Optimal High-Order Elements in H(curl) and H(div)

for Pyramids, Prisms and Hexahedra

M. Bergot1 M. Duruflé®

"Project Calvi
INRIA Nancy Grand Est

2Project Bacchus
INRIA Bordeaux Sud-Ouest

May 7, 2012

Bergot, Duruflé (INRIA) Optimal High-Order Finite Elements May 7, 2012 1/22



Bibliography and motivation

@ Nedelec’s first family not optimal on non-affine hexahedra and
prisms
R.S. Falk, P. Gatto and P. Monk
Hexahedral H(div) and H(curl) finite elements

@ Difficult case of finite elements on pyramids
N. Nigam, J. Phillips
Higher-order finite elements on pyramids
J.-L. Coulomb, F.-X. Zgainski and Y. Maréchal
A pyramidal element to link hexahedral, prismatic and tetrahedral
edge finite elements

@ Is it possible to construct finite elements providing an optimal
H(div) / H(curl) estimate in O(h") ?
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Polynomial spaces

Qunp(x.¥,2) = Span{xyizk, 0 <i<m 0<j<n 0<k<p}

Pr(X,y,2) = Span{x/yfzk, ij,k>0,i+j+k< r}

o

P/(x,y,2) = Span{x’yfzk, ij,k>0,i+j+k= r}

r—1
X
B, = Pr(X,y,Z) S E Pk(xay)<1 ;yz
k=0

X

Dr(Xay’Z) = ]P)?—1 @ |:y ] ﬁ)rq(xa}’az)
V4

Sr(x,y,z) = {ueIPT,3 sothatu1x+uzy+u3z:0}

Ri(x,y,2) = PP, @S

Rr(x,y,2),Dr(x,y,z) : Nedelec’s first family on tetrahedra
Bergot, Duruflé (INRIA) Optimal High-Order Finite Elements May 7, 2012 3/22



Condition of optimality for edge elements

0y

Expression of F for the pyramid :

A A

F(%9,2) = A+ BX + cy/+02+4(1’”’2)(s1 + 85— 5—5)

F affine if the basis of the pyramid is a parallelogramm.
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Condition of optimality for edge elements

Finite element space :

Vi, = {u € H(curl,Q) so that u|x € Pf(K)}
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Condition of optimality for edge elements

Finite element space :
Vi, = {u e H(curl, Q) so that u|x € PF(K)}
Use of Piola transform to write the space in the reference element K :

PF(K) = {usuch that DF* uo F € P,(K)}
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Condition of optimality for edge elements

Finite element space :
Vi, = {u € H(curl, Q) so that u|x € PF(K)}
Use of Piola transform to write the space in the reference element K :
PF(K) = {usuch that DF*uo F € P,(K)}
Condition of optimality for a given choice of P,(K) :
VK, R:(x,y,2) C PF(K)

This condition is sufficient to obtain optimal estimates in O(h")
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Optimal Finite Element spaces

Minimal spaces P,(K) satisfying the condition of optimality :

Qr—1,r41,r+1 X Qratr—1,r41 X Qriet r41,r—1

Prisms

(Re(%,¥) ® Pri4(2)) x (Priq (X, §) @ Pr_1(2))
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Optimal Finite Element spaces

Minimal spaces P,(K) satisfying the condition of optimality :

xmpn+2 1-2) gn2pm 0
ST 0 S A O <m<n<r—2
@{(1_2)m+2 [ - 1 ( }A/z) ,0<m<n<r
. %Py (1 62) xapP
(1= z)prati—r % "

O R
T s 0<p<r—1
1 — Z)ptati-—r l“ }A/z)], 0<g<r+1

e
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Optimal Finite Element spaces

When expressed on the cube [—1, 1]3, it is more friendly :

Pyramids (expressed on the cube)
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Idea of proof

F and DF are polynomial in the cube [—1, 1]®
(X,y,Z) = F()"(,j/,é) = AO+A15‘((1_2)+A2J~/(1_2)+A32+C;(.}?(1_2)

where Ag, A1, Ao, Az, C can be adjusted at any value by changing the
vertices of the pyramid.

oF . OF . OF o
87—A1+Cy, aij\/—AZ“_CX, g—A:g—FCXy

We choose a polynomial p € R/(x, y, z) and express DF pin (X, y, 2)
variables and determine the sufficient and necessary basis functions
of (X, y,Z) needed to generate polynomials p for any set of coefficients
Ao, A1, As, A3, C.
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Nedelec’s first family

Nedelec’s first family P! (K) :
(Hexahedra ...
Qr=1,r,r X Qrr—1,r X Qrr.r—1

R
(Rr(%,9) @ Br(2)) x (Br(%,5) ©Pr1(2))

Same expressionwith0 < p<r—-1,0<qg<r
This finite element space is new.
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H(curl) conformity

Tangential restrictions on triangular faces :

Rf(x’y)

Tangential restrictions on quadrilateral faces :

Qr—1,r41(X, ¥) X Qry1,r—1(X, ¥)
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Condition of optimality for facet elements

Finite element space :
Vi, = {u e H(div,Q) so that u|x € PF(K)}
Use of Piola transform to write the space in the reference element K :
PF(K) = {usuchthat |[DF|DF~'uo F € P,(K)}
Condition of optimality for a given choice of P,(K) :
VK, Df(x,y,2) C PF(K)

This condition is sufficient to obtain optimal estimates in O(h")
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Optimal Finite Element spaces

Minimal spaces P,(K) satisfying the condition of optimality :

A

Qr+2,r7r(f(,}7=2) X Qr,r+2,r()A(7}A’72) X Qr,r,r+2()?7y7 2)

Prisms

D1 (X, ) @ Pr(2) x Wr_q ry2(X, ¥, 2)
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Optimal Finite Element spaces

Minimal spaces P,(K) satisfying the condition of optimality :

Br_1(%,7.2)°

y(n+1 }"/m 0
— om {yn+1
(1—2z)m+ XY | o<m<n<r—1
© 0 @ (1 _2)m+1 - - =
0 0
gm+1 j}n+1 0
W 5‘(”+1 }A,m+1
23 0 @ (1 —2)m+2 0<m<n<r-—1
)"(m}A/n-H )"(n+1j‘,m
(1 —2)mt (1 — 2)mH
%19/ 3
@’\—", y 3 0 < I,] S r
(=21 (17— 3)
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Optimal Finite Element spaces

When expressed on the cube [—1, 1]3, it is more friendly :

Pyramids (expressed on the cube)

(IB%,_1 o T(%,7, 2))3

(e~ 2)F y
;(mj}k-H(-]_z)k ]7 0<m<k<r-1

2] S
0
B )?m+1 n+1( ) 0
D O XMymt1 2" | o<m<n<r—1
n+1 ) _)~(n+1j*/m(1 _ z)n
r /+1y/(1 z)r
® xy/+1(1 z)’ , 0<ij<r
—X yl
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H(div) conformity

Normal components on triangular faces :

]P)I’f1 (Xay)

Normal components on quadrilateral faces :

Qr,r(xay)
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Super-optimality for facet elements

Necessary condition to obtain optimal estimates in O(h") :
VK, P2 ,(x,y,2)c PF(K)

VK, P,_1(x,y,2)CdivPf(K)

Super-optimal spaces are the minimal spaces P, satisfying these
conditions.

Because of the condition with the divergence, non-unicity of these
spaces.
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Super-optimal spaces for H(div)

Minimal spaces satisfying the super optimality condition :

[ X'yl ok
0 , I <r+1; j,k<r;j+ k #2r, and symmetric counterparts
0
[ &T2pigk ]
0 , 0<j, k <r, andsymmetric counterparts
0
r j(f+1j‘/f2f .
x" }“/ rH1gr
K7yt
Dimension = dimP%" — (3r + 5)
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Super-optimal spaces for H(div)

Minimal spaces satisfying the super optimality condition :

ﬁ,opt\[(ﬁ(),\(,\,\rZ ~ ,\AAr|:):(]
p i ,y)z) x{O}} + P_4(X,¥)z g

Dimension = dimP®" — (r +2)
PP is minimal \
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Basis functions for super-optimal hexahedra

o, q q . )
P;"" being Jacobi polynomials :

Functions associated with a face
(1-x)P°y - 1)PR°(2z - 1)
0 K< j+k#2r
0

Interior separated functions

{ x(1 = x)Pl(2x = 1)PP0(2y — 1)PR%(2z - 1) ]

0
0

i,j,k<r,i=rorj#rork#r
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Basis functions for super-optimal hexahedra

o, 8 i i i -
P;"" being Jacobi polynomials :

Functions associated with a face

(1-x)P°@y - 1)PR°(2z - 1)
0 k< j+k#2r

0

Interior linked function
x(1 = x)P1 (2x — 1)PP(2y — 1)PP0(22 — 1)
y(1 = )P 2y — )PP (2x — 1)PP0(2z — 1)
z(1 - z)PH (22 — )P0 (2x — 1)PP0(2y — 1)
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Dispersion error for wave equation

For regular hexahedra :

Dispersion error

First Family, r=1|
e -e First Family, r=2
¥ v Optimal, r=1
=—a Optimal, r=2

107 102 10" 10°
hir

Dispersion error equal to O(h?") for first family, to O(H?*) for optimal
and super-optimal elements
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Dispersion error for wave equation

For non-affine hexahedra :

10° /
10* s -
- °
Pt i S
10° v 8/{’8 *
- v
g-t 4= 4 A
10° _g-t 3 v T
5 _g- % ¢t voorov N <
2 qo10p _g- % R -
9 3 - LA
§ 107 voovo T L
2 P
£ .
10 Pt
-
10" PRt +~— First Family, r=1
PR o -e First Family, r=2
10 P - ¥--v Optimal, r=1
w - =—a Optimal, r=2
102 ¢ ¢ Super-optimal, r=1
<« Super-optimal, r=2
2
10
10° 107 10" 10°
hr

Dispersion error equal to O(h?"~2) for first family, to O(h?") for optimal

and super-optimal elements
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Nodal basis functions

PN

(M;) : position of degrees of freeedom
1 the associated direction

2
|
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Nodal basis functions

A

(M;) : position of degrees of freeedom

7 Athe associated direction A
(1;) a basis of the finite element space P,

Vandermonde matrix :
VDM, ; = (M) - §
The basis function ; associated with the point M;

Bi=>_ (VDM 1) 1.
j
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Nodal basis functions

Vandermonde matrix :

A~

VDM, ; = i(M;) - T

—+— Optimal Tetrahedron
- © - Optimal Prism 4
108l ~¥~ Optimal Pyramid P
—a— Tetrahedron &
- ¢ - Pyramid =7
~>— Prism 4

Condition number of VDM

Order of approximation
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Hierarchical basis functions for the pyramid

Parameters 3; are associated with triangular faces

Parameters \; are associated with vertices of the pyramid

Bergot, Duruflé (INRIA)

Bo =

+

B3

_l’_

Ba =

X2
2
y_z
2
%2
2
y_2
2

Optimal High-Order Finite Elements

-
A5 =2
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Hierarchical basis functions for the pyramid

~; are parametrizations of vertical edges
~; are parametrizations of horizontal edges

(224 X+7J
Nn=——5
22— X+y R
Y2 = 2 04 =03=X
22— X—y S S
N = 5 y 52—54—}/
_224%-§
Y4 = 2
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Hierarchical basis functions for the pyramid

Use of Jacobi polynomials P,”’B (x) orthogonal with respect to weight
(1 —x)*(1 +x)*?

For two horizontal edges :
(MV(A2+ A3) — MaV(A1 + ) PIQ’O(51), 0<i<r-1

MV (Mg + A1) — AaV(A + A2)) PPO(82), 0 < i < r —1
For a vertical edge :

(MVAs = AsVA) PYO(y4), 0<i<r—1
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Hierarchical basis functions for the pyramid

For the base:

B3 — 1

1-2

)P1’1 (,84 — B2 )1 — 2)maX(fJ)*1

MV (A2 + A3) — A2V( A1 + Ag)) Ba PPO( HiE—

1

(MV(A3+ X)) — V(D2 + \)) Ba P;’1 (B:’ : §1 ),DI?’O(B:' : 52)(1 _ gymax(i)—1

0<ij<r—1
For a triangular face:
()\1V()\2 + )\3) — )\2V(>\1 + )\4)) Ag P?’O((51 )FJijO(,Y1)
(MVAs = AsV A1) B3 PP0(61) PO (1)
0<i+j<r-2
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Hierarchical basis functions for the pyramid

For interior functions:
(MV (A2 +A3) = A2V(M + M) BaAs Py (X,
()\1V()\3 + )\4) )\4V()\2 T )\1)) 083 A5 ,/k(j\( }7 2)
(MV s — A5V A1) B3 B4 Pj(X, 7,2)

0<i,j<r-2,
0<k<r—2—max(ij)

Pi(k,5,2) = PPO(B =00 poo s k)

P/f max(i,j)+2,0(22 . 1)(1 _ 2)max(i,j)—1
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Comparison with other pyramidal edge elements

° /5) is the same space as proposed by Coulomb et al, Graglia and
Gheorma, Gradinaru and Hiptmair, Doucet et al, Nigam and
Phillips for r = 1.

@ First space proposed by Nigam and Phillips contains more
degrees of freedom than P! while providing the same order of
convergence

@ Second space proposed by Nigam and Phillips contains r(r — 1)
less degrees of freedom but is not consistent for non-affine
pyramids

@ Basis functions of Coulomb et al, Graglia and Gheorma for r = 2
induce spurious modes and are providing only first-order
convergence even for affine pyramids
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Dispersion analysis

Maxwell's equations
—w?E + curl(curlE) = f
—WZ/E~(,0j+CUI’|E-CUI’|(p,'dX :/f-go,'dx
Q Q

~w?MhE + KhE = Fj,
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Dispersion analysis

Maxwell’s equations
—w?E + curl(curlE) = f
—wz/ E - ¢; + curlE - curlp; dx = / f-dx
Q Q

~w?MhE + KhE = F

Research of eigenvalues (w, E) with quasi-periodic conditions
E(X + ) = exp®PE(X)

Dispersi _ o Ikl
persion error =
w
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Dispersion analysis

Research of eigenvalues (w, E) with quasi-periodic conditions
E(X + h) = exp®PE(%)

Dispersion analysis on purely pyramidal mesh

\ Ecn: -0.965 -0.17y -0.0772= 0
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Dispersion analysis

Dispersion on affine pyramids

o
-5
s
)
oy
=
o
g
% s —— Optimal, order 2
= 15 —o— - Optimal, order 3 ]
g —3#=-Migam 1, order 2
—=—MNigam 1, order 3
20 - -Nigam 2, order 2 ||
Graglia, order 2
—i— Zgainski, order 2
—0- Nigam 2, order 3
,25 1 1 1 1 T
-3 -2.5 - - -05 ]

-1.5
log, (khir)
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Dispersion analysis

Dispersion on non-affine pyramids

5
]
oy
k=l
@
5
&
& i .
= 1E T 9/9 —+—Optimal, order 1 4
g e —3--Optimal, order 2
qal @/e ——Nigam 1, order 1|
4%9/ —~ Nigam 1, order 2
= ~O--MNigam 2, order 2
i —4— Graglia, order 2 ||
Zgainskl, order 2
,18 1 1 1 1 T
-3 -25 - - -05
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Convergence for the cube

Gaussian source inside a cube and non-affine pyramids :

]

05

5
i)
3 -1sf
L
8’?‘ B - —t—Migam, order 1
= o . ) —C--Optimal, order 1
—#-- Optimal, order 2
——Migam 1, arder 2
25re —--Migam 2, arder 2
. —=—Zgainski, order 2
Graglia, order 2
,3 1 1 1 1 1 T T
-1.8 -17 -1.6 -1.5 -1.3 -1.2 -1.1 -1

-14
\ogm(hfr)
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Convergence for the sphere

Scattering of a perfectly conducting object

—w?e E+ curI(1 curlE) = finQ
i

Exn=—E"Cxnonr

curlExn=ik(nx E)xnonX
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Convergence for the sphere

Eqn: -081x D35y -0 212 -0 25 =0
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Convergence for the sphere
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Convergence for the sphere

o
10
w0 | 4
I
2
H _
~ 1w F J
T
g
£
LU o <>/ I
—tOrder 1
—{=r —Optimal Order 1
— 3 Optimal Order 2
T Order 2
‘G*Dptmal Order 3
— Order 3
10 L

10
hér
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Scattering by a satellite
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Scattering by a satellite

Each color is associated with an order of approximation
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Scattering by a satellite

Y

-0,15

=
e o
2
B B
b

z
=3

4

-0,2-0,15-0,1-0,08 0 005 0,1 0,15 0,2

=
o
ll_ |

I

l.tﬁ?
l

0.1 -0.1
——  —— | [ ——

0 01 02 0,3 0,4 05 0,6 0,7 0,8 0.2 — — -

x f: — —
o ol 02 0,3 0,4 05 06 0,7 0.8
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Scattering by a satellite
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Scattering by a satellite

The mesh contains 35006 tetrahedra, 50390 hexahedra (40 659 affine

hexahedra), 48865 pyramids (40 508 affine pyramids), 4582 wedges.
We use P! and there are 2 570 034 dofs.

END
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