
(5.9) degS; < w(20 +1) dequdegpl
=1
and
(5.10) t(S,) < w(l + 20c(h + ¢ Dlog(2n + 2))) dequdegpl

=1
where D := max(deg g, degp;).

Remark 5.1. The fact that there exists a polynomial S, satisfying (5.8) and (5.9) with
w = 1,0 = 0, is a consequence of the theorem of Perron [Pe, Satz 57|. Since we are
interested in size estimates, this theorem is not sufficient for us.

Proof. We consider the polynomial ring Afug,...,u,] equipped with the size to from
Example 5.2, with C to be chosen later sufficiently large. Since the polynomials p1, ..., pn,q
are algebraically dependent, the ideal generated by the polynomials ¢ —wug, p1 —u1,...,pn—
u, in A(U)[x] is a non proper ideal, and therefore, by [Phi, Theorem 4], one can find an
element S;(up,u1,...,u,) € A[U] which belongs to the ideal generated by g — ug,p1 —
ULy ...y Pp — Uy in AU, z] and such that

(5.11)  tc(Sy) < @(1+omax(te(p; —uj),1 < j<n,te(g—uo))) dequdegpl :
=1
where o depends only on ¢, ¢, ¢”, k. From the inequality (5.1) we conclude that

c(h+ ' Dlog(n+1))+ ' log2 + C
c(h + ¢ Dlog(2n +2)) + C'.

max(tc(pj —Uj> 1< < n;tC(q - UO)) <
<

From (5.11) we have

(5.12)  t(S,) + Cdeg(S,) < @w(1+ a(c(h+ ' Dlog(2n +2)) + C)) deg q | [ degpi ,
=1
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that is,

1 'Dlog(2n + 2 s
deg(Sy) §w<a+ +ac(h+cc og(2n + )))dequdegpl.
=1

If we choose C' ~ ¢(h + ¢ Dlog(2n + 2)) then C' > (¢ + 1)log(n + 2) provided h >
clog(n + 2), and we have then

deg(Sy) < w(20 4+ 1) deggdegp; - - degpy .

With this choice of C' we get also

t(9y) < @ (1+ 20¢(h + ¢'Dlog(2n + 2))) dequdegpl )
=1

This concludes the proof of the lemma. [

Remark 5.2. When A = F,[r,...,7,] we can take as in Example 5.3 the size t¢ in
Alug, ..., u,| defined by

to(f) :deg77uf(7'1,...,Tq,ug,...,ug) and C' € N.

As we have pointed out before, the constants relative to this size are independent of C
and thus coincide with those for C' = 0, that is, ¢ = ¢ = 1, ¢ = 0. We can take here
h = max(t(p;), 1 <j <n,t(¢g)) and w =2n + ¢+ 1 in Lemma 5.2.

Remark 5.3. When A = Z and t is the size corresponding to the Mahler measure, we
have ¢ = ¢/ = ¢’ = 1 and the constants corresponding to tco are respectively, ¢ = 3, ¢ =1,

and ¢’ = 2. In this case, @ = 9(n + 1)2n+2(1 +4log(n + 1))n+2-

Remark 5.4. The last two remarks use the estimates in [Phl, Theorem 4|, but for
A =7 we could have also used the height estimates from the Arithmetic Bézout Theorem
from [BGS, Section 5.4]. The estimates in the last paper are more natural but they are
expressed in terms of Faltings heights instead of the Mahler measure. We refer to [Ph2]
for a comparison of these two points of view.

Lemma 5.2 will be crucial for the estimates of multidimensional residues. Such esti-
mates are given by the following result.

Lemma 5.3. Let m > n and p1,...,pn a family of polynomials in A[x], where A is a
regular factorial domain (with infinite quotient field K) equipped with a size t. Let their
ordering by degrees degp; = D; satisfy D, > D,,—1 > ... > Dy and D,,, > Dy > Dy >

--- > D,. Assume also that pi,...,p, is a quasiregular sequence and that the product
m

H p;j does not vanish on the set of common zeros of py,...,p,. Let h and D be defined
j=n+1
by

h = max(t(p;), 1 <j<m, log(n+2)), D=D;---D,.
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Then, for any multiindices J € N" and k € N™ we have

x‘]dx/< ﬁ p?ﬁl) _n

(513) Res j=n+1 , 3
2
pr ke
where r1 = ri(J, k), 1o = ro(J, k) € A satisfy
(5.14")
t(r1) < Cow*n"c2D(|k| + D 4+ m)(|J| + D2, D(|k| + D +m))(h + ¢/ D, log(2n + 2))

+ 2 Cowr*n (|| + m)D72nl~)4 log(n+1).
and
(5.14") t(ry) < Cow*n"¢*D(|k|+ D +m)(|J|+ D2, D(|k|+ D+m))(h+¢ Dy, log(2n+2)),

where Cy is an absolute constant (independent of n and of the size.) Moreover, the same
denominator 0 # ry can be used if one replaces ki, ..., k, by any n—uplet (l1,...,1l,) of
integers such that || < |k| and J by any multiindex J' such that |J'| < |J|.

Proof. All along the proof of this lemma, Cjy will denote an absolute constant (independent
of n and of the size.) Since the proof is rather technical, we will never make this constant
explicit. Nevertheless, a careful look at the estimates shows that this constant remains
below 103.

One can assume that the p;, j = 1,...,n generate a proper ideal (otherwise all residue
symbols (5.13) would be 0). In order to compute the residue symbols (5.13) we use Lemma
3.1 and Remark 3.2, which imply the following: if & € A™, and k' = (ky,...,k,), one has

Res :chtAdx/( ﬁ p?jH)

j=n+1
1L pi(z) — ant, ... pa(z) — ant

J;de/< H p?jﬂ) .
Z Res j=nt1 a'.

=1k | pi(z)ntt ()Tt

(5.15)

We now rewrite the left hand side of (5.15) (for « fixed) using Lemma 5.2. We first apply
this lemma to the polynomials pq,...,p, and x;. (Later, z; will be replaced by the other
coordinates xz;.) Since the ideal generated by the p; is a proper ideal and the sequence is
quasiregular, we know that these polynomials are algebraically independent. One can find
a polynomial Q; in Alug,uq,...,u,] which contains at least two monomials with distinct
powers of ug and is such that

(5.16) Q1(x1,p1(x),...,pn(x)) =0.
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The total degree of Q; is at most w(20 + 1)D and its size is at most @[l + 20¢(h +

~ 1
Dy log(2n + 2))|D, where 0 =1 + Z D and w is the constant associated to the size as
j=1"7
in Lemma 5.2. Let s; be the valuation in uq,...,u, of the polynomial Q;, and write

Z ult -l a1l(uo)+Ql()

[l]=s1

where é/l contains all the monomial terms whose degrees in the last n variables exceed
s1. Clearly, we can do the same for the other variables z;,j > 1. The polynomial Q; we
construct will satisfy the following estimates (taking o < mn + 1)

deg(Q;) < w(2n +3)D 1 <j<n.

(5.17) {t(Q]) < Cw(2n+3)D(h+c/D1 10g(2n+2)) -

In order to simplify the estimates, we replace below 2n + 3 by 3(n + 1), and perform other
similar simplifications, they do not affect the order of magnitude of the estimates except
for a multiplicative constant.

Similarly, for any 1 < j < n, we can rewrite the polynomials Q; as

Zu el ajl(u0)+Qj() j=1,...,n.

|t=s;
For any o € A", one has
(5.18) Qj(ug, a1t,...,ant) =t (R;(up, ) — tS;(up, 1)), j=1,...,n.
where

i (uo, § alaji(ug), j=1,.

l1|=s;

Moreover, as we have seen in Section 3, we can rewrite (5.16) as
n
Qj(fl:j;ul) = Qj(l'j, 'U,/ — p/ —l—p/) = Z le(aj‘j,p/, u’)(pl — Ul)
1=1

where p’ := (p1,...,ppn), v := (u1,...,u,). We will denote as A(x,p’,u") the determinant
of the matrix [Qji]1<j<n.

1<i<n
One can also apply Lemma 5.2 with ¢ = p;, 7 = m +1,...,n. For any such j, there
exists a polynomial Q; in Afug,uq,...,u,] which contains at least two monomials with

distinct powers of ug and is such that

(5.19) Qi(pjp1y--spn) =0, j=n+1,....m
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The total degree of Q;, n+1 < j < m, is at most w(20; + 1)15Dj and its size is at
most @ (1 + 20;¢(h + ¢/ Djlog(2n + 2))) Dy - - - D, Dj, where D; := max(D;, Dy,...,D,),

1 &1
oj = — Z —. Moreover, we can assume (if not, divide (5.19) by a power of p;), that
D; — D,
Q;(0,u1,...,u,) #0. The estimates we will use later for these polynomials are

(5.20)

{deg(Qj) <3w(n+1)D,,D nt1<j<m.

t(Q;) < 3cw(n + 1) Dy D(h + ¢ Dy, log(2n + 2))
Let sj, j = n+1,...,m be the valuation (in w4, ..., uy) of the polynomial Q;(0,u1,...,uy)
and define the polynomials T} of n + 1 variables by

(5.21) Q;(0,a1t,...,ant) =tT)(c,t).

Let @ € A™ be such that the polynomial T)j(c,0) # 0. This condition is generic. For
n+1<j5<m,let

d;—1

Qj(u) = > gjiur, - un)uy’ ™ + Qi(0,ur, . ).
=0

For such a generic «, the corresponding polynomials in the n + 1 variables ¢, z1,...,x,,

defined by
dj—1

tSjTj (Oé, t) - Z C]jl(Oélt, - ,ant)pj (g;)dj—l ,
=0

are in the ideal generated by pi(z) — ait, ..., pp(x) — a,t in Alt, x].
For oo € A™ generic, we can assume also that the polynomial in ug

H R;(up, @)
j=1

is not identically zero. The left hand side of (5.15) can be rewritten, using Proposition 3.6
and Remark 3.2, as

(5.22)
J kj+1
T dt/\da:/( H D )
j _
Res i1 =
t|k H—lupl(x) - Oélt, e 7pn(x) - ant
m d;j—1 dj—i—1
x’ H (ZZO dii )pj ) TUdt A da
= Res jnt1 Tj (o, 1)
titl pi(x) — ast, ..., pa(T) — apt
mo S (at)pP T T k1
J / i=0 ji pj J l;
z? Az, p', at) ( ) S (xj,a,t)dt \dz
= Z Res j:1;[+1 Tj(a,t) J:l_Il 7
2 e Lls =1l Ri(zq, )t R, (2, a)nt!
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where s’ = (s1,...,8n), k' = (k1,...,kn), & := |K'| + Z;n:n_H sj(kj +1), and &' :=
|k'| +|s’|. Formula (5.22) leads to computations in one variable, which are easy to perform
thanks to formula (2.10). These computations show that for a generic we can write

Res detAdx/< ﬁ p§j+1> _ Ry jx(a)

J=ntd R k(a)
,p1(z) —agty .. pp(x) — apt

Y

R 41

where Ry jr and Ry jji are in Aaq,...,a,] and they are totally explicit. Later on, we
shall give estimates for their sizes. From formula (5.15), we have

7 - ki+1
RLJ’]C(OK) _ Z Res x dl’/(H ij ) Oél
—R27J7k;(a) j=n+1 .
L=k’ p1($)ll+1, e ,pn(w)l"H

Let r5 be a common denominator for all the residue symbols

:de:I:/< ﬁ pfjH)

Res j=nt1 , 1] = K]
pr(x)itt o p ()t
We have
(5.23) Rigk(e) _ Ryx(e)
ngj’k(a) T2
where .
a:‘]dac/< pl?jH)
Ryp(a):= Y roRes j_nHH ’ ol € Alo].
= (@), pa ()t

We can rewrite (5.23) as the polynomial identity

roRy jr(a) = Ryk(a)Ra,gk(c)

in the factorial ring A[a]. Since one can assume that R /rs is in reduced form, ro divides
Rs ;1 in Afa]. Therefore, one has

(524) t(T’z) S t(R27J7]€).

This implies that R divides Ry, jx, which gives t(Rj) < t(R1,s%). From the condition
T4 (inequality (5.2)), one has

m
vosf (T )
t | 72Res j:nHH ’ < "t(Ry gk) + K |log(n +1).
b1 (x)k1+17 s 7Pn(=’13)k"+1
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As a consequence of this inequality and (5.24), we get

var /(1] ) |

Res

j=n+1 - 7‘2’
pr(z)F L py (@)t
with
(5.25) max(t(r1), t(r2)) < max(t(Re,71), "t (R1.7%)) + |k | log(n + 1).

It remains to give estimates for the sizes of the polynomials Ry ;5 and Ry jx, which we
will do now. Note that one can use the same denominator ro for all the residue symbols

x%lx/( ﬁ p§j+1>

Res j=nt+1

1+1

pi(x)t L pa ()Tt

with [I| = |K/].
The final estimates for Ry j; and Rs jj are done using formula (5.22). We need to
compute explicitly a residue symbol of the form

Res[l] : =
Sy qi(at)p T T R
J / 1= J ; .
o j=nt1 A ok
tﬂ+1+|5/|—|l|’ Rlll—’_l(xlv CY), ce 7R£7,n+1(37na Oé)

where [ € N™ and |[| =13 + -+ 1, < |K'|+|s’|. We will keep [ fixed for the moment. Let
us estimate first the degrees in the variables x and t, of the polynomial

(e, z,t) = 2’ Az, p', at) H ( Z qji(at)p;ij—i—1>

j=n+1 =0

kj+1

1.
H S (xj,a,t).
j=1

In terms of the CZj :=deg Q; and d := max(czj), the degree of T in any z; is at most

[J|+D1» (dj—1)+ > d;iD(k;+1)+ > Ljd; < |J|+ndDy + dDy, (|k| +m).
j=1 j=n+1 J=1

Since d < @ (2n + 3)D,, D by (5.20), we obtain
(5.27) deg,, T < |J| + Cow*n D2 D(|k| + D +m).
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Similarly,

deg, T <> (d; — 1) Z (ki + 1)+ > (dj — s; — Dl < d(|k| +m) + n*d>.
j=1 Jj=n Jj=1
Therefore,
(5.28) deg, T < Cow?*n* Dy D(Dy D + |k| +m).

We need now to estimate the size of the polynomial, in o, z;, Réjﬂ(xj, «). If the aj; are
the coefficients in the expansion of R; as a polynomial in «, then, it follows from property
(5.2) of the size that we have

(5.29) t(aji(z;)) < ct(Qy) + 'djlog(n + 1),

so that using property (5.1) we obtain

t(R;) < cmax(t(aj;) + 'd;log2) + ¢’ log <Sj : n)
? J
< *t(Q;) + cc'djlog(2n + 2) + ¢'nlog(s; +1).

Therefore, from the estimate (5.17) we conclude that

t(R;jJrl) < (K| +n b (d,) + 1)(c*t(Q;) + cc'd; log(2n + 2) + 'nlog(s; + 1))

(5.30) < (|k| +nd + 1) (cow(2n + 3)D(c*h + ¢*¢' Dy log(2n + 2))+
+ e’ Dlog(2n + 2) + ¢'nlog|w(2n + 3)15])
< Cow*n®cD(|k| + D) (h + ¢ Dy log(2n + 2))

Similar size estimates hold for the polynomials Sé-j (as polynomials in z;, a, and ¢, of total
degree 2(d; — s; — 1)l;.) Namely,

(5.31) £(SY) < Cow?c®n®D(|k| + D)[h + ¢ Dy log(2n + 2)] .

We can do the same for the sizes of the polynomials T}, n+1 < j < m. Suppose first
that forn+1 <5 <m,
Z bjiult -

From the definition (5.21) and property (5.2) of the size we have
t(bji) < ct(Qy) + c'djlog(n +2),
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so that using (5.2) we obtain
2d; +n + 1)
2d;
< t(Q;) + ec’djlog(2n + 2) 4 ¢/ (n + 1) log(2d; + 1).

t(T;) < cmax(t(b;;) + ' log2) + ¢’ log (

Therefore, recalling (5.20), we conclude that, for n +1 < j < m,

(7)< (ky + 1)(6(Q)) + ec'd;log(2n + 2) + ¢ (n + 1) log(2d; + 1))
(5.32) < Cown(k; +1)¢* Dy D(h+ ¢ Dy, log(2n + 2)) .
For n+1 < j < m, let us write T (e, t) = vjo(a) + tfj (i, t). Let us define the polynomial

%

(vjo(a) — Tj(a, )T = vV (@) — Ty(a, )T (e, 1) .

Hence,

1%

Tj(a?t) + tm—|—|s’| Tj (aat)

1 =Tj(a,t) - ) ,
T ) v (@)

where Tj(a,t) = (—f}(a,t))"‘“s/'. Using the definition (2.22) of the residue symbol of a
rational function, one can replace in formula (5.26) the product [[7_, T} (a, t)~*i=1 by the
product

m >3 k;i+1 m f<,;—|—|5/| m
Ti(a,t) \™ 1 2k 41
H ( K+|s’| - H T+l H Tjj (a,t).
j=n+1 “Yjo (a) j=n+1 Yj0 (a) j=n+1

We will also need later an estimate for the size of Tj. This estimate can be obtained easily
using (5.1) once we note that

Tj(a,t)Tj(a,t) — U;J‘IS'l(a) . (Uj()(a) . Tj(a’t))m+|s/|

and that T; and vjo — T; have similar size estimates. The size of v;y is at most ct(7;) +
c'd;log?2, so that using (5.20) we have, if & = [K'| + 3770 ) s;(k; + 1),

t(T;) < A(k + | (t(T}) + 2¢'d; log(2n + 2)) + ¢ log 2
(5.33) < Cow?®n?(|k| + m)D2 D?(h + ¢ Dy, log(2n + 2))..

Now we are able to estimate the polynomial Ry ;5. Let

5j
0j—1 .
Rj(acj,a):iji(a)ij y jZl,...,n.
1=0
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Then
8 (lj+1)—-1

j + .-

s l:+1 0 (L;+1
R (25, 0) = piy ()2 4 py (@)

For 1 < j <mn, the (I; +1)d; x (I; + 1)d; companion matrix of the multiplication operator
by z; in A(a)[xj]/R;jJrl is

0 0 0

1 0 0

. 1 0 1 0

Uj=—5
0 (a) . .
: : : ' 1 0 _pl’.772(a)
0 - - - 01 —pjaa)
By (2.10), the residue symbol
i
Res z-f{ i ]
Rj] (xja O‘)

is one of the coefficients of the matrix Féj / p%“. (Namely, the last coefficient in the first
column.) On the other hand, we have

thodt Lifig=r+ 15| — |l
Res {tn+1+|s/|—|l|:| - {0 if not. ’ | ’ ‘

If we use these auxiliary computations in formula (5.26), we see that the residue symbol
is an element of A(«a) with denominator

n _— degmj T+1 m K+|s’]
()™ L i)™

j=1 j=n+1

A common denominator valid for all indices ! such that [; < &', 1 < j < n, will therefore

be .
Rap(0) = (Uf’”(a))

Since k + |¢'| < d(|k| + m) < @3(n + 1)D,, D(|k| +m) and also (see (5.2))

(;-c/—|—1)(degmj T+1) m k+|s’|
( 11 ”jO(a)kj+1> '

j=n+1

6(p% ) < ct(RYT) + ¢l + Ddjlog2, 1< <n,

ki+1 ki+1 .
t(vjo ) S cb(T;77) +c(kj +1)djlog2, n+1<j<m,

we obtain the final estimate for the size of r, since using (5.30) and (5.32) one finds that
(5.34) t(Ra. k) < Cow*n” ¢ D(|k|+D+m)(|J|+D? D(|k|+D+m))(h+¢ Dy, log(2n+2)) .
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By (5.24) we have that t(re) < t(Ra,s%), so that the estimate (5.34) is also valid for t(rg),
which gives the estimate (5.14"). Note here that the Ry s we found does not depend on
[ and is a common denominator for all residue symbols Res|l]. Moreover, we can use the
same denominator when we replace J by any multiindex J’ such that |J'| < |J|.

In order to estimate the size of a numerator for Res[l], we need first to estimate the

coefficients involved in any of the matrices F;j ; where 1 <4y,..., i, < max; deg, T. More
precisely, let us write
;. 1 U~y
X2 7
ris — (—W ) '
Pjo ()

If we define the size of a matrix as the maximum size of its coefficients, then, as p%“(a)
divides Rs j (), we obtain

(5.35) (RngHF”) < 6(Rosx) +t(ﬁ >

Jj=1 =

so that our first objective will be to estimate the size of any element in a matrix of the
form F;-j , 1< < deng T. The contribution of the residue symbol corresponding to the
multiindex (i1, ...,y,) in the development of Ry is precisely a particular element of this

matrix. The size of the matrix fj is estimated by
t(T;) < ct(R; ”H) + (I + 1)d;jlog 2 < ct(R; JJrl) +(k+ 18| +1)d;log2.

Since by (5. 1) t(>-,—1 fu) < max(t(f.) + deg(f.)log(m(f.) + 1)) + ¢'log p, we have, since
the matrix F 1nvolves only 2(l; + 1)d; — 1 non zero coefficients and any coefficient of F J

is a sum of at most (2d;(l; + 1))% products of coefficients of I‘],

t(T ; ) < (e (R;jﬂ) + (I + 1)d; log(2n + 2)) deg, T + ¢'i; log(2d;(1; 4 1))

< (ct(R, RYTY 4 (K| + |8 + 1)d; log(2n + 2)) deg, T + 3c'i;d; log(l; + dj + 2)
< (ct(R; " ) 3K |+ 1’| + 1)d; log(2n +2)) deg,,, T

< Cow*n®c*D(|k| + D)(|J| + D2, D(|k| + D +m))(h + ¢/ Dy, log(2n + 2)) .

Such an estimate, combined with (5.34) and (5.35), provides an estimate for the size of

n .
"
Royi []T5 -
j=1

We need also to estimate the size of the polynomial Y’ in z, o, ¢ defined as

T'(z,0nt) =T, t) [[ T (ant).
j=n+1
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In the factorization of this polynomial, the factors we still need to estimate are A(x, p’, at)

and all the terms of the form Z?ial qji(at)p;lri*l, for n +1 < j < m. In both cases we
need estimates for the maximum size of the coefficients of the polynomials Q;,1 < j <m,
and to simplify the notation, we will denote them by t;. Using (5.2) we have

(5.36) t; < ct(Q;) + c/djlog(n +2).

Then, for n+1 < j < m,0 < i < d;, we have, for the size of the polynomials ¢;;(at)
considered as polynomials in the n + 1 variables («, t),

2dj—|—n+1

<ctj+(n+1)log(2d; +1).
24,

t(gji) < ct; + c log (

Using now (5.1) and (5.36), we obtain an estimate for the second type of terms:

d;j—1
Z qﬂpjj —i ) < cmax (t(gji) + djh + ¢/ (Dpd; + 2d;) log(2n + 2)) + ¢’ log d;

< c*tj+cdj(h+ ¢ (D +2)log(2n + 2)) + ¢ (e(n + 1) + 1) log(2d; + 1)
(5.37) < Cownc® Dy D(h + ¢/ Dy, log(2n + 2)) .

We turn now to the estimation of A. Recall that

n

Qj(zj,at) = (Pj — ajt)Qjilwj,pat), 1<j<n,

i=1

and A = det[Qj;].
From Lemma 5.1 we know that we can chose the Q;; so that

(5.38) miaxt(jS) < c*(ct(Q;) + 7¢'d;j log(2n + 2)) .
Expanding each Qj; as a polynomial in v’ = (uy,...,u,) and v = (vy,...,v,), we get, for
1<4,5<n,
Qi) = 3 g (g5,
K1,K>

with the size estimates (from (5.2))

t(qj(thKQ)) < Ct(jS) + Clcij log(Qn + 1) )

Therefore, the size (as a polynomial in ug, «,t) of each term qu’KZ( o)t Ko K2 ig at

most ct(Q;i) + ¢’d;log(2n 4 1) + |K1|h, that is at most ct(Q;;) + d;(h + ¢ log(2n + 1)).
We conclude (using (5.1) again) that

(5.39)

t(Qyi(z;,p, at)) < Pt(Qj;) +cdj(h+2¢ Dy log(2n+2) +¢ log(2n+1)) +2¢'d; log(2n+2) .
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We then have, combining (5.38) and (5.39), that for any 1 <i,j <mn,
(5.40) t(Qji(x;,p,at)) < c"t(Q;) + cd;(h + 10c'c® Dy log(2n + 2)) + 2¢'d; log(2n + 2) .

We get immediately from that the final estimate for the size of A(xz,p’,at), that is, if
d/ = mMaxj<;j<n dj,

t(A(z,p', at)) < nc® maxt(Q;) + ncd (h 4+ 10¢ ¢’ Dy log(2n + 2) )+
j

+ 2ned d log(2n + 2) + 2nc’ D1d' log(2n + 2) + ¢’ log n!
< nc® maxt(Q;) + nc*d’ (h + 15¢'c° Dy log(2n + 2))
j

(5.41) < Cown®®D(h + ¢ Dy log(2n + 2)) .

In order to summarize the estimates for the size of the polynomial T/ we need to put
together the estimates (5.31), (5.33), (5.37), and (5.41). If we add the sizes of all factors,
we get

(5.42) t(Y') < Cow*n®® D2, D?(|k| +m)?(h + ¢ Dy log(2n + 2)) .

The total degree of Y’ as a polynomial in «, ¢,z can be estimated from (5.27), (5.28), and
the estimate of the degrees of the T},

deg,, ,(T}) < 2d;(r + |s']) < Con’w” D, D*(|k| +m).

We have then

(5.43) deg(Y') < |J| + Cow*n* D2, D*(|k| + m).
Let .
(z,a,t) Z T t“) ceegtn,
ieN7+1

We get, by (5.2),
max t(Y;) < ct(Y) + ¢ deg(Y’) log(n + 2)
< Cow?n’c® D2 D?(|k| + m)(|k| + D + m)(h + ¢ Dy, log(2n + 2))..
As we have pointed it before (see formula (2.10)), one can write
thodt
Ry, y 1 (a)Res[l](a Z T;(a)Res |:tn+1+|s’|} Eliir,in (Q),

ZGN”+1

where & ;, ;. () is one of the coefficients of the matrix RQ,(]’]ffil .. fj{l One can see eas-
ily, as a consequence of (5.1), that the size estimate for each polynomial Y/(a)& 4, ..i, (@)
is at most

Com*n ¢ D(|k| + D + m)(|J| + D2, D(|k| + D 4+ m))(h + ¢ Dy, log(2n + 2)) .
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On the other hand, the degree in a of the polynomial Ry jiRes]l] is at most
max deg(RLk/|+‘S/|+1) deg(Y’) + deg(Ra, s k)
1<j<n

< Cow*n®D*(|J| + w*n* D2, D?(|k| +m)),
Applying (5.1), it follows that the size of

Rl,J,k - Z RQ,J’kReS[l]

0<Ii<|k'[+[s']

thodt
- > re [ T,

0<1; <|k’|+|s'| i€Nn+1

is at most
(5.44) N N N N
t(Ry %) < Cow*n"c™ D(|k| + D 4+ m)(|J| + D2, D(|k| + D +m))(h + ¢ D,, log(2n + 2))

+ e Cow*n" (|k| +m) D2 D*log(n + 1) .

The conclusion of the lemma follows from (5.25), (5.34) and (5.44).

We will use in the next section a variant of this lemma.

Lemma 5.4. Let p1,...,Pn,Pntls---,Pm be m polynomials in Alx]| with size at most
h and degree at most D, such that p1,...,p, is a quasi regular sequence and the ideal
(p1, - -- o | pj) is Alz]. Assume that h > c’log(n + 2) and there is an n x n
matrix A = fajl] 1<s<n with coefficients in A, of size at most a, which is invertible in

M,,(K), and such that the polynomials

D; ::Zaﬂﬁl, j=1,...,n,
=1

have respective degrees D1, ..., D,,. Then, for any multiindices J € N" and k € N™ we
have

me/( ﬁ p§j+1> e

(545) Res j=n+1 =—, "= Tl(J7 k)? T2 = TQ(Ja k) €A.

~k1+4+1

=~k +1
pl 7"'7pnn+

Moreover,

t(r1) < Cow*n ¢ D(|k| + D + m)(|J| + D*D(|k| + D +m))(h + a + ¢'Dlog(2n + 2))
+ A Coww*n (|k| + m) D2, D*
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and
t(ry) < Cow*n"¢*D(|k| + D + m)(|J| + D*D(|k| + D + m))(h + a + ¢ Dlog(2n + 2))

where Cy is an absolute constant (independent of n and of the size), D = D;---D,.
Furthermore, we can use the same denominator ro if one replaces k1, . . . , k, by any n—uplet
(l1,...,l,) of integers such that |l| < |k| and J by any multiindex J' such that |J'| < |J|.

Proof. Since the matrix A is invertible in M, (K), the polynomials p1, ..., p, satisfy the
conditions of Lemma 5.3. From (5.1) one has

(5.46) t(p;) <cla+h+cDlog(n+1))+ ' logn.

We rewrite the residue symbol (5.45) using Proposition 2.4. Let § be the determinant of
the matrix A. Then

(5.47)
" m
5 J | |
v dx/ I » 3 Hn (T ! dg:/ b
Res LT =9 Hi q” ) Res j=n
7= lg.;il=k; 1=1 <qz’) (1<i<n -
pr+L ok 55 AT

where we recall from Proposition 2.3 the following notation for the matrix of indices g; ;

¢ =(q15,- 2 nj), G =(G1,--Qn) i=|a:]

</~Li) _ !
q;; Q¢,1! e 'Qi,n!

It follows from Lemma 5.3 that each residue symbol that appears in the right hand side of
(5.47) is of the form ri,/72, where 714,72 € A, 72 # 0 and

and

t(r1,4) < Cow*nc2D(Jk| + D + m)(|J| + D>D(|k| + D + m))(h + a + ¢ Dlog(2n + 2))
+ 2 Cyw* D2, D*

and
t(ry) < Cow*n"c¢*D(|k| + D + m)(|J| + D?D(|k| + D + m))(h 4+ a + ¢ Dlog(2n + 2)),

(We use here that ry can be chosen to be independent of g.) The number of terms (taking
into account repetitions) involved in the sum in (5.47) is at most

f[(”““ Y) s aen.
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Therefore, the size of the element

n
_ 223 Qij
n=o S I ) (I o)
=k b 1<i<n
<j<n lsjsn
is at most

t(r1) < £(9) + c(max(t(rig)) + [kla) + c'n(n —1)log(1 + |k]))

< cna + ¢(max(t(riy)) + |kla) + ¢'n(n — 1) log(1 + |k|)) 4+ ¢ logn!.
q

The conclusion of the lemma immediately follows from the size estimates for the 4. m

We will use extensively in the next section the following simple consequence of the
last result.

Lemma 5.5. Let p1,...,Dn,Pntls---,Pm be m polynomials in Alx| as in Lemma 5.4.
Let f € Al&,....&0,21,...,2,] of degree d and size t. Then, for any multiindex k =
(k1,...,km) one has

(5.48)
2)d 7
Res f(& x) w/(jzlllpg > _ Tlr(f) , ri=r1(f,k) € A[f], ro =ra(k) € A
ﬁ§1+17'--7ﬁ£n+1 2
with
(5.49)
t(?“i) <

At + Coww*n¢D(|k| + D + m)(d + D*D(|k| + D +m))(h + a + ¢ Dlog(2n + 2))
+ A Cow*n(|k| +m)D2,D* | i =1,2.
Proof. Let
F=> 188",
B

Using (5.2) we have
mﬁaxt(fg) <ct+cdlog(n+1).

Let 73 = ra(k) be the common denominator for all residue symbols of the form (5.45) with
|J| < d. We know from Lemma 5.4 that

(5.50) t(re) < Cow*n”c*D(|k|+D+m)(d+D>D(|k|+D+m))(h+a+c Dlog(2n+2)).

Let now r; g be the numerator of the residue symbol (5.48) when f is replaced by 2% and
we same denominator ro = ro(k). Then, we can write

L= Z fa(&)ris,
B
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where the estimates for the sizes of ry g are also given by (5.50), with the extra term
A Cow*n (k| + m)D,Qnﬁ4 .
Therefore, to estimate t(r1) we can use (5.1) and get exactly the statement of the lemma,

modulo a change of the value of Cj. m

Remark 5.5. It is possible to separate the degrees d, and d¢ in the statement of the
preceding lemma. In this case, the estimates for the size of the numerator and denominator
of f are

At + Cow*n" ™ D(|k| + D + m)(d, + D*D(|k| + D + m))(h 4 a + ¢ Dlog(2n + 2))
+ e Cown (k| +m) D2, D* + e’d¢ log(L + 1) 4 ¢nlogd .

6. Effective Nullstellensatz.

We provide now the solution of the Bézout identity with good degree and size esti-
mates.

Theorem 6.1. Let p1,...,pyp € Alxy,...,2,] and A be an integral domain with infinite
quotient field K. The ring A is assumed to be a factorial regular ring with Krull dimension
x and equipped with a size t (with corresponding c,c’, .) The degrees D; = deg(p;) are

assumed to be in decreasing order and h := max(t(p;), ¢’ log(n+2)). If p1,...,py have no
common zero in some algebraic closure K of K, there exists ro € A, and q1,...,qy € Alz],
such that

M
o = Z 4;Pj
j=1
with the estimates
deg(p;jq;) < n(n+1)*B(D,...,D,)+n(D; — 1)
t(pjq;) < Cow*2"n'7c S BAD? (h 4+ 9[(70D1)?"] + ¢’ log M + ¢’ Dy log(2n + 2))
t(ro) < Cow*2"n'"c*B*D? (h + 9[(y0D1)*"] + ¢’ log M + ¢/ Dy log(2n + 2))

where 7y, Cy are absolute integral constants, B = B(D, ..., D,,) is defined by (4.1), and
w is the constant depending on n,x and on the size t that appears in Lemma 5.2.

Remark 6.1. The case A = Z has been studied in [BY1] using analytic methods and we
obtained there a similar result with slightly worse estimates (for the values of ¢, ¢/, w in
this case, we refer to our previous Remark 5.3.)

Our main example will be A = F,[r,...,7,]. In this case, ¢ = 1, ¢ = 0 and

w = 2n + ¢ + 1, as seen in Remark 5.3. The function ¥ in this case (see Example 5.3) is
(k) ~ (log k/log p)*/q.
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Proof. We may repeat the same polynomial several times in the sequence p1,...,pas, SO
that one can always assume that M > n. First, we use the pigeonhole principle to find an
n x M triangular matrix (a;;) with coefficients in A, a;; = 1 and a;; = 0 for ¢ > j, such
that the polynomials P; defined by P; = ) a;;p; form a quasiregular sequence. We start
with P; = p;. Then, since P; has at most D; irreducible distinct factors in K[z] and the
field K is infinite, there are elements as; € A, j = 3,..., M such that t(ag;) < J(Dy +1)
and, if Py := py + ZJM:?’ as;p;, then (Py, P») defines a quasiregular sequence (even regular
whenever the ideal (Py, P) is proper.) In order to see that, let P; be the set of distinct
irreducible components of the variety {P; = 0} in Kn; for each v € Py, we choose a
point a, € 7 of and consider the non zero homogeneous polynomial in N — 2 variables

Ti(w) := H <p2(a'7) + ijpj(av)> .

v€P1 Jj=3

w3,...,Wpr

This polynomial has total degree at most D; and we can find, from the definition of
¥, a point w® € AM=2 such that T1(w®) # 0, with max(t(w9)) < 9(D; + 1); we take
az; = w?, 7 =3,...,M. Then, once P> is constructed, we go on and use the same idea
to construct Ps, considering this time the set of irreducible components in {P; = P> = 0}
(whose cardinal is at most D1 D2 by Bézout theorem since the sequence (Py, P,) is regular
whenever the ideal is proper.) The new coeflicients az; have their sizes estimated by

¥ (D1D2 + 1). Proceeding in the same way, we obtain a quasiregular sequence Py, ..., P,
. The maximal size of the P; is at most
(6.1) t(P) < c(h+9(D)+ ' Dilog(n+1)) +c'logM , i=1,...,n.

In the second step, consider the polynomials ® and ® of 2n2 + n variables associated
to Py,..., P, by Proposition 4.2 and Remark 4.3. Choose (U,V) € K**(*1) ¢ M, (R)

such that ®(U, V)®(U, V)%(V) # 0, where (V) is the product of all minors of the matrix
[vji] 1<j<n. The degree of ¥ is at most n2%", so that the total degree of the polynomial
1<1<n

®PY. is at most 22(m+) (n 4+ 1)4D2" < (49D1)%", where 7 is an absolute constant. Using
the definition of the function ¥ and the comment following that definition, one can find
(U, V) such that

(U, V)(U,V)S(U,V) # 0
(6.2)
max(t(u;1), t(v;1)) < 9[(v0D1)*"]

For N = (n + 1) the condition

B+ D, < 1
NB+D;, " n(n+t1)?

holds, and so, by Proposition 4.2, the following polynomial identity holds in Klz1, ..., z,]

Anuyv(z,y)dry A--- ANday,
(6.3) 1 = Res
(Ul(x))NB < Vl,P > ..., (U"(:C))NB < V",P >
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From now on, we assume that the variables U, V' have been fixed and so we will drop them,
as well as IV, from the notation, when convenient. In particular, we will denote by 0;(z) =
(UI(z))NB < VI P(z) >, j = 1,...,n. Correspondingly, we let A(z,y) = Anvv(z,y),
and J;; the entries of the corresponding matrix. We can choose the entries of the matrix
A in accordance to Lemma 5.1, so that they have good size estimates. We have

max(t(< V7, P >) < ¢(max(t(P)) + 9[(y0D1)*"] + ¢’ Dy log(n + 1)) + ' logn
J %

< c? (h +2¢/ (D1 log(n + 1) + 9[(y0D1)*"] + log M)) .
At this point, we have the following size estimates for the polynomials ©;, 1 < j <mn,

t(0,) < ¢ (h +2¢/ (D1 log(n + 1) + 9[(y0D1)*"] + log M))
(6.4) +c(n+1)*B(9[(y0D1)*"] + ' log(n + 1))

<c? <h + B(n+ 1)*(9[(v0D1)*"] + v0c log(n + 1)) + 2¢ log M)
so that the entries of A satisfy the estimates

(6.5) Irggx(t(5¢7j)) <’ (h + (n+1)*B(9[(v0D1)*"] + v0c log(2n + 1)) + 2¢’ log M) ,

as shown in Lemma 5.1.
Using exactly the same argument we used at the beginning of the proof, we find
coefficients ;4115 - -+, @nt1,0 Of size smaller than Y[(yoD1)?"] such that

M
q= Z On+1,5Pj
j=1

does not vanish on the algebraic variety defined by the polynomials ©;. We have the
following estimates for t(q),

(6.6) t(q) < c(h+9[(v0D1)*"] + ¢ Dy log(n + 1)) + ¢’ log M .

One can now rewrite the identity (6.3) by decomposing it into a sum of residues of
rational functions. This can be done here because the ideal generated by ©q,...,0,,q
is K[z]. In order to do this we introduce the Hefer divisors g,41; for ¢, that is, the
polynomials in 2n variables defined by the successive divided differences,

Qlr1y.. .y Tj—1,L5,Yj+15-++9Yn) —q\T1y... 3 Tj—1,Yj5-.-3Yn .
g, y) = Db et eoti) 20 Bt W) Gy,
J J
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We rewrite the determinant A(x,y) as

011 SR O1n Gn+1,1(T,y)
1
5n1 : T 6nn gn—i—l,n(xa y)
O1(y) —O1(z) - - - On(y) — Onl(x) q(y)

We can develop the (n + 1) x (n + 1) determinant in (6.7) along the last row and
obtain

69 Awn=5((TOW- 0@ En) +iaEn).

() \\ 7=
Since the residue symbol is annihilated by the ideal, we can rewrite (6.7) as a Bézout
identity

n Ay, y)da fq(x) A, y)da/q(a)
(6.9) 1= Res 0,(y) + Res q(y) -
j=1 O1(z),...,0,(x) O1(z),...,0,(x)

(in order to unify our notations, we used Ag(z,y) := A(z,y).) It is clear that (6.9) is an

identity of the form
M

1= piWgw),

J=1

where the ¢; are in K[z]|. This is going to be the formula that solves the effective Nullstel-
lensatz with good estimates. Note that, up to this point, we already have the estimates
for the degrees.

Let us now consider the problem of size estimates. The size of the polynomials Aj,

j=0,...,n, can be obtained immediately from the estimates (6.5) and Lemma 5.1 applied
to gn+1,5, J = 1,...,n. We have
(6.10)

t(A(z,y)) < nc® (h+B(n+1)3(19[(70D1)2n]+700/ log(2n+1)) +2¢’ log M) ,j=0,...,m.

We now introduce
P;1(z) =< VI P(z) >, Pja(z):= U (2))VP, j=1,...,n,
and apply Lemma 2.3 in order to express differently the residue symbols

Aj(x,y)da/q(x)
Res , J=0,...,n.
O1(x),...,0,(x),
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The hypotheses of the lemma are fullfilled since ®(U, V)gf)(U, V) # 0. Then, we have, for
any 0 < s <n,

(6.11)  Res As(%y)d:r/q(:v)}: T Res (As(x’y)/Q(x)lgnPij>dx

O1,...,0, L
1§]17"'a]n§2 P . P .
17j17"" JIn

Any of the residue symbols in the right hand side of (6.11) can be computed using Lemma

5.5. More precisely, for s fixed in 0, ..., n, consider the residue symbol
(As(%y)/CJ(x) H Pz‘j>d$
Res S
P17j1, o e 7Pn7jn

Up to sign, one can rewrite it as

As(x,y)dx/q(w)(njej <V, Pz) > ) (Hiez Ui(x)NB)

< Vi p(x)>,...,<Vie p(x) >, (U (2))NB, ..., (Ulr—n(z))NB

(6.12) Res

where Z = {iy,...,i,} and J = {j1,...,Jn—p} define a partition of {1,...,n}.

We use now an argument due to M. Elkadi (see [El], [BGVY, p. 125-126]). For any
subset Z C {1,...,n} of cardinal p, one can find, since (V') # 0, u linear combinations
AT1y--3qz,, Of <V P> .. <V P> of the form

az; = ZPI,j,lPl, j=1,...,u,
=5

with the pz ;; all different from zero. Moreover, the coefficients involved in such linear

combinations ¢z ; are product of at most p minors of the matrix [v;;] 1<j<». So the maximal
1<i<n

size a of such coeflicients is at most
en® max(t(v;)) + ¢'nlog(n!) < en?(9[(voD1)™] + log(n + 1)) .

Therefore, if Z = {i1,...,4,}, we can apply Lemma 5.5 with m = 2n + 1, p;, (z) = gz ; for
j=1,...,u, pi(x) =U(x) if i ¢ Z, and ppi1,...,panr1 are the polynomials

<V Px)>i¢T, U(x),icT;q.
The matrix A in the statement of this lemma is the matrix which changes the system of n
polynomials

(< VL P> icZ;Ux),ic{l,...,n}\I)
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into the system |
(gz5,7=1,..., 05U (x), i€ {1,...,n}\ ).

We let k£ be the multiindex corresponding to the exponents of these polynomials as they
appear in the residue symbol (6.12). We have |k| < 2n(n + 1)>B. As a consequence of
Lemma 5.5, the residue symbol (6.12) can be written as rz1/rz 2, where r7; € Alyl,
rz2 € A, with size estimates

)

n_lz%);t(rz,i) < nc’ (h + (n+1)>B(I[(v0D1)*"] + v0c log(2n + 1)) + 2¢' log M)
+ Cow*n'c'®B1D? (h + I[(VoD1)?"] + ¢’ log M + a + ¢’ Dy log(2n + 2))
(6.13) < Cow'n'"c'*B*D? (h +9[(y0D1)*"] + ¢ log M + ¢’ Dy log(2n + 2))

Note that the denominator rz o does not depend on the index s € {0,...,n} chosen earlier.
We take now as ro the product of all rz 4, Z C {1,...,n} and obtain our final estimates
thanks to (5.1). n

Corollary 6.1. Let p be a prime number and q a positive integer. Let p1,...,py be
polynomials in F,[y,...,74|[z1,..., x| such that the corresponding degrees D; in the x
variables are in decreasing order, assume that the ideal they define in F, [T, z] contains a
non-zero element in F,[r|. Let 0 be an upper bound for the degrees of the p; in the T
variables, then one can find ay € Fy[7] and polynomials a1, ...,ap in Fp[r, x] such that

M
apg = E ajpj
j=1

and, for1 < j < M,

deg, (a;p;) < n(n+1)°B(D,...,Dy) +n(Di — 1)
deg, (a;p;) < Con'"(n+ q)*B(Dx,...,D,)*D%(6 + (nlog Dy)Y/9)

where Cy is an absolute constant.
Corollary 6.2. Letp,...,pym € Z[x1,...,x,] such that their degrees D; are in decreasing

order and their maximum Mahler sizes h(p;) are bounded by h. Assume they have no
common zeros in C™. Then, there are polynomials q; € Z[x] and a positive integer qo such

that
M
G =Y 4D
j=1
and, for 1 < j < M,

deg(g;p;j) < n(n+1)°B(Dx, ..., Dn) +n(Dy — 1)
max (log qo, h(q;)) < k(n)B(D1,...,Dy,)*Di(h + nlog D1 + D logn + log M)
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where
r(n) = Con?'2"(8log(n 4 1))*" T8

and C'y is an absolute constant.

Remark 6.2. The estimates for the Mahler size in Corollary 6.2 are an improvement on
the results from [BY1]. One can ameliorate the degree estimates in this corollary, while
keeping the same size estimates, by taking into account (3.15) (valid in the characteristic
0 case) instead of Proposition 3.4 in order to improve Proposition 3.5 and thus sharpen
the choice of N in Proposition 4.2. The degree estimates for the ¢; will then be the same
as in (1.4).
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