1010.5060v1 [math.CV] 25 Oct 2010

arxXiv

Mellin transforms of multivariate rational functions

Lisa Nilsson & Mikael Passare

ABSTRACT. This paper deals with Mellin transforms of rational functions g/ f
in several variables. We prove that the polar set of such a Mellin transform
consists of finitely many families of parallel hyperplanes, with all planes in
each such family being integral translates of a specific facial hyperplane of
the Newton polytope of the denominator f. The Mellin transform is naturally
related to the so called coamoeba A} = Arg (Zy), where Z; is the zero locus of
f and Arg denotes the mapping that takes each coordinate to its argument. In
fact, each connected component of the complement of the coamoeba A} gives
rise to a different Mellin transform. The dependence of the Mellin transform
on the coefficients of f, and the relation to the theory of A-hypergeometric
functions is also discussed in the paper.

1. Introduction

The Mellin transform M, of a locally integrable function h on the positive real axis
is defined by the formula

0 M) = [ Z

provided the integral converges. Here s is a complex variable s = o 4it. The Mellin
transform is closely related to the Fourier-Laplace transform via an exponential
change of variables. More precisely, the value of Mj(s) is equal to the Fourier—
Laplace transform of the function x — h(e™%) evaluated at the point —is.

In this paper we consider Mellin transforms of rational functions h = g/f,
where g and f are polynomials. Since the general case is easily settled once we
have fully investigated the special case where g = 1, and since this will simplify
our notation and therefore clarify our argument, we shall focus mainly on the case
h=1/f.

Let us start by considering the one-variable situation. Given a polynomial
fE)=a+arz+...+apz"

we assume for the moment that its coefficients ag,...,a, are positive numbers.
Then the integral with h = 1/f converges and defines an analytic function in
the vertical strip 0 < o < m.
One can in fact make a meromorphic continuation of this Mellin transform and
write it as
(2) My/p(s) = ®(s)I'(s)l'(m — s),
1
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where @ is an entire function. To see this, let us first look at the case of a simple
fraction 1/(a + bx). In this case one has the explicit formula

M )p(s) = a® "0 °I(s)I'(1 — s),

which can be easily established for instance by means of a residue computation.
Now, considering a general product

f(z)=||(a; +2),

—:

1

J

one can decompose 1/f into a sum of simple fractions and hence immediately
deduce that its Mellin transform will be of the form ¥(s)I'(s)['(1 — s), for some
entire function W. In fact, a straightforward residue calculation shows that

W(s) = —e"™ Y res[2"/f(2)],
and by the theorem on the total sum of residues it then follows that
U()=v((2)=...=¥(m—-1)=0.
This means that we obtain formula (2) with ®(s) = ¥(s)/[(1—s)---(m —1—s)].
We have thus found that all the poles of the meromorphic continuation are
located at the two integer sequences 0, —1,—2,... and m+ 1,m + 2,... emanating

from the end points of the interval [0,m]. Notice that this interval is the Newton
polytope of our one-variable polynomial f.

As a matter of fact, in the above discussion we did not actually need to assume
that the coefficients ag, a1, . . ., a,, be positive. A necessary and sufficient condition
for the argument to work, and in particular for the integral to converge, is that
f(2) # 0 for all real positive values of z. Another way of formulating this latter
condition is that f should have no roots with argument zero.

We now turn to the multidimensional case, and we begin looking at a simple
example with the denominator f being an affine linear polynomial.

Example 1. Consider the polynomial f(z) =1+ 21 + z2. The Mellin transform of
the corresponding rational function 1/f is then given by the integral

00 poo 81 .82 00 poO 00
2tz dz1dzo 1 ea—1
/ / 1 ~2 _ Zil 1252 16 v(1+21+z2)dzld22d,u,
0 0 1 + z1 + Z9 Z1%2 0 0 0

which after the coordinate change t = vz1, u = vzo becomes

/ tsl*leftdt/ usz*lefudu/ v T2 ey =T (1) (s2)T(1 — 51 — s2) -
0 0 0

We shall see in this paper that the fact that the poles of the Mellin transform
are determined by a product of I-functions is not unique for the special cases we
have considered so far. In fact, the Mellin transform of a rational function in any
number of variables will turn out to be always a product of I'-functions in linear
arguments, multiplied by some entire function, so that the only poles of the Mellin
transform are the poles of the I'-functions. Moreover, the configuration of polar
hyperplanes is governed by the Newton polytope of the denominator polynomial,
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with one family of parallel hyperplanes emanating from each facet of the Newton
polytope. Many of the results have been announced previously in [I3]. Let us note
in passing that a similar phenomenon can be observed also for Mellin transforms
of more general meromorphic functions, with transcendental denominators. As an
illustration of this we recall the classical formulas

Mije= =T(s) and  Myje=—1) = ((8)['(s) = (s = 1)¢(s)I'(s — 1),

where ¢ denotes the Riemann zeta function.

2. Newton polytopes and (co)amoebas

Throughout this paper f will denote a complex Laurent polynomial

(3) f(z) = Z aazaa aq € Cy

a€cA

where A C Z™ is a finite subset and C,. denotes the punctured complex plane C\{0}.
Here we use the standard notation z* = 27" - - 29" for z = (z1,...,2,) € CL

The Newton polytope Ay of the polynomial f is defined to be the convex hull
of Ain R™. We shall primarily be interested in the case where Ay has a nonempty
interior. Like any other polytope, the Newton polytope A; may be alternatively
viewed as the intersection of a finite number of halfspaces:

N
(4) Ap=({o €R™; (k. 0) > wi},

k=1
where the pp € Z™ are primitive integer vectors in the inward normal direction of
the facets of Ay, and the v, € Z are integers.

In general we will let I' denote a face of the Newton polytope of arbitrary
dimension, 0 < dim(I") < dim(Ay), and we define the relative interior relint(I") of
such a face to be the interior of ' viewed as a subset of the lowest dimensional
hyperplane containing it. For each face I' we also introduce the corresponding
truncated polynomial

fr= Zaazav

acTl
consisting of those monomials from the original polynomial f whose exponents are
contained in the face I' of the Newton polytope Ay.

The amoeba Ay and the coamoeba A’f of a polynomial f are defined to be the
images of the zero set Zy = {z € C}; f(z) = 0} under the real and imaginary
parts, Log and Arg respectively, of the coordinatewise complex logarithm mapping.
More precisely, one has

Ay =Log(Zy) and A} = Arg(Zy),
where Log(z) = (log|z1],...,log|z,|) and Arg(z) = (arg(z1),...,arg(zn)).
Writing w = z + 40 € C" and 2z = Exp(w) = (exp(wy),...,exp(w,)), one

obtains the identities © = Log(z) = Re (w) and 6 = Arg(z) = Im (w), as illustrated
in the following picture.
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R" <— C" —>= R" — (R/2nZ)

FIGURE 1. Real and imaginary parts of the complex logarithm mapping

The amoeba Ay is a subset in R™, whereas the coamoeba A’; can be viewed as
being located either in the n-dimensional torus (R/27Z)™ or as a multiply periodic
subset of R™. This reflects the multivaluedness of the argument mapping.

For brevity of notation we denote the amoeba and the coamoeba of a truncated
polynomial fr by Ar and Af.

3. Mellin transforms of rational functions

The natural generalization to several variables of the standard Mellin transform of
a rational function 1/f is given by the integral

2% dzy N...Ndz, els:@)
5 Mi/¢(8) = = dry N... Nxy,
©® 1) vy f(2) 2z re fle®) !
where R} = (0,00)" denotes the positive orthant in R™. In order for such an

integral to converge one has to make some assumptions about the exponent vector
s and also about the denominator f. It turns out that it is not enough to demand
only that f be non-vanishing on R”}.

Definition 1. A polynomial f is said to be completely non-vanishing on a set X if
for all faces I' of the Newton polytope Ay the truncated polynomial fr has no zeros
on X. In particular, the polynomial f itself does not vanish on X.

Remark. This concept of completely non-vanishing polynomials is closely related
to the notion of quasielliptic polynomials discussed in [5].

Theorem 1. If the polynomial f is completely non-vanishing on the positive orthant
R? then the integral @ converges and defines an analytic function in the tube
domain {s €C"; Res=o0 €int Ay }

Proor. It will suffice to prove that for any given s with o € int Ay there are
positive constants ¢, k > 0 such that

(6) |f(ew)ef<s’m>| = |f(e””)‘ e~ (02 > ceklel gy e R

The proof is by induction on the dimension n. The case n = 1 is easy. Let «
and 3 with o < 8 be the two endpoints of A¢. Then for sufficiently large negative
x one has

)] 7 2 1 faa] el
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and for sufficiently large positive z
1
|f(€x)| efcrm 2 5 |a5| e(ﬁ*a)|ﬂﬁ| .

Now make the induction hypothesis that the inequality @ holds for dimensions
< n —1, and consider a polynomial f of n variables. For each face I' of Ay, with
0 <dimTI < n —1, the given point o can be expressed as a convex combination
o=MXor+(1—-XNm,

where or € relint(I') and 7 € relint(conv(A \ T')). Fix a choice of such a point o
in each face I', and consider for each I' the new convex polytope

Ar = conv((A\T)Uor) .
Notice that when dimI' = 0, that is, when I' is a vertex of Ay, one has Ap = Ay.
Notice also that the original point ¢ belongs to each Ar.

Let 5{‘ be the outer normal cone to Ar with vertex at or:
(7) Cr={zeR"| (£ —op,x—or)<0,VEcAr}.

All these cones Cr are of full dimension n and together they almost cover the entire
space R™. More precisely, the complement

R\ (Ucr)

is a bounded subset of R™. Then one can let Cr be a slightly smaller closed convex
cone, still with vertex at or, such that Cr \ or is contained in the interior of 51“,
and such that the complement of the union UrCr is still a bounded set. Notice
that for € Cr \ or the inequality in will be strict, and we may in fact assume
this to be true uniformly.

‘We now observe that it is enough to prove the estimate @ for z € Cp. Actually,
it suffices to do it for 2 € Cr \ Br(0) for some large ball Br(0). From the induction
hypothesis we conclude that there are constants cr such that

fr(en)e (o)

Indeed, fr(e*) is a function depending on fewer variables than n, since it is homo-
geneous in directions orthogonal to I', and or € relint(Ay.).

>cr >0, zeR".

For each face T' let gr(z) be the function containing all the monomials not on
I" so that fr + gr = f. Now we use the decomposition f = fr + gr so that one
obtains

® Flem)e () = o) (fr(er)e o) - gp(e)e )

Take « € Cr and write z = or + y. Recall that o € Ay. The first factor glor—o.z)
can be estimated from below by coe®!¥! with the positive constants ¢o and k given
by ¢o = exp{or — o,0r), and

k=min{(ocr —o,y); ly| =1, or+y€Cr} >0.

Assuming, which we may, that || > |or|, and hence that |z| — |op| > |z —or| = ¥,
we find

elor—o.z) > o oklzl ,
where ¢; = ¢geFlorl,
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To finish the proof of the inequality we now only need to bound the expression
in brackets in from below by a positive constant. From the induction hypothesis
we have that

|[fre 0P > ep > 0,
and it is therefore enough to show that the remainder term gp(e®)e={7r®) stays
small, say < ¢p/2. We have the identity

e = Y ane@? 3y elon
acA\T ac A\l
Since a € Ar we have a strictly positive constant
ko =min{ (or —a,y); [y|=1, or+y€Cr},
and hence
‘aa e(%@‘ — |da €<UF_O‘vy>| < |da| e Falyl
This means that for some large enough Ry one has
lgr(e) e*<"r’$>| <c¢r/2, whenever |or+x|> Ry, v €Cr.

Hence there is an inequality |f(e®)exp (—(or,x))| > cr/2, and we can conclude
that for all z in Cr \ Bgr(0), for some large ball B(0), one has the desired estimate

‘f(61)67<g’z>
with ¢ = ¢ierp/2. O

>cefl®l z e R,

Having thus established the convergence of the integral defining the Mellin
transform, we now turn to the question of finding its analytic continuation as a
meromorphic function of s in the whole complex space C". The polar locus of
the meromorphic continuation turns out to be a finite union of families of parallel
hyperplanes. The normal directions of these hyperplanes are precisely the vectors
i from the representation of the Newton polytope Ay.

Theorem 2. If the polynomial f is completely non-vanishing on the positive orthant
R’} and its Newton polytope Ay is of full dimension, then the Mellin transform M 5
admits a meromorphic continuation of the form

(9) Ml/f<s> :(I)(S)HF<<MI€75>_VIC)>
k=1

where ® is an entire function, and where ug, vy are the same as in equation .

Before giving the proof of this theorem let us illustrate the idea of the argument
by means of a specific example.

Example 2. Consider the polynomial f(z) = 1+ 23 + 22 + 2122. It is easy to check
that the representation of its Newton polytope is given by
{o1 20} N{o1 —02 > -1} N{-201 — 03 > —4} N {02 > 0},
so in this case the Newton polygon A has four inward normal vectors given by
p=(1,0), po=(1,-1), p3=(-2,-1), and pus=(0,1).

We know from Theorem 1 that the Mellin transform M, ,; is holomorphic for all
s = (s1,82) whose real part o = (01, 02) lies inside the Newton polygon Ay. In
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order to achieve a meromorphic continuation of M;,; across the left vertical edge
of Ay it suffices to perform an integration by parts with respect to z1. Indeed, this
gives us the identity

1 [0 (222 + 2122) 251252 dz1dzo
(10) Mys(s) = */ / (221 22> L ,
siJoJo (L+2za+2f+2123)% 2120

and we claim that this integral, that is, the Mellin transform multiplied by s1,
converges for all s with real part ¢ in the dark triangle on the left in Figure 2.
This means that M,y has been continued meromorphically over the hyperplane
s1 = 0 as desired. To verify the claim we decompose the integral in into two
Mellin type integrals containing the integrands 22%+Slz§2/f2 and z}+slz§+52/f2
respectively. Since the Newton polygon of the denominator f2? is equal to the
original Ay dilated by a factor 2, we see that the convergence domains for these
two integrals are given by the translated polygons (—2,0)+2A and (-1, —2)+2A;
respectively. The sum of the integrals therefore converges on the intersection of the
translated polygons, and this is precisely the dark triangle on the left in Figure 2.

FIGURE 2. The convergence domains (dark) of the integrals after
the two cases of integration by parts, given as the intersection of
two translated copies of Ay2 = 2A;. The dashed polygon is Ay.

We have thus seen how a meromorphic continuation can be carried out in the
horizontal direction, that is, in the direction given by p;. Suppose next that we
wish to obtain a similar mermorphic extension across the upper left edge of Ay,
the one with normal vector pus = (1,—1). The way to acheive such a “directional
integration by parts” is to suitably introduce a parameter A and then to differentate
with respect to A. More precisely, we make the coordinate change z; — Az,
29 — A"129 and obtain

Mgt = rivn [

OO/OO 27t 252 dz1dzo
0Jo

At 22+ A322 + 2122 2120

Here the left hand side is obviously independent of A\. Hence so is the right hand
side, and after differentiating and plugging in A = 1 we find that

0= (1 e 82)/00/00 zflzé‘” dz1dzs _/OO/OO (1 + 32,%) Zf122§2 dz1dzy .
0Jo flz2) =2z 0 Jo f(z)? 2122
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This relation can be re-written as

VI T T s — s 0Jo f(2)? ’

zZ122

and reasoning as above we find that this latter integral converges for all s with real
part o in the dark polygon on the right in Figure 2, thereby yielding a meromorphic
continuation across the hyperplane s; — so = —1.

This method of repeatedly performing integration by parts in all the directions
ik, by using the corresponding coordinate changes z; — A\**i z;, is the basis for our
proof of Theorem 2, and it gives a global meromorphic continuation of the original
Mellin integral. For our special example, the picture below indicates the full set of
polar hyperplanes, going out in all directions from the Newton polytope Ay.
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FIGURE 3. Polar hyperplanes of the Mellin transform M, ;.

Remark. For the Mellin transform of a general rational function g/f each mono-
mial in the numerator g produces an integral similar to the one in the theorem,
except that we get a shift in the variable s by an integer vector. This corresponds
to a translation of the Newton polytope of f, and hence also of the domain of
convergence of that particular integral. If g has several monomials it can very well
happen that the intersection of all the corresponding shifted polytopes is empty. In
that case the integral defining the Mellin tranform may not actually converge for
any values of s. Nevertheless, performing the meromorphic continuation of each of
the integrals associated with the monomials from g and then summing these mero-
morphic functions, we still obtain a natural interpretation of the Mellin transform
Mg, s as a meromorphic fucntion in the entire s-space.

Proor. We prove that the integral can be re-written in such a way as to
make it have a larger convergence domain, at the expense of having to multiply the
integral with reciprocals of linear terms corresponding to the poles of the gamma
functions. In order to achieve this we shall repeatedly “integrate by parts” in each
of the directions given by the vectors pi. FEach such step consists in first making
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the corresponding dilation (z1,...,2,) — (A2, ... A¥enz ) of the coordinates,
then differentiating with respect to the dilation parameter A, and finally setting A
equal to 1.

Note that, if I" is the facet of Ay with inward normal vector j, the truncated
polynomial fr has the homogeneity fr(A*z) = A* fr(z). Hence, the scaled poly-
nomial A™¥* f(A#*z) has the property that all its monomials with exponents from
I" have coefficients that are independent of the parameter A. This means that in
the differentiated polynomial

Ger (2) = % (A r2))

A=1

there are no monomials with exponents from the facet I'. Its Newton polytope is
therefore strictly smaller than Ay, with the integer v, from the original inequality
(uk, o) > vy, being replaced by v, + 1, or possibly by an even larger integer.

Starting from the original integral expression ({5)) for the Mellin transform M/,
introducing the parameter A, and keeping in mind that M, ; itself is of course
independent of A, we obtain

0= i (Aukz)s,% = i [A(Hkﬁ)ﬂ/k / 2 %:|
dX Jrn f(M2) 2 dA e ATVRf( AR Z) 2z 17

"
which upon performing the differentation and setting A = 1 yields the identity
2°Ge, (2) dz

(11) (<Mk75>*7fk) M1/f(5) :/ —_— .

R? fz)? 2

As we shall iterate this procedure it will be important to keep track of polytopes
of different sizes, and to this end we introduce, for any vector v € Z", the notation

I

A(y) = [ {o €R™; (g, 0) > .}

k=1

In particular, we have Ay = A(v). Now let m € NV be a given vector, and perform
the integration by parts m; times in the direction of u;, for each j = 1,...,N. The
total number of such integrations will thus be |m| = my +...+my. We claim that
this iterative process leads to an expression for the Mellin transform that is of the
form

1 2% gm(2) dz
(12 Maypls) = H;V:1 u;(s) Jro f(2)HF1m Z

where gy, is a polynomial whose Newton polytope satisfies Ay € A(|m|v + m)
and u;(s) = Zn:jo_l(mj, s) —vj +£), with the convention u; = 1 if m; = 0.

The proof of the claim is by induction. First we check that it holds true in the
case |m| = 1, that is, when m is a standard unit vector e, with 1 in the k’th entry
and zeros elsewhere. Indeed, this is precisely the content of formula , where we

recall that the Newton polytope of g., is contained in A(v + e).
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Assume now the claim to be true for some given vector m, and let us show that
it then holds also for m’ = m + e, where e, is a unit vector as before. Introducing
again the dilated coordinates A\**z, we can re-write the integral in equation as

)\(Mk,8>*uk+mk/ e A*lmlyk*mk‘gm()\ﬂk Z) %
B A= (FmDi f(\pe z)1+Im]
We should then differentiate this expression with respect to A and put A = 1.
When the derivative falls on the monomial in front of the integral we get a factor
(k. 8) — v, +my, which is precisely what needs to be incorporated into the function
uy, and when we differentiate under the sign of integration we arrive at an expression
of the form

2% gme (2) dz

by T2 2

The new polynomial in the numerator is gn, (2) = (14|m|)ge, (2)gm (2) — f(2) Gm (2),
where

d
G — —|mlvi—my HE
gm(z) X </\ gm(/\ Z))

A=1

To finish the proof of the claim we must show that A, , C A(|m/|v+m'). We shall
use the fact that the Newton polytope of a product of two polynomials is equal
to the (Minkowski) sum of their Newton polytopes, and also the obvious general
inclusion A(y) + A(6) € A(y + §). Recalling the induction hypothesis, we first
see that the Newton polytope of the product ge, gn, is contained in the polytope
A(v+er)+A(lmlv+m) C A((1+|m|)v+m+ex) = A(|m'|[v+m’). Then, since the
polynomial g, has no monomials with exponents on the plane (i, o) = |m|vg+my,
we similarly get that the Newton polytope of the other term fg,, is contained in
A(v) + A(lm|y + m + ex) € A(|m/|v +m'). From this the claim follows, that is,
the Mellin transform is given by with g,,, satisfying A, C A(|m|v +m).

Our next step is to prove that the integral in converges and defines an
analytic function for all s with real parts o in the enlarged polytope A(v — m).
By considering separately each term of g,,,, we can infer from Theorem 1 that the
domain of convergence will contain (the interior of) the intersection

(13) () [+ m)ay —7]

TEA,,,
of translates of dilated copies of Ay.

Let us check that A(v — m) is indeed a subset of . Take an arbitrary
0o € A(v — m). By definition it satisfies the inequalities
(14) (ks 00) > Vg — My, k=1,...,N.
In order to see that o also belongs to the intersection (13, take any 7 € A, = and
observe that the polytope (1 + |m|)Ay — 7 is given by the inequalities
(15) (g, o0 +7) > (1+ |m|)vg, k=1,...,N.

What we have to show is that o satisfies these inequalities. In view of the inclusion
Ay, C A(lm|v +m), we have (g, T) > |m|vy + my for all k. Together with
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this gives
(k00 + 1) = (b, 00) + (pk, T) = v — My + |m|vg +my = (1 + [m|)vg,

so oy does indeed satisfy , and since 7 was arbitrary it follows that o lies in
the intersection .

In the interior of the domain A(r —m) +4R" the only poles of M;,; are given
by u;(s) =0, j =1,...,N. All these poles are simple. This is the same polar locus
as for the product [], I'({(ytx, s) — v&). By the theorem on removable singularities it
follows that the quotient My, r/ [T, I'((tx, s) — vx) = ® is holomorphic for ¢ inside
the polytope A(v —m). But here m € NV is arbitrary, and since the union of all
the A(v—m) is the entire space R™, we conclude that ® is in fact an entire function
as claimed in the theorem. O

4. Two special cases

In certain situations we are able to make our description of the Mellin transform
even more precise, and explicitly compute the entire function ® that occurs in
front of the gamma factors in Theorem 2. We have already encountered such a
case in Example 1 of the introduction, where we considered the transform of the
simple fraction 1/(1 4 z; + z3). Elaborating this example just a little further, and
considering a more general linear fraction 1/(co + ¢121 + ... + ¢pz,) with each
coefficient ¢ being a positive real number, one easily deduces the formula

(16) My p(s) =cgrttonters e sn T(sy) -+ D(sp)T (1 — 81— ... — 8p).

So in this case the entire function @ is equal to the elementary exponential function

=l — —s : . :
s gt The St emsn and in particular different from zero everywhere.

We shall now consider two families of examples that both generalize the case

of a linear fraction, namely products of linear fractions and rational functions that
are obtained from linear fractions by means of a monomial change of variables.

Proposition 1. Assume that the polynomial f(z) = HZL:O(I + {a, z)) is a product
of affine linear factors, with each a, € R’l. Then the Mellin transform of the rational
function 1/ f is equal to

(17) My p(s) = @(s)I'(s1)...T'(sn)T(m+1 =51 —... = 5,),
with the entire function ® given by
b= [
o al(/]—)Sl P an(q—)sn
Here oy, denotes the standard m-simplez { 7 € R ; Y"1, < 1}, and the ay (1) are
affine linear forms defined by

(al(ﬂ'), .. .,an(T)) = (1 - ZTk)ao +Ta1+ ..+ TG -

PROOF. We begin by first computing the Mellin transform of a power of the
type 1/(1 + {c,z))™*1. By performing repeated integrations under the sign of
integration we get

(_1)m dm

Myjaiemymer = 4= o Mijoe.a))

m! A=1
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Then, recalling the formula and using the simple identity

(_1)m dam /\51+...+sn71’ — ir(m+1_$1 — _Sn)
m!  dA™ =1 m! T(l—s—...—58,)
we find that
1 _ _
Ml/(1+<c,z>)m+l = —0C e Cns"F(Sl) <o F(sn)l“(m +1—51—...— Sn) .

m'

Next we make use of the generalized partial fractions decomposition

1 :m'/ dry -+ -dr,
[Tizo(1 + {ax, 2)) Jo, (Lt (a(r),2))mF

which occurs in the theory of analytic functionals and Fantappie transforms, see
for instance [I] or [I1]. From this formula we immediately obtain

M1 (+tan,2) = m!/ My /(14 (a(r),z))ym+1 dT1 - - - AT

which yields . ([

In particular, when m = n = 1 and f(z) = (1 + aoz)(1 + a12) we obtain the
entire function
dr 1 a; *—ay*® 1

= 1 = res[z* 71/ f(z
@(s)_/o((l_T) =D _resle” 1/ f(2)]

S
ao—i—q-al) 1—s5 a1 — ag

in accordance with the formulas mentioned in the introduction above. Similarly,
when n = 2 and f(21, 22) = (14+ao121 +a0222)(1+a1121 +ai222) the entire function
becomes
1
dr
@(81,82) :/ 3 >l
o ((1=7)aor +7ai1)” (1 = T)agz + Taiz)™

Here one may remark a close connection to the classical Euler beta function B.
Namely, if we let the coefficients ag2 and a1 become zero, we are left with

1
P(s1,52) = ap; tays? / (I—=7)"77%dr = apyt a2 B(1 — 81,1 — s2).
0

Since B(1 —s1,1—s2) =T'(1 —$1)T(1 — s2)/T(2 — $1 — $2) we see that the function
® is no longer entire. This is to be expected however, because the new polynomial
f(z1,22) = (1 + ap121)(1 + a1222) has a different Newton polygon, and the new @
should contribute to the change of I'-factors in the Mellin transform. In fact, when
ag2 = a11 = 0 we have the formula

My p(s) = @(s)I'(51)(52)1(2 — 51 — 82) = agy " ayy  T'(51)(52)I(1 — 51)T'(1 — 52) .

It is not always the case that all the polar hyperplanes of the gamma functions
in the representation @ are actual singularities for the Mellin transform M. It
may happen that the entire function ® has zeros that cancel out some of the poles.
A very simple example of this phenomenon is provided by the function f(z) = 142™
with m > 2. In this case the substitution z™ = w leads to the formula

1 [ ws/™ dw 1
My ¢(s) = %/0 T~ I(s/m)T'(1—s/m),

w m
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so the polar locus is just mZ. In fact, the entire function ® from @ is given by
B(s) = 1 T(s/m) (1 —s/m) 7
m I(s) T(m-—s)
and it has plenty of integer zeros. A slight generalization of this example is provided
by the following result.

Proposition 2. Let f(z) = 1+ 2% 4+ ... + 2%, for some linearly independent

vectors ai, ..., o, € Z", and denote by ¢ the non-zero determinant det(cr). The
Mellin transform of the rational function 1/f is then given by
1
Myyp(s) = 5 T((B1,8)) - D({Bn, s))T(1 = (Br,8) = ... = {Bn, 8))

where the By, denote the column vectors of the inverse matriz (cjx) .

PrOOF. We make the monomial change of variables za“ 2t = wj, so that
zj = wfjl - wl™ and dz/z = §tdw/w. The Mellin transform can then be written

28 dz 1 w{Pred P dw
Ml/f(s):/ T oo it 3 ;
R + 29 4. 424 2z R +wr+...tw, w

and the latter integral is of a similar form as the one in Example 1. (I

We point out that the Newton polytope Ay of the polynomial in Proposition|2| is

a simplex with one vertex at the origin, and that its normal vectors p1, . .., ti,4+1 are
integer multiples of the rational vectors f1,..., 8, and —(f1 + ...+ B,). Moreover,
one has 1 = ... = v, = 0 and v,4+1 = 1. In this case the entire function ®
occurring in @ is therefore of the form
_ 1 F<<51a3>) F(</6n75>) F(1_<5153>_"'_<ﬁm5>>
D(s) = = e .
6 D((pa,s))  T((pn, ) L1+ (pn+1, )

5. Mellin transforms and coamoebas

Let us return for a moment to the one-variable Mellin transform

oo eS.’L‘
w7
/58 F&) = ) fe)
where we assume, as before, that the polynomial f does not vanish on the positive
real axis and that the real part of s lies in the interior of the Newton interval Ay.

Our first claim is now that the value of the above integral remains unchanged if the
set of integration is rotated slightly. In other words, for |f| small enough one has

the identity
/ / / s(ac—i—zG)
f(z) Arg=1(6) f f( 6”’9

To verify this, we perform an integration along a closed path starting at the origin,
then running along the positive real axis to the point R, continuing along the circle
|z| = R to the point Re', and then going straight back to the origin, see Figure 4
below. Since 6 is close to zero, the denominator f has no zeros in the closed sector
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with arguments between 0 and 6. By the residue theorem the integral over the
closed contour is therefore equal to zero, and since the integrand decreases fast
when |z| — oo, the integral over the circular arc Cr can be made arbitrarily small
by choosing R large enough. The integrals along the two infinite rays are thus equal
as claimed.

Cr

R

FIGURE 4. The contour of integration in the residue computation.

From the above argument we see that the directional Mellin transform coincides
with the standard one as long as the two directions 6 and 0 belong to the same
connected component of the coamoeba complement R\A’f. Furthermore, it is clear
that the Mellin integral over Arg™'(6) converges for every choice of # outside the
coamoeba .A’f. A similar residue computation as above then again shows that the
directional Mellin transform only depends on which connected component of R\A’f
it is that contains 6.

Turning to the general case n > 1, there are two important differences to be
observed. On the one hand we recall the condition in Theorem|[I]that the polynomial
f should be completely non-vanishing on R’} = Arg~1(0) in order for the integral
to converge, and on the other hand we note that the coamoeba A’f is in general
not a closed set. The following result connects these two facts, and it allows us to
define the directional Mellin transform

s d (s,x+10)
(18) / I e — dz
arg-1(0) f(2) 2 rr f(e"10)

for each argument 6 that does not belong to the closure T}

Theorem 3. For any 8 € R” \Ai’f the polynomial f is completely non-vanishing
on the set Arg—*(f).

PROOF. For any given argument vector # we can consider the new polynomial
f2(z) = f(e2,...,e"%2,). Observe that .A}g +6= ’f, so that 0 € A/fg if and
only if 6 € A'f, and also that f? is completely non-vanishing on Arg™*(0) if and

only if f is completely non-vanishing on Arg~'(#). This means that it actually
suffices to prove the theorem for the special case 6§ = 0.
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Assume then that f is not completely non-vanishing on the set Arg='(0), so
that for some face I' one has 0 € Ap. In other words, there is an zp € R™ such
that fr(e®) = 0. We must show that 0 belongs to the closure ./T} This is obvious
if I' = Ay, so we can assume that dimI' < n — 1. Choose a vector 1 € Z" and an
integer v € Z such that (u, ) = v for « € I and (i, o) < v for a € Ay \T'. Writing
gr = f — fr we then have

fr(em=tm) = 3" g b0 tna) — o=v §7 g elena) — g

ael’ acl
and

gr(ezo*tu) _ Z o, elro,a)—t{uwa) _ —tv Z by, € tee ’
a€AN\T a€Af\T

where b, = a,e!*® and ¢, = (u, a)—v > 0. Now let £ > 0 be given. Choose a disk
D, of radius ¢ centered at zg and contained in a complex line on which the function
w — fr(e¥) does not vanish identically. Then translate this disk along the real
space, so that D, —tu is a disk centered at the point xg — tu for some large positive
number ¢. Since fr(e™) is non-zero on the boundary of D, we have | fr(e®)| > d > 0
for w € D.. This means that |fr(e”)| > §e~ on the translated circle D, — tu.
Taking ¢ large enough, we also have |gr(e*)/fr(e¥)] < 1 on 0D, — tu, that is,
lgr(e®)] < |fr(e®)|. Rouché’s theorem then tells us that f(e®) = fr(e®) + gr(e®)
has a zero w, in the disk D, —tu. So z. = e™= belongs to the hypersurface f(z) = 0.
But we also know that |Arg(z.)| = |Imwe| < ¢, and since ¢ was chosen arbitrary
we conclude that 0 € /T’f d

Remark. In the above proof we showed that all the facial coamoebas Af. are
contained in the closure A} of the main coamoeba. It is a fact, proved by Johansson
[12] and independently by Nisse and Sottile [14], that one actually has an equality
T
U Ar =4,

ICA;

Using Theorems [1{ and [3| we can now define a directional Mellin transform
for any 6 in the complement R™ \./T’ Just as in the one-variable case discussed
earlier in the section, the various Mellin transforms will in fact be equal for all
0 that belong to the same connected component of R™ \ A’,. This can be seen
by connecting two different values of 6 through a polygonal path such that along
each edge of the path only one component 0 is being changed. The invariance of
the Mellin transform under such a move is then a consequence of the one-variable
argument.

In order to put our next theorem in a proper perspective, it seems appropriate
at this juncture to recall some known facts about amoebas and Laurents series
of rational functions. A reference for these results is [6]. Associated with each
connected component E of the amoeba complement R™ \ A, is a Laurent series

representation
1 E _—«
=Y ek
f(Z) a€gZn
of the rational function 1/f. The coefficients of the series are given by the integrals
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1 a g (a,z+10)
k= — / z ez _ / eW de,
(27T’L) Log~1(x) f(Z) z [—m, 7" f(e )
where z is any point in the connected component E. Each such Laurent series will
converge in the corresponding Reinhardt domain Log ™" (F). We stress the fact that

the amoeba Ay is always a closed set, so in contrast to the case of coamoebas, there
is no need to take the closure of the amoeba.

The following result about coamoebas and Mellin transforms provides a prac-
tically perfect analogy to the above picture for amoebas and Laurent coefficients.

Theorem 4. For any connected component E of the coamoeba complement R™ \T}
there is an integral representation
1

m = /UHRH Mlb}f(s) 2 %ds,

which converges for all z in the domain Arg™*(E). Here o is an arbitrary point in
int Ay and

1 25 dz 1 els:x+if)
20 ME s=7_/ z B 2 / d,
(20) 177(%) @2ri)" Jarg-10) f(2) 2 2mi)" Jgu fle2+9)

with 0 being an arbitrary point in the component E.

(19)

ProoF. From Theorem [3|and (an obvious generalization of) Theorem [1| we see
that the integral converges, and from the discussion preceding Theorem [3| we
also know that the value of is independent of the particular choice of point
0eck.

In order to prove the identity it suffices to verify that, for all s = o + it
such that o € int(Ay), the function x — e{5#%) / f(¢#+1) is in the Schwartz space
S(R™) of rapidly decreasing functions. Then the result follows from well known
facts about inversion of Fourier transforms, see Thm 7.1.5 in [10].

For simplicity, and without loss of generality, we assume that # = 0. We have
lel®) [ f(e®)] = elo®) /| f(e®)|, and from the inequality @, which we established
in the proof of Theorem |1} we see that e(**) /f(e*) is an exponentially dercreasing
function. It remains to verify that all its partial derivatives have the same property.
Computing a typical derivative, we get

0 (€0 gnelr) el e

Ozp \ f(e") f(e®) fler)r 7

where f] denotes the derivative of the polynomial f with respect to z;. Here the
first term one the right hand side is just a constant times the original function, and

the second term is of the form
Z Qg e(a+a,a:)
flem)?

a€A

(21)

The Newton polytope of the denominator is A2 = 2A, so o+ € int A y2 for every
a € A, and hence each term in the sum satisfies the conditions of Theorem [I} This
means that the derivative is a finite sum of functions to which we can apply
Theorem |1f and the inequality @ By induction this implies that all derivatives of
ef5) / f(e*) decrease exponentially. O
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Remark. It is clear that if £’ is a connected component of R™ \/T} that is obtained
by just translating another component E by 2mey, then the corresponding two
Mellin transforms are related by the simple formula

MlE/f(s) = eQ"is’“Mlb;f(s) .

In general however, the relations between the various Mellin transforms associated
with different connected components are rather complicated. Furthermore, it is
worth mentioning that all the connected components of R" \./T} are convex sets.
This fact follows for instance from the Bochner tube theorem, see [4]. Finally, we
point out that Theorem [4] can also be proved by using results from Antipova [2].

6. Hypergeometry

In this final section we shall consider the dependence of the Mellin transform,
and in particular of the entire function ®, on the coefficients a = {an} of the
polynomial f. In order to emphasize this dependence we are here going to write
®(a, s) rather than just ®(s). The crucial observation will be that, with respect
to the variables a, the function ® is an A-hypergeometric function in the sense
of Gelfand, Kapranov and Zelevinsky. More precisely, a — ®(a, s) satisfies the A-
hypergeometric system of partial differential equations with homogeneity parameter
B=(-1,-81,—82,-..,—8n).

Let us recall the structure of the A-hypergeometric system. Our starting point
is the subset A C Z"™ of exponent vectors occurring in the expression for the
polynomial f. We introduce a numbering «j,...,ay of the elements of A, with
each o = (a1k,...,ank) € Z™. Abusing the notation slightly, we write A also for
the (1 + n) x N-matrix whose column vectors are (1, «y). For any vector v € Z"
we denote by v+ and v~ the vectors obtained from v by replacing each component
v by max(vg,0) and max(—vg,0) respectively, so that v =vT—v~.

Definition 2. Let A denote a subset {a1,...,an} C Z™ and the associated (1 +
n) X N-matriz as above. The A-hypergeometric system of differential equations
with homogeneity parameter § € C™ is then given by

OuF(a) =0, beZN, Ab=0, and  E{F(a)=0, j=0,1,...,n,
where the differential operators Oy and Ef are given by

bt

- N
0, = (%) — (%)b and EJB 2;0% &k% - B;-

An analytic function F that solves the system is called A-hypergeometric with ho-
mogeneity parameter 3.

Remark. We are assuming N > 1+ n, and as soon as this inequality is strict there
are of course infinitely many vectors b satisfying Ab = 0, but it is a known fact, see
[15], that the system is in fact determined by a finite number of operators [Jp.
Let us now, for a given choice of coefficients a, consider an entire function
s+ ®(a,s) as described in Theorems [2 and |4l We want to study what happens
when we start varying a. Recall from [7] and [8] the notion of the principal A-
determinant E4, also known as the full A-discriminant. It is a polynomial in the
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variables a, with the property that its zero set ¥4 C CV contains the singular locus
of all A-hypergeometric functions.

Theorem 5. Take a € CN \ X4 and let E be a connected component of R™ \ A/,
with f being the polynomial f(z) = a12** + ... + anz®N. Also take s € C™ with
Res € int Ay. Then the analytic germ

1 25 dz
[k
@8 = T ) = 0) Jag 10y T anes 2

has a (multivalued) analytic continuation to (CN \ $£4) x C"™ which is everywhere
A-hypergeometric in a with varying homogeneity parameter (—1, —s1,...,—Sy).

PRroor. First of all it is clear that 6 will be disjoint from /T’f also for poly-
nomials f with coefficients aj near the original ones, say in a small ball B(a), so that
the integral does indeed define an analytic germ ®(a, s). From (a straightforward
generalization of) our Theorem [2| we also know that ® is extendable as an entire
function with respect to the variables s. In other words, we already have an analytic
extension of ® to the infinite cylinder B(a) x C".

Let us next verify that ® is an A-hypergeometric function with the correct
homogeneity parameter. When doing this we first fix s at an arbitrary value with
Res € int Ay, hence in particular away from the polar hyperplanes of the gamma
functions. Then the function in front of the integral is just a non-zero constant and
we can deal directly with the integral, by differentiation under the integral sign.

Notice that the condition that Ab = 0 amounts to the two identities [bT| = [b~|
and (b*,a) = (b, ), were we have used the shorthand notation [b*| = 3 b and
(bF,a) = S bfay. Computing iterated derivatives of the integrand 1/f in the
Mellin integral we get

(9 bt 1 o 1 |bi| bj: | z
(%) Zak 2k - (7 ) | | (Zakgzak)l-i_lbil )

and since here the right hand side is independent of the choice of sign in b*, so is
the left hand side. This means that 0,(1/f) = 0, and hence we also have 0, ® = 0.

(%, a)

It is obvious that ® is homogeneous of degree —1 with respect to the variables
ag. To check the other homogeneities one can integrate by parts in the integral. As
in our proof of Theorem [2]| this can be efficiently done by dilating the variables by
means of a parameter A\. For example, making the dilation z; — Az; we get

/ z° dz )\Sj/ z° dz
Arg=1(0) Ek apz®k 2 Arg—1(6) Zk )\%kakzak‘ z
Differentiating both sides of this identity with respect to A and then putting A = 1,

we find that
N

0]
0=s5;P+ apap—P,
J ; ik kaak

and hence Ef@(a, s) =0, with 8; = —s; as claimed.
We have thus established that @ is an A-hypergeometric analytic function in the
product domain B(a) x (int Ay +¢R™), and by uniqueness of analytic continuation
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its extension to the cylinder B(a) x C™ will remain A-hypergeometric. Next, by the
general theory of A-hypergeometric functions one has, for each fixed s, a (typically
multivalued) analytic continuation of a +— ®(a,s) from B(a) to all of CV \ L 4.
Well known results on analytic functions of several variables then tell us that these
continuations will still depend analytically on s, so we have achieved the desired
analytic continuation to the full product domain (CV \ ¥ 4) x C". The uniqueness
of analytic continuation again guarantees that ® will everywhere satisfy the A-
hypergeometric system with the homogeneity parameter (—1,—s7....,—8y,). ([

Related integral representations of A-hypergeometric functions have been con-
sidered by several authors, see for instance [9] and [3]. It is probably instructive to
examine a concrete special instance of the above theorem, and we choose to present
the case of the classical Gauss hypergeometric function.

Example 3. Take A = {(0,0),(1,0),(0,1),(1,1)} to consist of the four corners
of the unit square in the first quadrant. It is easy to check that in this case X 4
is given by the equation E4(a) = ajasasas(aias — azasz) = 0. Then consider the
polynomial f(z) = a; + a221 + a222 + a42122 together with its associated Mellin
transform

[eelyie e} 81 .82 d d
(22) Ml/f(a,s) _ // 21 9 21 22.
0 J0

a1+ agz1 + aszza + aqz122 2122

Let us compute this transform for simplicity first in the case a; = as = a3 = 1.
Writing f as (14 z2) + (1 4+ a422)21, we can use formula and first perform the
integration with respect to z;. This yields the expression

T'(s1)I(1 — s1) / (14 22) 7N (1 4+ agz) 51252 Td2y
0

for the Mellin transform . Re-writing the integrand and expanding in a power
series we find that the above integral equals

0o ( 1) 22)—51 Z;zilsz 1—81 k/oo Z22+k le
1 = -1 2
/0 (1 1+ 2 1+ 2 Zr1—s1 )k!(‘”‘* V) arar

so using the formula

oo w? dw 1
— = —TW 1+ k-t
/0 1+ w)**k w k! (Or( + )

we find that can be expressed as I'(s1)I'(1 — s1)T'(s2)(1 — s2) times

I'(1—s1)I(s2 + k) . L(s1 + k)(s2 + k)
2 - - B ™ Y TR e ¢

In other words, we have shown that ®(1,1,1,aq4,s1,82) = 2F1(s1,52;1;1 — ay).
Using the homogeneities if @, corresponding to the row vectors of the matrix

1 1 11
A=10 1 0 1
0 011
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and the homogeneity parameter (—1,—s1, —s2), we then easily recover the more
general formula

(23) D(a,s) = af' T ay M ag " o Fy (1, 805131 —

a1G4 )

a2a3

Notice that the three singular points 0, 1 and oo for the Gauss function correspond
to the factors aja4 — asas, ayas and asag of the principal A-determinant E 4.

The A-hypergeometric system consists in this case of the single binomial equation

0? ok
<8a18a4 B 6@28(13) (ﬁ(a, S) N O’

together with the three homogeneity equations

)

(a20/0as + a4d/day + s1) P(a,s) =
(a30/0as + a4d/day + s2) P(a,s) =

)

{ (a10/0ay + a20/0as + a3d/0az + a40/day + 1) B(a,s) =

o O O

Let us end by considering what happens as one of the variables a; vanishes.
From the Gauss hypergeometric theorem one knows that, for o1 + 09 < 1, there is
an identity o F (s1, s2;1;1) = T'(1 — 51 — 52) /(D(1 — s1)T'(1 — s2)), so setting as = 0
in the above formula we get

F(l — 81 — 32)
F(]. — Sl)F(l — 52) '
This of course fits beautifully with the fact that the Mellin transform M, ,; for the
polynomial f(z1,z22) = a1 + azz1 + aszzs is equal to
ai1+32—1a2—51a3—52 [(s1)T(s2)0(1 — s1 — s2),
compare with formula above.

To treat the case a; = 0 we can use Euler’s hypergeometric transformation
oF 1 (a,b;1;2) = (1 — 2)'727 % F (1 —a,1 — b; 1; 2) and re-write formula as

_ ,81+s2—1_—s1 _—s2
¢(a17a27a370581752) = ay Qg "ag

a1a4) .

®(a,s) = a%rlagrla}l*sr” oIy (1 — 51,1 —59;1;1 — o
203

Again using the hypergeometric theorem of Gauss, now for (1 —01)+ (1 —03) <1
or equivalently o1 4+ 02 > 1, we find that
_ _ en F(Sl + S9 — ].)
d(0 , — 521 s1—1 1-—s1—52
(0,a2,a3, a4, 51,52) = ay*" "a3'” ay Tt

which can be seen to concord with the formula for the Mellin transform M/, with
f(z1,22) = asz1 + agz2 + asz122. Finally, the other two Euler transformations

oF1(a,b;1;2) = (1—2)"%Fy(a,1-b;1;2/(2—1)) = (1—2) "’y Fy(1—a,b; 1;2/(2—1))
similarly lead to the formulas

['(sy — s1)
I'(1—s1)T(s2)’

_ ,82—1_s81—s2_—s1
@(a1a07a37a4781;82) =ap as Qy

and
[(s; — s2)

T(s))T(1—s2) "

_ 51—1 S9—81 ,—S2
®(a1,a2,0,a4,81,82) = aj'” a3 ay
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