WEIGHTED ADMISSIBILITY AND WELLPOSEDNESS OF LINEAR
SYSTEMS IN BANACH SPACES

BERNHARD H. HAAK ! AND PEER CHR. KUNSTMANN !

ABSTRACT. We study linear control systems in infinite—-dimensional Banach spaces governed
by analytic semigroups. For p € [1,00] and a € R we introduce the notion of LP—admissibility
of type a for unbounded observation and control operators. Generalising earlier work by
Le Merdy [20] and the first named author and Le Merdy [12] we give conditions under which
LP—admissibility of type « is characterised by boundedness conditions which are similar to
those in the well-known Weiss conjecture. We also study LP—wellposedness of type « for the
full system. Here we use recent ideas due to Pruess and Simonett. Our results are illustrated
by a controlled heat equation with boundary control and boundary observation where we
take Lebesgue and Besov spaces as state space. This extends the considerations in [4] to
non—Hilbertian settings and to p # 2.

1. INTRODUCTION AND MAIN THEOREMS

We are concerned with linear control systems of the following form

' (t) + Az(t) = Bu(t), (t>0)
(0) = o, (1)
(t) = Cu(t), (t>0),

<

where —A is the generator of a strongly continuous semigroup (7°(+)) in a Banach space X.
The function x(-) takes values in X, the functions u(-) and y(-) take values in Banach spaces U
and Y, respectively. The control operator B is an unbounded operator from U to X, and the
observation operator C' is an unbounded operator form X to Y. We refer e.g. to [25, 27, 32, 31].
A commonly used minimal assumption on B and C' is that C is bounded X;(A) — Y and
B is bounded U — X_1(A) where X;(A) denotes the domain D(A) of A equipped with the
graph norm, and X_(A) denotes the completion of (X, [|[R(Xo, A)-||x) with Ao in the resolvent
set p(A) of A (cf., e.g., [9, Sect. IL.5]). Note that, for A\g € p(A), the norm |[(Ag — A) - ||x on
X1(A) is equivalent to the graph norm of A. The semigroup 7'(-) has an extension to a strongly
continuous semigroup 7 (-) on X_; := X_1(A) whose generator A_; is an extension of A (cf.
[9, Sect. I1.5]). These extensions are needed in order to give a precise meaning to compositions
involving the operator B.

Now let X := C([0,00), X) and, for each 7 > 0, X; = C([0, 7], X ). Suppose that we are given
spaces Y of functions Ry — Y and U of functions Ry — U with restrictions )., U, to [0, 7],
7 > 0, respectively. Then the system (1) is called wellposed if, for each 7 > 0, state and output
of the system (1) depend continuously on initial state and input, i.e., if the mapping

X xUy = X x Ve, (wo,u(-)) — (z(7),y(-))
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is continuous. Since the solution to (1) has the (formal) representation

t

(z(t),y(®)) = (T(t)xo + /OT(S)Bu(t —s)ds, CT(t)zo + C/o T(s)Bu(t — s)ds), t>0,

and T'(-) is strongly continuous, this means continuity of the three maps
U - X

T U — Yr,
uw [T_1(t—s)Bu(s)ds
0

X =) .
e { - ur— CT_1(-)B xu

20— COT () and F; : {
where * denotes convolution. Requiring continuity of these maps leads to the notions of admis-
sibility for the observation operator C, for the control operator B, respectively, and the notion
of wellposedness for the input—output map F; of system (1). In case of uniformly exponentially
stable semigroups and ), = LP([0,7],Y) and U, = LP([0,7],U), one may also consider well-
posedness on Ry = (0, 00), i.e. the spaces Y = LP(R,,Y) and U = LP(R4,U) and continuity
of the maps

X =Y :
\Ij{ xo— CT(xy ®:

U, - X

0o uU—y,
wr [T_1(t)Bu(t)dt
0

and J: { ur— CT_(-)B*xu
Notice that in the second mapping the convolution is replaced by an integration of the semi-
group against the right hand side (cf. [31] and Remark 1.4 below).

If X, Y and U are Hilbert spaces it is natural to take Y = L?(Ry,Y) and U = L*(R.,U)
(cf.[15, 31, 32]). In the Banach space case one can consider ) = LP(R4,Y) and U = LP(R4,U)
where p € [1,00] (cf. [8, 15, 28, 31]). For the case p = 2, the notion of a—admissibility for
observation and control operators was introduced in [12] meaning that the L?-space on R
with values in Y or U, respectively, is taken with respect to a polynomial weight on R . In this
paper, we will extend that notion for observation operators from L2 norms to LP-norms with
p € [1,00]. For control operators our definition differs from that given in [12] (cf. Remarks 1.2
and 1.4 below). Furthermore, we will introduce and study the new notion of LP-wellposedness
of type « for the system (1). For a short discussion on our motivation we refer to Theorem 1.16
and Remark 1.18.

The main basic question in modelling a given system in order to obtain a wellposed system
of the form (1) is, of course, how to check for admissibility of the operators C' and B and the
wellposedness of the input—output map F. For Hilbert spaces X, Y, U, the well-known Weiss
conjecture (cf. [15, 33]) relates L?-admissibility on Ry of C and B to boundedness of

We = {APC(A+A4)"': A>0}CB(X,Y) and
Wp = {M(A+A_1)"'B: A>0}C B(U,X),

respectively. Assuming that 7'(-) is bounded analytic and that A’ is L>-admissible for A,
boundedness of W actually characterises L?~admissibility of C (cf. [20] for this result and
a detailed discussion of the Weiss conjecture). In [12], this characterisation was extended to
cover the case of L?-admissibility of type a for a certain range of a.

For w € (0,7), let S(w) := {z € C\ {0} : |arg z| < w} and let S(0) := (0, 00). We recall that
a sectorial operator A of type w € [0,7) in a Banach space X is a closed linear operator A
satisfying o(A) C S(w) and, for any v € (w,7),

sup{||AR(X, A)|| : |arg A| > v} < 0.

Observe that —A generates a bounded analytic semigroup in X if and only if A is a densely
defined sectorial operator in X of type < ™h. Moreover, we recall that a sectorial operator
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with dense range is actually injective (cf. [22, Thm. 3.8]). Occasionally we shall use fractional
powers of sectorial operators or their functional calculus. We refer to, e.g., [14, 19, 21].

LP—admissibility of type a. In this paper, we assume that A is a densely defined sectorial
operator of type < "/ with dense range, and we characterise LP—admissibility of type a for
observation and control operators, the range of values of o depending on p € [1, oc]. For a fixed
p € [1,00] we denote by p' the dual exponent given by %, + %, = 1. In order to formulate our
first definition we introduce, for any £ € N and a given generator —A of a bounded strongly
continuous semigroup T'(-) in X, the spaces X} := X3(A), which is D(A¥) equipped with the
norm ||(Id + A)* - || x, and X_j := X_x(A), which is the completion of X with respect to the
norm ||(Id + A)™% - || x. Observe that 1 € p(—A) and that replacing Id + A by Ao + A in these
expressions leads to equivalent norms whenever \g € p(—A) (again, we refer to [9, Sect. IL5]).
The semigroup 7T'(-) has an extension to a bounded strongly continuous semigroup 7_(-) on
X_;, whose generator A_j is an extension of the operator A.

We denote, for o € R and intervals I C R,
P(LX):={f:T—=X: t—tf(t) e L’(I,X)}.
The space L5 (R4, X) is abbreviated L (X).

Definition 1.1. Let X, U, Y be Banach spaces and for some k € N let C' € B(X,Y) and
B € B(U,X_y). Given p € [1,00] and a bounded analytic semigroup 7'(-) on X,
(a) C is called finite-time LP-admissible of type o > —Y,, if for any 7 > 0 there is a
constant M, > 0 such that for all x € X we have

[t CT®)2] 1 0.3y < Mrllllx- (2)

(b) B is called finite-time LP-admissible of type a < Y, (or a < 0 for p = 1), if for any
7 > 0 there is a constant K, > 0 such that for all u € L5((0,7),U) we have

Tk ul| Lo 0,1y x) < Krllullzz 0,m,0)- (3)

If the above estimates hold with constants M, and K, that can be chosen independently of
7 > 0, the operators B and C' are called (infinite-time) LP-admissible of type c.

Remark 1.2. In part (b) of the definition, inequality (3) means esssup;c(g ) [|Pe(u)|lx <
K |lullp ((0,7),0)- This seems to be better suited when dealing with weighted spaces than
vequiring just @ ()l x < K llul (0.0

Notice that our definition differs from that in [12]: for observation operators, L?-admissibility
of type «a is called 2a—admissibility there. For control operators, our definition is different from
the notion studied in [12]. This is due to the application to nonlinear problems in Theorem 1.16.
See also Remark 1.4 for a study of both notions.

Lemma 1.3. The notion of finite—time LP—admissibility of type « for A is independent of the
underlying interval [0, 7] in the definition.

If the semigroup is uniformly exponentially stable and o > 0 or p = oo, finite—time LP-
admissibility of type « for control operators is equivalent to (infinite—time) LP—admissibility of
type a.. For observation operators this is true for all a. Moreover, an observation operator C
is (infinite—time) LP—admissible of type o of A if and only if

1
o0 /P
(/ ||ta0T<t>x||pdt) < Myallel. 4)
0
holds.
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Notice that the requirement o > 0 or p = oo in the above equivalence assertion for control
operators is necessary. We provide a short counterexample in case a < 0 in Example 3.1.

Remark 1.4 (Dualisation). Let X, Y be reflexive Banach spaces and p € (1, 00) and assume
that C € B(X1,Y) is LP~admissible of type a for A on Ry, Then, for u € L” (Ry,Y”),

<t = CT(t)x7u>Lg><in/a - A <taCT<t)m,t_au(t)>ny, dt

One can therefore consider the following dual condition to (4), that was introduced in [12].
< Klulze @, 0 (5)

/ S ) But) di
0 X

where the integral is considered as a Pettis integral in X_j taking values in X. Notice, that
in case a # 0 the reflection R,u = u(7—-) is not bounded on L% ([0, 7]). Therefore, one cannot
hope that (5) might be equivalent to infinite-time LP—admissibility of type « unless o = 0.
We shall see in Theorem 1.8 below that condition (5) is indeed a stronger notion than LP—
admissibility of type «. However, for o > 0, LP—admissibility of an observation operator C'
implies LP—admissibility of C' on X’ by Theorem 1.8 below.

Ll—estimates and the real interpolation method. As mentioned above, the crucial con-
dition in [20] (besides T'(-) being bounded and analytic) for the Weiss conjecture to hold was

that A7 is admissible for A, i.e., the existence of a constant L > 0 such that

[Tl @t = [l BTOn) % = 0], 0 < Dl
where 1(z) = z/2¢7%. In our situation this corresponds to
| lear bl at = [ A o) & = el g < Heli ©

for ¥(z) = 2t/ exp(—z). We denote LE(R,,X) := LP(R,,dt/t, X). It is known that the
property of a sectorial operator A of type w on a Banach space X, to satisfy an estimate
(- A)x| o, vy < Lllz[x does not depend upon the particular choice of the function ¢ €
H§(S(v))\{0}, v > w, where

HE(S() = {f € H(S0) : 35 >0+ [£(2)] < e pl},
see [22, Thm. 5], [2, Thm. 4.1], [13, Thm. 4.3] or [14, Thm 6.4.3]. Therefore, we say that A
satisfies LL—estimates on X if (6) holds.

Let A be a densely defined sectorial operator of type w with dense range on X. Let X :=
(X, ||A(I + A)=2-||)~. For some holomorphic function % on S(v), v > w and § € (—1,1) such
that 2~%(z) € H3®(S(v))\{0} consider the space

Xopp = {x €X: t0p(tA)r ¢ LQ(R+,X)} .

Since Xy 4, does not depend on ¢ € H5®(S(v))\{0} (see above), we write for short Xy, =
Xg,p,p- Resorting to the space X in this setting allows explicitly that Xy, may be a larger
space than X. For the background of this construction we refer e.g. to [18], [11, Section 2] or
[14, Chapter 6.3]. Notice that in this terminology LY-estimates for A read as X < Xj . These
spaces are strongly connected to real interpolation spaces between the homogeneous spaces
X_; and X,. Here, for o € Z, we denote by X, := X,(A) the completion of the space D(A?)
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with respect to the homogeneous norm ||A” - ||x. We refer to [17], [19, Sect. 15], [11] or [13]
for more details on these spaces. Observe that — due to our assumptions — the space D(A?)
is dense in X, and that X, = X, in case 0 € p(A). With these notations the following result
holds true (cf. [2] for the case p = 2 and [14, Thm. 6.4.6], [13, Thm. 5.2] for the general case).

Theorem 1.5. Let X be a Banach space and A be a densely defined sectorial operator of type
w with dense range on X. Then

(Xfl(A% Xl (A))G,p = X20—1,p
for all 6 € (0,1) and p € [1,0].

Remark 1.6. In the situation of the above theorem, A has LY—estimates if and only if X <
(X_1(4), X, (A))y, - This can be used to establish Li-estimates for given operators in concrete
cases, as we will show in Section 2.

We start our main results with the following characterisations of LP—admissibility of type «
for observation and control operators that extend the results in [12].

Theorem 1.7. Let p € [1,00] and A be a densely defined sectorial operator of type w < "/
with dense range on X. Let C € B(Xy,Y) be an observation operator for some k > 1. Let
a € (=Y, k —Y,) and consider the set

We == {M=e=h (A + A)7F: A >0} C B(X,Y). (7)
Then the following assertions hold:
(a) If C is LP—admissible of type o for A, then W is bounded in B(X,Y).

(b) If A satisfies LY —estimates and W¢ is bounded in B(X,Y'), then C is LP—admissible of
type a for A.

Notice that, for the operator C' := A"‘JFI/P, the set W in (7) is bounded, whence the assumption
of LE—estimates in the above characterisation cannot be improved (cf. (6)).

Theorem 1.8. Let p € [1,00] and A be a densely defined sectorial operator of type w < T/
with dense range on X. Let B € B(U,X_g) be a control operator for some k > 1 and let
a € (Yy —k,Yy) and consider the set

Wg = { A\ A+ A ) "B : A >0} C B(U, X). (8)

Then the following assertions hold:
(a) If B is LP—admissible of type a for A, then Wp is bounded.
(b) If Wg is bounded and oo > 0 (forp >1) or a« =0 (for p=1) then B is LP-admissible
of type a for A.
(a)’" If the dual condition (5) holds, then Wg is bounded.

(b)" If p < 00 and Wg is bounded and the adjoint operator A’ satisfies Lf/ —estimates, then
(5) holds.

As mentioned above, in case a = 0, LP—admissibility of type a and (5) are equivalent. In
particular, a modified Weiss conjecture on control operators holds for p = 1.

Also the boundedness conditions on the sets W and Wp in (7) and (8) may be characterised
by real interpolation methods. In fact, they are conditions on the domain of (a continuous
extension of) the observation operator C' and the range of the control operator B, respectively.
This way of viewing the boundedness conditions on W and Wp, respectively, is not new for
control operators (cf. [33]) under the supplementary assumption of 0 € g(A). The general
equivalence for observation and control operators was first studied in [11]. The proof of the
following is very similar to the arguments used there and thus omitted.
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Theorem 1.9. Let A be an injective sectorial operator on the Banach space X, and let k € N.
Let C € B(Xy,Y) and B € B(U, X_g) be bounded operators, where U, Y are Banach spaces,
and let 6 € (0,1). Then the following equivalences hold true:

(a) sup [N\ + A L) FBllu—x < oo if and only if B : U — X_4, is bounded in the
0<A<o0o

norm U — (X,k,X)g,oo.

(b) sup [MNO=DC\+ A) | x_y < oo if and only if C : Xy — Y is bounded in the
0<A<o0
norm (X, Xg)o1 — Y.

Remark 1.10. Of course, if for some k € N, C € B(Xy,Y) and if the operators /\k(lfa)C(/\ +
A)7* X > 0, are uniformly bounded, then for any n € Ny, C € B(Xgin,Y) and by the
sectoriality of A the operators A»T*(1-0)C (A+A)~F=" X\ > 0, are uniformly bounded. However,
by reiteration (cf. [29, 1.10.2]),

o,1

(X7 Xk)671 = (X7 Xk+n)
n+k(1-0)

for o0 = —+ > Whence the assertions of Theorem 1.9 do not depend on the question, for
which k£ € N the given boundedness conditions are satisfied. The same arguments apply to the
conditions on control operators.

Wellposedness of the full system. We now study the full system (1) for Y = LE(R,,Y)
and U = LE(R4,U).

Definition 1.11. Let X,U,Y be Banach spaces and let k € N, p € [1,00] and a € (=¥, %,).
Let T'(-) be a bounded analytic semigroup on X generated by —A. Then the system (1) is
called LP-wellposed of type o, if C € B(Xy,Y) and B € B(U, X_j) are LP—admissible of type
a, and F*: LE(U) — LA(Y), Fou = CT_¢(-)B * u is bounded.

If we have finite-time LP—admissibility of type o of B and C on I := [0,7] and if F¢ :
LA(I,U) — LE(1,Y) is bounded, we call the system finite—time LP—wellposed of type a. By
resorting to (e “'T'(t)) we may then assume 0 € g(A). The next lemma shows that the only
possible singularity of the convolution kernel of F; is at ¢ = 0, whence the notion of finite—time
LP—wellposedness of type a does not depend on 7 > 0.

Notice that by analyticity of the semigroup 7'(-), we have T_j(¢) X_;, C X}, for t > 0. Therefore
the convolution kernel CT_i(-)B of F® is a well defined bounded operator from U to Y
(see next lemma for norm estimates). From Theorems 1.7, 1.8 and 1.9 we know that LP—
admissibility of type a of B and C yields (X, X})g1 < D(C) and R(B) C (X, X _)o.c0 for
0= (a+1Y)/kand o = (Y — a)/k. Notice that k(o + ) = 1. The next lemma is well known
to specialists. We use it for ¢ = 1 and r = oo and provide a proof in Section 3.

Lemma 1.12. Let X be a Banach space and T(-) be a bounded analytic semigroup on X. Let
k € N and 0,6 € (0,1) such that k(o +6) = 1. Let q,r € [1,00] and Z := (X, Xy)p,q and
W = (X_g, X)1—¢r. Then, there exists a constant M > 0 such that |T(t)|lw—z < M/t for
allt > 0.

To sum up the above considerations: whenever C' and B are LP—admissible of type «, we have
|ICT(t)B|ly—y < M/t for t > 0 for some constant M > 0. A corresponding condition in the
following theorem seems thus very natural.

Theorem 1.13. Let p € (1,00), a € (=Y,,%,) and k € N. Let X,U,Y be Banach spaces
and let T(-) be a bounded analytic semigroup on X, C € B(Xy,Y) and B € B(U, X_j) such
that |CT(t)B|ly—y < M/t. Then F* := CT(-)Bx is bounded L5 (U) — L5(Y) if and only if
F = FY is bounded LP(U) — LP(Y).
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The above theorem is basically a reformulation of [24, Thm. 2.4]. However, our proof allows
also negative values of «. It relies on the following result:

Proposition 1.14. Let p € (1,00) and o < 1 — 1/p. Let U,Y be Banach spaces and suppose
that K € C(Ry, B(U,Y)) satisfies | K (t)|| < M/t for some M > 0. Let

/ K(t—s)[(£)" — 1] f(s)ds, feLlP(Ry, X).
Then T € B(LP(R4+, X), LP(R4,Y")) with norm bound cM where ¢ = ¢(p, o).

We shortly discuss boundedness of F for a« = 0. Suppose that C : Z — Y and B: U — W
are bounded where Z and W are Banach spaces satisfying X1 C Z C X and X CW C X_;.
Suppose further that the restriction Ay of A_; to W is sectorial with D(Aw ) = Z (equivalent
norms). Then CT(-)Bx : LP(U) — LP(Y') is bounded if T'(-)* : LP(W) — LP(Z) is bounded.
But it is well-known that the latter is equivalent to Ay, having the property of mazimal LP—
reqularity (we refer to [1, 6, 7, 19, 30] for this relation, the problem of maximal regularity,
characterisation results and further references on the subject). Thus we have obtained

Theorem 1.15. Let p € (1,00) and W be a Banach space X CW C X_ such that Aw has
mazximal LP—regularity. Let C: Z —Y and B : U — W be bounded where Z denotes D(Aw)
equipped with the graph norm. Then F< is bounded Lh(U) — LE(Y) for any o € (=Y, Y).

Our results can be used to establish existence and uniqueness of solutions to some nonlinear
systems in feedback form. Let p € (1,00), let X, U, Y be Banach spaces and let xg € X. Let
F : X — B(Y,U) be a Lipschitz-continuous operator-valued function, let A, B, C' be linear
operators such that —Ay := —(A — BF(x¢)C) generates an analytic semigroup 7'(+) in X and
such that B and C are finite—time LP—admissible of type « for Ag. We consider the closed loop

system
' (t) + Ax(t) = Bult),

i o )
(

8

~—
I

t) Cu(t),
t) = F(z(1)y(t),

ﬁ@

on [0, 7] which we rewrite as

2/(t) + Agz(t) = B(F(z(t)) — F(wo)) Ca(t) t €0,7],
x(0) = xo. (10)
We are interested in mild solutions of (10), i.e. solutions of
z="T()zo+ T x B(F(z) — F(z0)) Cz on [0,7]. (11)

The following result shall also be proved in Section 3.

Theorem 1.16. Assume in addition to the preceding assumptions that Z — X is a Banach
space such that the system corresponding to (Ao, B, Idz) is finite—time LP-wellposed of type
a and that C € B(Z,Y). Then there exists T = T(xg9) > 0 such that (9) has a unique mild
solution x € C([0,7], X) N LL([0,7], Z).

Remark 1.17. The reason for introducing the space Z here is that x — Cx may not induce a
closed operator from C([0, 7], X) into L5([0,7],Y). If C is closed as an operator from X to Y,
then we can replace C([0,7], X) N LA([0,7], Z) by {x € C([0,7], X) : 2(t) € D(C) a.e. ,Cx €
LA([0,7],Y)} in the assertion, and the assumption on the space Z is not needed.

Remark 1.18. Our results on LP—admissibility of type a and LP—wellposedness of type «
give more flexibility in the choice of Banach spaces X, U, and Y for the modelling of a given
problem. This is important for the study of nonlinear systems via fixed point arguments, e.g.
via Theorem 1.16, where an appropriate choice of « allows to choose state spaces X as function
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spaces with little regularity (cf. also [24, Rem. 3.3(b)]). For the example of the controlled heat
equation that we study in Section 2 we refer to Remarks 2.11 and 2.12 where we describe how
to obtain state spaces with negative smoothness index by suitable choices of .. In Example 2.14
we give an application of Theorem 1.16 in a nonlinear feedback situation. We mention in this
context that Besov spaces of negative order have become relevant as spaces for initial values
in the study of other nonlinear partial differential problems, e.g. Navier-Stokes equations (cf.

[5])-

In the next section we provide examples and applications of our results. In Section 3 we shall
give proofs of the results presented so far.

2. EXAMPLE: A CONTROLLED HEAT EQUATION

In this section we illustrate our results with a controlled heat equation. In [4], the problem
has been studied in the state space X = L?(Q2) and for o = 0. Below we discuss Lebesgue and
Besov spaces.

Let Q C R™ be a bounded domain with boundary 02 € C*°. Denote the outer normal unit
vector on OS2 by v : 02 — R™. We consider the following problem

() —Az(t) = 0, (t>0)

20| 0 = (), (t>0) (12)
z(0) = 29
y(t) = x(t)laga (t>0),
where x(-) takes values in some function space X. The functions u(-) and y(-) take values in
function spaces on the boundary. For the modelling we follow closely [4] and set A := —A

with Neumann boundary condition. In the state spaces we shall consider below, the operator
A is sectorial of type 0, but not injective. We aim for finite-time L¢—admissibility of type - for
observation operators and finite-time L’-admissibility of type 3 for control operators, where
b,c € [1,00]. Sufficient for this is L¥¢-admissibility of type 3/y on R, for Id + A. In order to
use our characterisations of admissibility, we assume

Be (=) and ve (—Ve ).

First, we start with

The Li—case. Consider X := L9(2), 1 < ¢ < co. Due to the smoothness of 92 we then have
D(A) = {x € W2(Q) : %‘89 = 0} and —A generates a bounded analytic semigroup. For to
ensure L{—estimates, we have to impose

X — (X_1(Id + A), X1(Id + A)),, = (X_1(A), X1(4)),, = (X_s(A), X5(A)) (13)

Yasc Y2 .c Yasc
where the last equality holds for any § > 0 by reiteration. In the case X = L7(Q2), we have
X5 = H?(Q) for small § > 0 (cf. [26]) and X_5 = H,?°(Q) by dualisation. Therefore, L~
estimates for Id + A on L4(f2) are equivalent to the continuous embedding L4(2) — BS,C(Q)
(cf. [29, Thm 2.4.1, 4.3.1]). We use the following lemma which shall be proved in Section 3.

Lemma 2.1. Let Q C R™ be a bounded domain with boundary 0 € C*°. If p,q € [1, 00|, we
have L1(§2) — ng(Q) if and only if p > max(2,q).

For an application of Theorem 1.7 for L°—admissibility of C' in X = L() we thus need
¢ > max(2,q). For an application of Theorem 1.8 for L’-admissibility of B in X = Li(Q)
in case 8 = 0, we also need LY -estimates for (I+A)" on X'. By the arguments above these
are equivalent to L9 () — Bg,’b,(Q) which means by Lemma 2.1 that, for 8 = 0, we have to
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suppose b < min(q, 2). Obviously, if # = 0, then application of both Theorems 1.7 and 1.8 for
b = ¢ would require b = ¢ = ¢ = 2 and we are back in the Hilbert space situation. We shall
come back to this below.

Admissibility. Denoting the Dirichlet trace operator g : x +— az‘ aq by € we are looking for a
space Y on 0f2 such that C': D(A) — Y is L°~admissible of type 7 for Id+ A. If ¢ > max(2, q),
then Id 4+ A has L{—estimates and we know by Theorem 1.7 that L°—admissibility of type v of
C :D(A) — Y is equivalent to uniform boundedness of the operators

A TRCA+Id+ A7 A > 0.

By Theorem 1.9 this is equivalent to C' having a continuous extension to the Banach space Z
where

Z = (X,X,(Id+ A)),Hl/ml
- (X’ Xk(A))’Y‘i‘l/Cal
) { B:,(9) if s <1+Y,
{zreB:1(Q): %], =0} ifs>1+1Y,

where s = 27y + %.. For equality (x) we refer to [29, Thm 4.3.3] or [10, Thm 3.5]. It is known

that 7o is bounded from B (f2) to B;’_ll/q (09) if s > Y, (cf. [29, Thm. 4.7.1]). We thus have
almost proved the following

Proposition 2.2. Let v € R, ¢ € [1,00] and q € (1,00) satisfy ¢ > max(q,2) and 27y + 7. €
(Ys 14+Y%,), and let Y be a Banach space and X = L1(Q). Then vy : D(A) — Y is L°~admissible

; o 27+ =g
of type v for Id+ A if and only if B, ; (0Q) =Y.

_1
Proof. Let s := 2y + %.. The arguments above show that B;l /q(aQ) — Y is sufficient. To
prove necessity we compose g : B;l(Q) — Y with a continuous extension operator Fj :

B;;l/q((“)Q) — By 1(Q) such that yoEo = Id (cf. [29, Thm. 4.7.1]). O

Remark 2.3. The upper bound 2y +%. < 1+ 1/q appears only for simplicity of formulation.
The calculation of the space Z above indicates how to proceed in other cases.

To obtain the representation of the control operator B we follow again ideas in [4] and multiply

the state equation in (12) with a fixed function v € C°°(2). Then, integrating by parts gives

(0 v)a+ (Va(t). Vo) = [ ultvdo
o0
where (-,-)q denotes the usual duality pairing on L?(€2) x L?(Q) and ¢ denotes the surface
measure on I' := 9. Denoting extensions of the usual LI(I") x L7 (I')-duality by (-, -) we thus
have

| uttyodo = tutt), o0,
o0

which means that B =+, if we identify X_;(A) with the dual space of (X’);(A’). Notice that
A" = —A with Neumann boundary conditions in X’ = L9 (Q).

We are interested in L'-admissibility of type /3 for Y% :U — X_jand Id+ A in X = LI(Q).
Assuming b < min(g,2) in case § = 0 we may use Theorem 1.8 and only have to check
boundedness of 7, : U — W where the extrapolation space W is given by

W= (K1 (144), X0 = (Kt X = (K0X) 1) = ()1 i)

/
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(cf. [3, Sect.3.7]). As we have seen above, we have
2-26-7
(X (X1 = By, ()

'\l
_93_%_1,
for2—26-% <1+Y, =2-"Y,. Now o : B;,flmf% Q) — Bj, 125 =l (092) is continuous for

2-28-% >Y,=1-"Y, and 99 is without boundary, hence (B 1(09))" = By 5,(0€2). Thus

we have proved one implication in the following

Proposition 2.4. Let 8 € R, b € [1,00] and q € (1,00) satisfy % + 28 € (Y5, 1 + %). If

B = 0 assume in addition b < min(q,2). Let U be a Banach space and X = Li(2). Then
2 _1_1

7o : U — X_1 is LP~admissible of type 3 for Id+ A if and only if U — Bq/f’otw ! /q(aQ).

For the remaining implication we make use of E{, where Ej is the extension map from the
proof of Proposition 2.2.

Wellposedness of the full system. We study LP—wellposedness of type « in finite time for the
system (12) in the state space X = L(Q)) where a € R, p € [1,00] and ¢ € (1,00). Hence we
have ¢ = b = p and v = § = « in the admissibility situations above. Again, it is sufficient to
study infinite-time LP-admissibility of type « for Id + A. The assumptions of Propositions 2.2
and 2.4 lead, for a # 0, to the restrictions p > max(q,2) and 2« + %, € (¥,1+ Y,), and for
a = 0 to the restriction p = ¢ = 2.
For p = ¢ = 2 we thus can state the following result extending the case a = 0, r = 2, considered
in [4].
Proposition 2.5. Let |a| < Y, r € [1,00] and X = L?(Q). Let Y and U be Banach spaces on

1 1
0 such that Bg?ﬁ 72 (09) =Y and U — BS’O;_ 72 (09). Then the system (12) is L?-wellposed
of type a.
Proof. By Propositions 2.2 and 2.4, C' and B are LP—admissible of type a for Id + A. Notice
that the semigroup associated to Id + A is S(t) := e 'T'(t).

1 —~

Since B = o : Byw 2(0Q) — W = (X_1, X)pry0 = (X-1,X)ayy,, (recall § = a and
b=p=2)and C =~y: Z — Bg?‘fl& (89) where Z := Bgffrl(ﬂ) = (X, X1)a41,r it suffices
to prove that S(-)x : LE(Ry, W) — LE(R,, Z). Theorem 1.13 applies by |a| < ¥ < Y. Now

notice that by Z = D(Ay;). Hence we are left to check that Ag; has maximal LP-regularity in
W which holds by [6, Thm. 4.7]. O

With essentially the same arguments we can study problem (12) in state spaces X = H, g(Q)
where we restrict to § € (—Y,, %,) and are thus not bothered by additional boundary conditions.
Here we have X; = D(A) = {x € Hg*‘s(ﬂ) : %]39 = 0}, and a repetition of the arguments

above yields for the corresponding interpolation spaces Z = B§7+12(a+1/” )(Q) if 0 +2(a+Y%) <

Lt Yy and W= (B2 2PRN(@) i 2 — 6 — 2(a+ ) < L+ Yy, Len i Yy < 8+ 2(a + ).
Thus we obtain

Proposition 2.6. Let g € (1,00) and p € [1, 00| satisfy p > max(2,q). Let § € (=Y, %,), and
§+2(a+Y%) e Yyl +Y,) where a #0. Let X = Hg(Q) and let Y and U be Banach spaces
on 0.

(a) The operator C' =y : D(A) — Y is LP—admissible of type « for Id+A if and only if
1 1
B:;J{?(a+ o)—"a (09) — Y.
(b) The operator B =~ : U — X_; is LP—admissible of type « for Id+A if and only if
U — ByS2et W=kt 9.
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(c) Let r € [1,00] and B2t W)=V1(90) < Y and U — Bt W=l (0.
Then the system (12) is finite—time LP—wellposed of type «.
Observe that the assumptions imply o+ Y, € (0,1).

We see that § may be chosen arbitrarily close to —l/q/ by taking p large and adjusting «.
Moreover, one still has free choice of r € [1, 00].

The Besov space case. We continue the study of (12), but now we take as state space
the Besov space X := Bgﬂ)(Q) where 1 < ¢,v < oo are fixed. Again we put A := —A with
homogeneous Neumann boundary conditions, i.e., A has domain D(A) = {x € B;U(Q) :

%‘ 50 = 0}. As in the Li-—case, —A generates a bounded analytic semigroup in X.

Admissibility. Still denoting by 7o the Dirichlet trace on 0€), we study L°—admissibility of type
7 for C = 7o and L’~admissibility of type 8 for B = 4, where 3,7 € R and b, ¢ € [1, oc].
First we note that (X_1, Xl)l/%c = BY .(Q), whence Id+A has Li-estimates on X if and only
if Bg’v (Q) — BS,C(Q) which is equivalent to ¢ > v. Notice that this condition does not depend
on q. If ¢ > v, then the characterising Theorem 1.7 applies, and L°-admissibility of type v of
the observation operator C' = 7y may be checked by verifying the boundedness condition on
the set W¢. Again, we use Theorem 1.9 and find that, for 2y + 7. < 1 + 1/q, We is bounded if
and only if 79 has a continuous extension to the very same Banach space

Z = BZ(q)
we calculated above. Hence the proof of the following can be done as in the case X = L1(Q).
Proposition 2.7. Lety € R, ¢ € [1,00] and q,v € (1,00) satisfy ¢ > v and 2y+%. € (Y, 1+Y,).
Let' Y be a Banach space and X = BY (Q). Then o : D(A) — Y is L¢~admissible of type ~
for Id+ A if and only if B(?Z—FQ/CJ/‘I (0Q) =Y.
We turn to LP-admissibility of type § for B = 7. For an application of Theorem 1.8 in

X = BY,(Q) in case § = 0 we need LY —estimates for (Id+A)’, which are, by the argument
above, equivalent to b < v. This yields

Proposition 2.8. Let 3 € R, b € [1,00] and g,v € (1,00) satisfy %+28 € (Y, 1+7Y,). Assume
additionally b < v if B = 0. Let U be a Banach space and X = Bg}U(Q). Then ~ : U — X_4

is LY —admissible of type B for Id+ A if and only if U — B;/f;w‘l‘%(aﬁ).

Wellposedness of the full system. We study LP—wellposedness of type « for the system (12)
where a € R, p € [1,00] and the state space X = Bg}v(Q) with ¢,v € (1,00). Again we have
c=b=pand~y = [ = «in the admissibility situations above. The assumptions of Propositions
2.7 and 2.8 now lead, for a # 0, to the restrictions p > v and 2a + %, € (¥,,1 + ¥%,). In case
a = 0 we are led to p = v. For example, if p = ¢, then we are led to 2a € (—1/(1, 1/q/) which, for
q = 2, corresponds to the condition |a| < Y in Proposition 2.5 (recall L?(Q) = 3872(9)). By
the arguments used above we hence obtain

Proposition 2.9. Let « € R, p € (1,00) and q € (1,00) satisfy 2a + zp 61 (Y 1+ 1), Let
X = B),(Q) and let Y and U be Banach spaces on 9Q such that Bg?f /”7/‘1(89) — Y and
U— B;/ﬁfh_l_l/q (02). Then the system (12) is finite—time LP—wellposed of type «.

Proof. The proof is similar to the case X = L(2). We check here that Theorem 1.13 applies,
i.e., that « € (=%, Y%,). The condition on « in the assumption may be rephrased as a €

(1/24 - 1/pa 1/2 + 1/211 - 1/p)- In particular a > 1/2q - 1/10 > *1/17 and a < 1/2 + 1/2q - 1/p <1l- 1/10- g
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We also give an analogue of Proposition 2.6 for Besov spaces, e.g. for state spaces X = Bg,p(ﬂ)
where ¢,p € (1,00) and we restrict to § € (—Y,,¥,) for the same reasons as before.

Proposition 2.10. Let ¢,p € (1,00), 6 € (— Yy, ¥g), 2a+%p+6 € (Y5, 1+Y,), and X = B ().
LetY and U be Banach spaces on Of).
(a) The operator C =~y : D(A) — Y is LP—admissible of type « for Id+A if and only if
2 1
BXTT90) Y.
(b) The operator B =~ : U — X_; is LP—admissible of type —cv for Id+A if and only if
U s B =170 50,
(c) Letr e [l,00] and B;?,+27p+6_1/‘1 (02) =Y and U — B;?—FQ/”—M_I_% (092).
Then the system (12) is finite—time LP—wellposed of type «.

Discussion. We discuss our results for the system (12) by starting from Y := B;,(99) and
U:= Bg;l(aﬁ) where s € (0,1), ¢ € (1,00) and r € [1, 0] are fixed. We now look for «, p and
a state space X such that (12) is LP—wellposed of type «. This should be compared with the
situation studied in [4] where p=q=7 =2, a =0, s = Y5, and X = L%(Q).

Remark 2.11. In case ¢ = 2, we may take p = 2 and X = HJ(Q) where the restrictions
may be read off of Proposition 2.6: 2a + § + % = s and |§| < Y. Thus we see that a suitable
choice of a always allows to have § arbitrarily close to —Y%. In particular this applies to the
“classical” case s = Y, where the restriction a = 0 forces § = 0 and X = L?(Q).

Remark 2.12. For general ¢ € (1,00), we may apply Proposition 2.10 and take X = Bgm(Q)
under the restrictions s = 2a+7%, + 6 — ¥, and § € (=Y, ;). We see that, taking p arbitrarily
large and ¢ arbitrarily close to —%,, we still obtain finite-time LP-wellposedness of type
for the system with state space X = Bg,p(Q) by adjusting «. Observe that the state space
X =H, g (©) would have required the additional restriction p > max(2,q) for a # 0.

Remark 2.13. We let s = % and U := H;VZ(GQ), Y = H;/2(E)Q), i.e. we take ¢ =7 =2 in
the situation discussed above. Then, for § € (—Y%,%) and X = ng(Q), we have that (12) is
finite-time LP—wellposed of type « if § = 1 — 2(a + Y%,). The restrictions are p € (1,00) and

a+Y, € (Y4,¥1). This means in other words that, for € € (0,1), p € [2,00), and X = B;ZQ+€(Q),
the system (12) is finite-time LP—wellposed of type a = ¥ — % — Y,

Now we consider a nonlinear feedback in the setting of the above remark.

Example 2.14. Since YV = H;/z(aQ) — L%((?Q) and L2-7(8Q) — H;l/z((?Q), Holder’s
inequality yields that any g € L™ 1(09) induces a bounded multiplication operator ¥ —
Uy — g-y. We take a smooth open subset Qg with Qy C €, e.g. a small ball, and let
P(x) = fQo z(w)dw = (x,1q,) for x € X. Observe that ¢ € X’ for all spaces X we mentioned
above (cf. [29]). Taking a Lipschitz-continuous function f : R — R, welet F(z)y := f((x)) g-y.
Then F' : X — B(Y,U) is Lipschitz-continuous. We interpret = +— 9 (z) as a distributed
measurement in {2 affecting via f(¢(x)) the intensity of the linear feedback y +— g - y.

For e € (0,1), p € [2,00), X = BQ_’;/QJFE(Q), and a = ¥ — % — Y, we take rg € X satisfying
(for simplicity) f(1(zo)) = 0 and show that Theorem 1.16 applies. We have F'(xo) = 0, hence
Ay = A. We take Z = H2(Q) whence by an application of Theorem 1.7 and Theorem 1.9, Idy

is finite-time LP—admissible of type a (cf. [29, Remark 2.8.1]). Since B = 7 : H;l/Q(aﬂ) —
(H3(2))" =: W is bounded and Id+A has maximal LP-regularity in W we obtain by Remark 1.4
and Theorem 1.13 that the system (Ag, B,1dy) is LP—wellposed of type « in finite time. Hence



WEIGHTED ADMISSIBILITY AND WELLPOSEDNESS IN BANACH SPACES 13

we may apply Theorem 1.16 and obtain that the nonlinear system
' (t) — Ax(t) = 0, te[0,7],
it F([ 2(t) dw) g - 2(t)|0,

Qo

has, for some 7(xp) > 0, a unique mild solution z(-) in C(]0, 7], B£Z2+E(Q)) NLA([0, 7], Ha (£2)).
This means that we obtain solutions also for rather rough initial data x.

In the example above we made the assumption f(¢(xg)) = 0 for simplicity. For initial data z
with f(¢(x¢)) # 0 one may resort to perturbation results in [11].

3. PROOFS
Finite—time admissibility of type a.

Proof of Lemma 1.3. Assume C' to be finite-time LP—admissible of type « for A. For b > 0 we
then have

(/bbﬂ e dt) " <// Is°(1+ %) CT ()T 0)] dt> '

+72

IN

T Yo
(/0 ||s*CT(s)T'(b)z||P dt) max((1 + 2)*, 1)
< M. ||T(b)z| max((1+ 2)*,1).

If T(-) is uniformly exponentially stable, i.e. if there are c¢,e > 0 such that |T(t)| < ce™,
t > 0, then we obtain, for b = (k—1)7 and k € Ny,

(k4+1)7% Yo .
(/ ||t"‘C’T(t)x||pdt) < ¢ M, max((1+ 2)%, 1) e=<t=D%z]].
k™

Thus (4) holds.

A similar reasoning shows that the notion of finite-time LP—admissibility of type « for control
operators is independent of 7: let a = 7» and b = % 7. Since

b T T
/0 T(b—s)Bu(s)ds < T(a)/o T(T—s)Bu(s) ds+/a T(t—s)Bu(s+a)ds,

LP—admissibility of type « on [0, 7] gives for p < 0o
< KT ()] lull gz qo,m) + KrCallell 2 i)

b
‘/ T(b—s)Bu(s) ds
0
Er (Co + 1T Il 22 0,01
1 2

where ¢, = max((g)a, (g)a) does not depend on 7. In case p = oo, we obtain the same
estimate with ¢, = 1 by directly regarding the first line of the above inequalities. Thus, B is
LP—admissible of type « on [0,% 7] as required. An iteration of the argument shows that

< KAT(@I ull 2z o,r) + Bl Lja,m (Yulat)l £z o)

IN

Kgayr < Kr(@)" [T0+TGr(R))I).
j=1
If T'(-) is uniformly exponentially stable and if o > 0 or if p = oo, the left hand side of the

above inequality is bounded since Y exp(—3e7(%)7) < oo and |¢,| < 1. O
Jj>1
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If & < 0 and p < oo, equivalence of finite—time and inifinite-time LP—admissibility of type «
fails in general:

Example 3.1. Take U = X = C, —a = 38> 0 and T(t) = e~*. Then, for any 7 > 0,

—e(- Y
175 ()] < Nl o le™ Ol .y < e g 00

and the identity is finite-time LP—admissible of type a.
On the other hand, letting uy := ﬂ[k7k+1]e*€('*k) for k € N, we have |Jug|/p < k™7 |lug|r =
ck=” and for 6 € (0, 1],

k+6
(T * uk)(k; + 5) = / €—€(k+5—s) e—e(s—k) ds = 56—66.
k

Hence the identity is not infinite—time LP—admissible of type a.

Characterisation of LP—admissibility of type «a. In the proof of Theorems 1.7 and 1.8
we make use of the following lemma.

Lemma 3.2 ([12, Lem. 4.1]). Let o € (0,), let ¢ € H3°(S(0)), and let m > 1 be an integer.
There ezist a function f € Hi°(S(o)) and a constant a € C such that

Zm

p(z) = 2™ [ (z) + gyt

2 € 8(0). (15)

Furthermore, if §,¢ € (0,1) are positive numbers such that
lp(2)| = O(|2]7°) atoo  and  |p(z)] = O(lz[°) at0,
then f can be chosen so that we also have |f(2)] = O(|]z|7%) at oo, and |f(2)| = O(|2|°) at 0.

Proof of Theorem 1.7. (a) Notice that for any A € C with positive real part and for any x € X,

we have
1

W / tk_le_)‘tT(t):U dt.
_ ' Jo

For x € X}, = D(AF), the integrand t — t*~1e=**T(t)x belongs to L'(R,, X}), and so conti-
nuity of C' on X} shows

A4 A)Fz =

1 (o9}
CO+ At = gy / 1o MOT () dt.
EENA
By Holder’s inequality we thus have for z € X},
1 o0
+A) "x < — t t)x||t™ e t
[C(A+ A) | G 1)'/ [t CT(t)a||th— e RN g
A
00 Yo
< m t > t*°CT(t)z (/ t(k—l—a)p’e_Re(A)p'tdt> P
- : LP(R+,Y) 0
s=Re(A\)p't M , (el , , 1/p/
S el (@R T (1 (1) )

= KRe(\)Fth |z x,

where I' is the usual Gamma function and the number K depends only on k, p and the
admissibility constant M. By density of X in X this shows the first assertion.

(b) Without loss of generality we may assume k > 2 since by sectoriality of A, whenever W¢
is bounded for some k € N, it is also bounded when k is replaced by k + 1 (see Remark 1.10).
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We make use of the (unbounded) operator A~! that is densely defined on the range of A. We
set F,(z) := zF~1e™2. Then for any x € X and any ¢t > 0, we have
t*CT(t)x = t* *1CA M E (tA)z. (16)

For some € € (0,1) that we will precise later on consider the decomposition Fy(z) = ¢(2)9(2)
where

o(z) = 251+ 2)71, and Y(z) = 21+ 2)e . (17)

Note that ¢ € H5°(S(0)) for any 6 < 7, whereas ¢ € H3°(S(0)) for any o < m. By (16), we
have

/OOOHtO‘CT(t):ch/dt < /OOOH [to‘+1/p_k+1CA_k+1¢(tA)]t_l/pgo(tA)xH?( dt.

=:K(t)

Now we will show that the operator family K(t), ¢ > 0, is uniformly bounded. Once this is
done, the assertion of the theorem follows immediately from the assumed LY-estimate for A
(cf. (6)).

We fix 0 € (w,7m) and apply Lemma 3.2 to ¢ with m = k—1 and § = 1 —e. Let f €
H§°(S(0)) denote the corresponding function satisfying equation (15). Note that according to
that equation, z — 2¥~1 f(*=1(2) belongs to HS®(S(c)). Let 8 = 6, for some 6 € (w,o) and
let T denote the positively orientated boundary of S(#). Then, as in the proof of [12, Thm.

4.2] the following representation formula for x in the dense subspace Z := ran (A¥=1(I+A)~F)
holds:

CAMHIET p =D ()] A)z = B / FOWFLCR(A tA 2 dN, t> 0. (18)
r

For A € T', by the resolvent equation we have

N OR(, AYF = |AF=e RO (1A + A)7F [2cosh(£%)AR(N, A) — 1]F, (19)

and thus )\k*a*I/PCR(z, A)* is uniformly bounded by sectoriality of A. Now, by the represen-
tation (18),
27

K(t) = &M / t % F(A) CR(N tA)*z dA + at®t e C(1 + tA)7F
r

on Z. Next we show that for an appropriately chosen € € (0,1), K(t) € B(X,Y) and moreover
the operators K (t) are uniformly bounded for ¢ > 0. To this end, write

—1)! —k4+a+Y kfaflp
K(#t) = (k27r?'/rf()‘))‘1 k+ot-Yp [(%) /C’R(%,A)kx] a

o[BG+ 4.

By our assumption (7) and scaling invariance of I" and the measure dA/\ we obtain that K ()
is uniformly bounded, provided that the integral

[y

is finite. By the estimates in Lemma 3.2 we know that f € O(|z|F~17¢) at zero and f € O(|z|™)
for any n € N at infinity. Therefore the above integral is finite if

k—l—e—k+a+1/p>—1, ie. if e<a+1/p.

This however, due to our assumption on «, may always be satisfied by an appropriate choice
of e € (0,1), and the proof is done. O
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To analyse LP—admissibility for control operators, assume that | T_(¢t)Bllyv—x < Mt~ for
some v € R. For ¢ > 0 fixed we thus have

t
< c/ (t—s)"7s™%||su(s)||v ds.
0

Let ko (t,5) = Lo (s)(t—s) s for s,t € (0,7). Thus the study of the kernel &, which
may or may not induce a bounded integral operator K, : LP(0,7) — L*(0,7) gives a
sufficient criterion for (in)finite-time LP—admissibility of type « of control operators.

IN

/T(t—s)Bu(s)ds /HT(t—s)BHU_,XsO‘Hsau(s)HUds
0 0

X

For p = 1, K, is bounded if and only if k, is uniformly bounded, which, for finite 7, is
equivalent to v < 0 and a < 0. In this case we have

_ |O‘||a‘|7’|7| [ot-|

[Kanllieom 107 = kel = 1 =~y

For 7 = 00, k4, is uniformly bounded if and only if oo = v = 0.

For p > 1 we use Holder’s inequality and obtain

tkw(t, $)|f(s)ds < t(ka,w(t, 5))" ds v 11l
/ ( )

ool ) ) Yo
(subst. 5 = t0) — <t1<v+a>p /0 (1— o) oo da) 111l

Convergence of the integral in the last line is equivalent to v < l/p/ and a < l/p/. Taking the
sup over t € (0,7) we see that, for finite T,

y,_

1Ky llzro.r)—Lo0m) < CampT/P’ (vta)
provided that v < ¥y, o < ¥, and v+ o < ¥/, whereas, for 7 = o0,
[ Ko,y

LP(0,00)— L (0,00) < Ca,y,p

provided that v+, <1, a+ Y%, < 1 and v + a + Y%, = 1. Since, in fact (cf. [16]),
HKOO’YHLP(O,T)—)LOO(O,T) = Sup Hkaﬁ(ta ‘)HLP’(OJ—)a
te(0,7)

we have just proven the following result.

Proposition 3.3. Assume that for some vy, |T(t)B|ly—x <t™7,t > 0. Then K, is bounded
LP(0,7) — L*(0,7) if and only one of the following conditions holds:

(i) p=1 7<0 a<0 v <0
(i) p=1 7=00 a=0 v=0
(i) p>1 7<o00 a+¥<l vy+¥ <1 at+y+¥h<1
(iv) p>1 7=00 a+¥<l v+ <1 a+y+Y% =1

(20)

Observe that condition (iv) implies o > 0 and vy > 0.

Proof of Theorem 1.8. (a) . Consider for ¢ > 0 the function u(s) := 14, ;y(s)uo. Then

/tT(t—s)Bu(s) ds
0

/t AT (t—s)Bu(s) ds

= || [7(t) = T(})] Buo| . ..

X Xfl
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We have [|ul|zz j0.0,0) = ﬁ(t/z)mrl/p. Let f(z) := exp(z)—exp(%2). Notice that the function

z 27 hf(z) € H§°(S(0)) for all 0 < ™/, so Theorem 1.5 applies. We obtain

R(B) g ((X(A—l))—17 (X(A—l))l)l/2(a+1/p+1)7oo - (X—27X)1/2(a+1/p+1)700 = (X*kWX)

with 0 = ¥ (Y, —a), k € N. The claim now follows from Theorem 1.9.

1—-6,00

(b) . By Theorem 1.9, boundedness of Wg is equivalent to B : U — (X,k,X)g,oo with 0 =
1+ % (a—Yy). By analyticity of the semigroup this implies | 7(¢)B|| < ¢t~ with v =¥, — «
(cf. the arguments in the proof of Lemma 1.12). Hence, if additionally to the assumptions of
the theorem, az > 0 in case p > 1 (or p = 1 in case « = 0, respectively), Proposition 3.3 gives
the claim.

(a)’. Let (5) hold. For Re(A\) > 0 and u € U we have

1

(A+A,k)*’€Bu:(k 1)'/ th=Le™ T, (t) Bu dt.
~1

Then, by assumption

| Re(\) et (A + A)~F1 By

o
< o H / tF L Re(\)FT T e MT_, () Bu dtH
— (k 1 H/ T_ tk lRe()\)k’-‘ra—l/p/ e—)\t ®u] dtH
S 1 IRt ®UHL7’ &) < Kllullo.
Here, the uniform boundedness of the functions hy(t) := Re()\)k+o‘_l/P’ th=le=M X > 0 in

LE/(Ry) is shown similar to the proof of Theorem 1.7.

(b)’. Without loss of generality we assume k > 2. We proceed in two steps

Step 1: For to show the existence of the integral in (5), we choose some 2’ € (X_)’, 2’ # 0.
Notice that (X_j)" may be identified with (X’), that is the domain D((A’)*) with graph
norm. We consider

/OOO\<T W(&)Bu(t), )| dt = /OOOW_"‘“A_’““(tA)k_lT o(&)Bu(t), )| dr.

As we did in the proof of Theorem 1.7, we decompose Fj(z) = zF71e™% as Fi(z) = o(2)(2)
with ¢, 1 as in (17). We obtain

| 1B, ai
_ /Ooo\<t’“+1A:',§+1<P(tAk)¢(tA k) Bu(t),a')] dt.

Notice that by sectoriality of A, the operators A_j(u+A_x)~%, g > 0 are uniformly bounded.
Moreover, lim, .o+ A_p(p+A_) ' Bu = Bu in X_j since A_j, has dense range in X. There-
fore, applying Fatou’s lemma and writing B, := A_p(p+A_) "' B, we have

< 132(1)15 /0 [t AT (LA )W (tA_g) Bu(t), o) | dt

Notice that 1(tA_y)Bu(t) € D(A”FT7¢) whereas 1 (tA_;)B,u(t) € D(A”F€). This observa-
tion allows to interchange the operators p(tA_j) and A:'g“ as follows
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= limé&f/ }<¢(tA,,€)t—k+1A:/g+1¢(tA,k)BMu(t),m/>‘dt
H— 0

= ILm(i)r}rf/ }<t1+1/7’/7kA:]]:@/}(tA,k)Bﬂu(t),til/p/(p(tA,k)liL'”|dt
=0+ Jo

IN

lim nf [e(tA)|[

R, dt/t,X")"
Lo(Ry X) (Ry,dt/t,X")

’t s [t TR AR (tA ) Bt u(t)

=:Lu(t)

Notice that by assumption on A’, the L” —norm has an estimate against the norm of 2, whence
the existence of the integral is proven if we show the uniform boundedness of the operators
L,(t) for t > 0 and p > 0. This step is very similar to the proof of uniform boundedness of
the family K (t), t > 0 in the proof of Theorem 1.7: we apply Lemma 3.2 with m = k — 1 to
the function ¥ (z) and obtain for fixed t > 0

AT (tA_L) Buu(t) = k%?'/f NEEFLRO EA_ )P Buu(t) dX + at®* N (I +tA_) "*Byu(t).

Now for v € U write

Lu(tu = /f ANt = RO LA Byud + at’y ~*(I + tA_p) " Bu(t)

27rz

21

- B /F FON 4 (A (ot A ) [(2)F P R, AL Bl u

+a [A_k(,lt—i—A_k)_l} [(%)kJrail/p/ (% + A_k)_kB} U.

Therefore, by the assumption (8) and a similar calculation to (19) the set {L,(t) : ¢ > 0, > 0}
is bounded in B(U, X) provided that the integral

/F PO N5 )|

is finite. Since f € O(|z|*~17¢) in zero and f € O(]z|™™) for any n € N, this boils down to
k—l—e—k—a+1/p/>—1, ie. to a<1/p/—6,

which, due to our assumption on «, always may be satisfied by some € € (0, 1).

Step 2: Now let o' € X'. We show that t — (T'(t)Bu(t),z’) € L*(R;) with a norm estimate

against K'||ul| 1z (g, 1)ll2[|x+. To this end we first notice that by analyticity of the semigroup,

T_i(t)Bu(t) € X for t > 0. Moreover, for ¢ positive, T_(t) Bu(t) = lim¢e_o T_x(t + €) Bu(t) in

X. Therefore, Fatou’s lemma yields

/OOKT_ (t)Bu(t) ‘dt < hmlnf/oo’(T_k(t)Bu( ), T (€)'z") ’dt
0 0

e—0

Notice that y. := T j(¢)'z’ € D((A’)*) and by step one,
oo
[l Buo.5 | de < Kl )

Since || T_(e)'2’|| < Koll2’|| the integral [;*T'(t)Bu(t) dt exists as a Pettis integral in X. The
above argumentation shows that we have a bounded linear mapping ® : LP(R;,U) — X",

= fooo T_k(t)Bu(t) dt. If u is a step function with compact support that does not contain
zero, the integral in question even exists as a Bochner integral. In this case, it takes values
in X by analyticity of the semigroup 7'(-). Since such step functions are dense in LP(Ry,U)
(recall p < 00) we obtain R® C X and thus & is necessarily bounded from LP(R;,U) to X.
This finishes our proof. U
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Regularity and Wellposedness.

Proof of Lemma 1.12. 1t is not hard to see, that for bounded analytic semigroups and k£ € N,
|t* AFT(t)|| < ¢, < oo. Indeed, by the elementary functional calculus for sectorial operators
(cf. [21]) and substituting tz = A one has

;m;/r(tz)ke_tzR(z,A) dz
M/ |tz|ke_tRe( Z M/|>\|k _Re/\dT =: ¢ < 00.
r

This shows [|T(¢)[lx__x, < cxt™F, t > 0. On the other hand, clearly || T(t)||x—x < co, t > 0.

By real interpolation we obtain immediately || T'(t)||x—z < kit~%. Similarly, considering X_,
and X in place of X and X, one obtains |T'(t)||w_x < kot ~F. Both estimates together give
the claim by the semigroup property. O

Proof of Proposition 1.14. Let ¢(s) := } (1+s)*— 1| Then

I(TH By < M/O (SO ()l ds,
whence T is pointwise bounded by a multiple of the scalar integral operator
_ ¢
T = [ o=l ds

which has the kernel k(t, s) = 1, t}( ) L d)( ). Notice that, substituting s = to,

/ 1+ @ _11/P
t—s

where ¢ = ¢(p, a) < oo since letting g(o) := o~%, the limit for ¢ — 1 equals ¢'(1) = —a. It
follows by Holders inequality that |Tu(t)| < cM ||u||pt_1/P (notice (1—p')/p" = —Y,). Therefore,

|tAFT@)|| =

IN

p/
do < =P’

0.704

1
ds :tl—p'/ o -1
0 1

k()

o —

~ 1 1
Ap({t>0: [Tu@®)] = A" < Ap({t > 05 Mullt™% = X} = Mull,

showing that T is of weak type (p,p) for every p € (1,00). By Marcinkiewicz interpolation, T
is bounded on LP(R) for p € (1, 00), which implies the assertion. O

Proof of Theorem 1.13. Let F denote the convolution operator acting LP(Ry,U) — LP(Ry,Y)
and F denote the same operator acting L5 (R4, U) — L (R4, Y). Further let @, : LE(Ry, ) —
LP(R4,-) be the canonical isometric isomorphism given by (®4f)(t) := t“f(t). Then T :=
Do FoP, 1 — F satisfies

(Tu)(t) :/0 (1) — 1)K (t — 5) u(s) ds

with K(t —s) = CT(t — s)B. By analyticity of the semigroup, K € C(Ry,B(U,Y)) and
by hypothesis ||K(t)|| < M/t. Therefore, Proposition 1.14 applies and yields boundedness of
T:LP(Ry,U) — LP(R4,Y). Hence F is bounded if and only if F¢ is. O

Proof of Theorem 1.16. We let v := T'(-)z¢ and denote, for p,7 > 0 to be fixed later,
Spr ={z € C([0,7], X) N LE((0, 7], Z) = 2(0) = zo, [z — wllz < p}

where |[z[|s := max{||z(|c(jo,7,x), ]l 12 (0,71, 2))- Observe that we dropped 7 in notation of the
norm, and that X, is complete for the metric induced by ||z|x. We let T'z := v 4+ T'(+) %
B(F(x) — F(20))Cx for x € ¥, 7 and shall choose p and 7 such that I' is a contraction on ¥, ;.
Then Banach’s fixed point theorem ends the proofs.
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If f is a simple function with values in U with compact support in (0, 7), then by analyticity
of the semigroup T'(-)B * f is a continuous, X—valued function. Since such functions are dense
in L (U) (recall p < o0o), T(-)B* maps L5 (U) boundedly into C([0,7], X). We let ¢,(7) :=
v —2ollc(o,7,x) and lu(7) = [[v]| 15 ([0,7),2)- In the following we shall drop the time interval in
the norms. The assumptions imply that || T(-) B x u|s < K||ul[ 1z for some K > 0. We write
L for the Lipschitz-constant of the function F'. Then we have, for x € X, 7,

K|(F(z) = F(z0))C|| 1z )
KL|Clllx = mol[ e x) |2l 22, (2)
KLIC|([lx = vllox) + [[v = zollex)) |z — vllpz) + vl (2))
KL[Cl(p + co(7))(p + ls(7))-
Similarly we obtain, for z,z € X, -,

[Tz — TZ|s K||(F(z) — F(z0))Cx — (F(Z) — F(20))CZ| g 0y
K(|(F(z) = F(20))C(z — )|l o) + |(F(2) = F(&)CZ 1 0y
KL|Cl([lx = zol[ Lo x)lz = Zl Lz (2) + 1o = Zllox)1E] 2. (2))
KL|[Cll(p+ co(T) + p + Lu(7)) |2 — 2[5

Now we choose p > 0 such that n := 4K L||C||p < 1 and then 7 > 0 such that max{c,(7),l,(7)} <
p. Thus we obtain

[Tz —vlls

VAN VAN VANRR VAN

IN AN IAN TN

Iz —olls <mp<p and |z —Talls < nllz — 7
for x,x € X, -, as desired. O
Li—spaces and Besov spaces.
Proof of Lemma 2.1. The definition of Besov and Triebel-Lizorkin spaces together with Minkowski’s
inequality yield, for any s € R,

B; ,(Q) — F7,(Q) provided that ¢ > p and

F7,(Q) — B; ,(Q) provided that ¢ < p.

This will be used in the sequel. First we show the ’if’—part, that is we show L(Q)) — Bgm(Q)

in the case p > max(2,q), that is (¥,%,) € I where area I is as depicted below. By the
above embeddings of Besov and Triebel-Lizorkin spaces, L4(§2) = FC?’Q(Q) — F), — B
Next, we consider the case (¥,%,) € III, that is p <

! min(q,2) and (p,q) # (2,2). lf p <2 < gandif p < ¢ we
) Io have
Bg,p(Q) — 32,2 ‘: Fq(,),z(Q) = L1(Q),
111 and if p,q < 2 and p < ¢ we have
’ IT B, (Q) — F) () < FQ5(Q) = LUQ).
2
v Therefore, obviously L?(£2) + B (€2).
I For counterexamples in area II and IV we construct spe-
L cific functions f € L% by wavelet decompositions (cf.
0 /qr [23]), that show why the Besov norm cannot be esti-
0 Yy 1 mated by the L%-norm.

Let A be the set of all points A = 277k 4+ 277~1¢ where j € Z, k € Z" and 0 # € € {0,1}".
Then every A € A corresponds to unique j, k and €. Let Q) be the dyadic cube defined by
Qr :={z € R": 2z —k € [0,1)"}. Finally, by [23, Thm. II1.8.1] choose some 1-regular
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wavelet basis (1)) with compact support. Then supp ¥y C ¢@y for some ¢ > 0. We let
AN :={X e A: supp ¥ C Q}.

First we treat (¥, %) in area I, that is ¢ < p < 2. By [23, Thm VIL.2.1], for f = 3, a(A\)x ()
in LY(R™), we have equivalence

o

(X lePios 10, ) (21)
AEA

In the following, it will be sufficient to consider only functions f that decompose in a finite
sum. If Q@ C Q for some Q = Q,, Ao € A/, set a(-) such that only dyadic sub-cubes of Q
are considered in the above summation: if @ belongs to the ;' dyadic subdivision of @ then
let a()\) := «j, otherwise let a(a) := 0. Then the expression on the right hand side of (21)
Li-norm of f simplifies to

|55, -t ()

. 12 ¥ —
Jj=0 Al j=0

T \

La

On the other hand side, an equivalent By —norm of f =", a(A)ix(z) is given by
11 P\ Yo
Hf”B,?,p ~ <Z<< Z la()) ) n](/q_/2)> > ’ (22)
AEA]

see [23, VI.10.5]. But, for A € A} such that Q\ C Q, |a(A)| = lavj|27" | whence

N i
1 P/
Ifllsg, ~ (E \%\2"”2)
=0

Therefore, setting o; := 27" for j =0,...,N and letting N — oo reveals that LI() — Bgyp
implies p > 2.

Finally, consider the case IV, that is ¢ > 2 and 2 < p < ¢. If we set the wavelet coefficients
a(A) of f in (21) such that the cubes in {Q(A) : «a(A) # 0} are piecewise disjoint, then

Y
||f”q~H<Z\a JPIQA IJLQX) = 1> Ity HQWQnQ‘
AEA La AEA q
- (Swriaried)”
AEA

(Z<<,\§7 ’a()\)‘q) 1/q|QA|1/‘11/2>q> 1/‘1'

J

On the other hand side, notice that |Qy| = 27™/. Thus, comparing the L9-norm of f with the
equivalent Bg’pfnorm given by (22), we find LI(Q2) — Bg’p(Q) requires g > p contradicting the
assumption p < gq. O
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