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Abstract

We introduce a generalisation of norm relations in the group alge-
bra Q[G], where G is a finite group. We give some properties of these
relations, and use them to obtain relations between the S-unit groups
of different subfields of the same Galois extension of Q, of Galois group
G. Then we deduce an algorithm to compute the class groups of some
number fields by reducing the problem to fields of lower degree. We
compute the class groups of some large number fields.

Introduction

The problem of computing the class group of number fields is a central
problem in number theory, with applications for example in cryptog-
raphy or in class field theory. Let K be a number field. The most com-
monly used method to compute the class group or the S-units groups
of K is Buchmann’s algorithm [5]. Its complexity grows quickly with
the degree n: if we denote by D(K) the discriminant of K, the time
ay/In|D(K)| InIn[D(K)]

complexity of this algorithm for fixed n is in O(e
where a is a constant, and the implicit constant of the O depends on
n exponentially; note in addition that the discriminant grows at least
exponentially with n. So it would be beneficial to have an inductive
method to reduce these problems to similar ones in number fields of
smaller degree and discriminant.

Such inductive methods have already been proposed. Suppose
K/F is a Galois extension of number fields, of Galois group G. By
studying relations between the subgroups of G arising from character
theory, we can find corresponding relations between the arithmetic in-
variants of the intermediate fields. For a subgroup H < G, denote by
Indg/p(1x) the permutation character of G' induced from the trivial
representation of H. A Brauer relation [4] is a relation of the form

Z agIndg/p(lg) =0
H<G



with a € Z. Brauer proved that when such a relation exists, there is a
corresponding relation between arithmetic invariants of the fields K.

In [2], Biasse, Fieker, Hofmann and Page studied another type of
relation called norm relation. Given a subgroup H < G, we define its
norm element to be the formal sum Ny =, .y hin Z[G]. If Ris a
commutative ring, H a set of subgroups of G, a norm relation over R
with respect to H is an equality in R[G] of the form

l
=1

with a;,b; € R[G]| and H; < G. In their paper, they derive from such
a relation an inductive algorithm to compute the class group or the
groups of S-units of K by reducing the problem to a similar problem
on the subfields K.

Our goal is to generalize the notion of norm relation in order to
be able to use the same kind of method to compute the class group of
some number fields K even without a Galois extension K/F. If K is
a number field, let us denote by K its Galois closure, and let G be its
Galois group (i.e. the Galois group of the extension K /Q). Let H be
the subgroup of G such that K = K¥. Let R be a commutative ring,
and Ji,-- -, J; some subgroups of G. A generalised norm relation over
R with respect to H and the J; is an equality in R[G] of the form

¢

NH = Z az’NJibi
=1

with a;, b; € R[G]. Classical norm relation are a special case of gen-
eralised norm relation where H is the trivial group. Given K and
subfields K; of K, we say that K admits a generalised norm relation
with respect to the K; if G admits one over Q with respect to H
and {J;}, where the J; are such that K; = K’i for all i. We impose
the condition that the K; are subfields of the Galois closure K, but
we prove in theorem 2.11 this causes no loss in generality. The main
result of this article is the following;:

Theorem A. There exists a polynomial time algorithm that, on input
e a number field K,
e a set S of prime numbers,

subfields K; of the Galois closure K,

for each i, a basis of the S-unit group of K;,

if K admits a generalised norm relation with respect to the K;, outputs
a basis of the S-unit group of K.



We will describe such an algorithm (algorithm 4.3), as well as an-
other algorithm that is not provably polynomial time, but is often
faster than the first one in practice (algorithm 4.6) Using an imple-
mentation of such an algorithm in Pari/GP, we compute the class
group of some number fields significantly faster than with other meth-
ods, including the method using classical norm relations from [2]. In
particular, in example 6.2, we compute the class group of a field of
degree 105 and discriminant 2126 . 2990 . 6742 ~ 1.7 . 10?46 in about 5
days (CPU time), whereas without our method, we could not compute
it in over 5 months.

One problem we encounter is that there is no known polynomial
time algorithm that, given a number field K defined by an irreducible
polynomial over QQ, computes its its Galois group G. We will provide
a way to determine whether relations exists without actually having
to compute G or K. In order to do that, we will need some properties
of Hecke algebras [13] and compositums. We will prove that a com-
positum C of two number field K and L naturally induces a morphism
from K* to L*. This map will be denoted = +— C -z, and is described
by the following theorem (see theorem 1.18).

Theorem B. Let K, L be two number fields, let x be an element of
K* and C = (C,tx,tr) a compositum of K and L. Then C -x =
Neyr(uk(x)), where Neyp, is the norm of the extension C/L.

We will sometimes refer to this function as the action of the com-
positum C on K*. A similar result also gives a morphism of additive
groups K — L given by the action of the compositum C. We will
prove the following characterisation (see theorem 2.20).

Theorem C. Let K, Ly, --- , Ly be number fields. Let o and B1,--- , 5
be such that K = Q(«) and L; = Q(B;) for all i. Then K admits a
generalised norm relation with respect to Ly, --- , Ly, if and only there
is a relation of the form

l
a=Y >  acC-p

1=1 CeCompo(K,L;)
where the coefficients a; ¢ are in Q.

To prove theorem A, we will also need some properties of Mackey
functors [3]. In particular proposition 3.5, will be useful to find a rela-
tion between the S-units of the number fields involved in a generalised
norm relation. We will prove a bound (theorem 2.15) that is crucial
to prove that our algorithm is indeed polynomial.



We will also compare the method to compute class groups using
generalised norm relation with the method described in [2] that only
uses classical norm relations. We will provide an algorithm to find
examples where the method using generalised norm relation is more
efficient (algorithm 5.4).

With a systematic research on every group of cardinal up to 700,
it appears that we can find many examples where generalised norm
relations are useful. We think it is an interesting question to classify
norm relation (classical ones as well as generalised ones). We do not
have an algorithm that takes a number field and determines whether or
not it admits a generalised norm relation in polynomial time, without
having to compute the Galois group or the Galois closure. Finding
such an algorithm is also an interesting open question.

The article is organised as follows: in section 1, we discuss prop-
erties of Hecke algebras and compositum, then in section 2 we recall
the definition of classical norm relations, define the generalisation,
and prove some properties. In section 3, we recall some properties
of Mackey functors that will be useful later to prove the complex-
ity of our algorithms. In section 4, we provide algorithms to check
whether given fields admit a generalised norm relation, and to com-
pute the class group and the group of S-units of number fields. Then
in section 5, we compare these new methods with the methods in [2].
Finally, we give examples in section 6.

Notations and conventions When R is a ring and M, N are
left R-modules, we will denote Hompg (M, N) the group of R-module
homomorphisms from M to N. In a finite field extension K/F, we
will denote by Nk /p(z) the norm of z € K.
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1 Hecke algebras and compositums

In this section, K is a number field, G is the Galois group of the Galois
closure K of K, H and J are subgroups of G, respectively fixing the
subfields K and L. Let a be an element of C such that K = Q(«)
and f be the minimal polynomial of « in Q[X]. Let 8 be such that
L = Q(p) and let fr, be its minimal polynomial.

Our goal in this section is to establish that the set of compositums
of K and L acts on the set of fixed points by H of any G-module,
and to make this action explicit. The action will be described in
theorem 1.18. In this section, R denotes a commutative ring and V'
an R[G]-module. To establish this theorem, we will first need some
useful isomorphisms involving R[G]-modules. First let us write two
lemmas, describing some well known isomorphisms. One can find the
proofs in [13].

Lemma 1.1. The map
®1: Hompg)(R[G/H],V) = VT ¢ ¢(1- H)

is an isomorphism of R-modules, and its inverse is

The unique morphism ¢ of
o VH Homp(R[G/H], V), z = { R[G]-modules in V such that
o(1-H)==z

Lemma 1.2. There is an isomorphism of R-modules

®y: RIH\G/J] — RIG/J)", Y angHgl— > amggl.
HgJeH\G/J gJeG/J

Its inverse is

o' RIG/J" = RIH\G/J), Y oaggl— > agHgl.
gJEG/J HgJEH\G/J

Proposition 1.3. There is an isomorphism of R-modules

®: R[H\G/.J] — Hom e (R[G/H], RIG/J))

¢ such that
Z CngJHgJ ~ { 1-H) = J
HgJeH\G/J ¢ ) deG/J QHgJ9



Its inverse is

®~': Hompg (R[G/H], R[G/J]) = R[H\G/J]

R > Hgre\G/J Qg HOJ _
where ¢(1-H) =3 cq/y0qs9]

Proof. We can then obtain the isomorphism ® simply by composing
®; and @, from the two previous lemmas.
O

Fact 1.4. By considering both the isomorphism ® in proposition 1.3
and the isomorphism ®; in lemma 1.1, we deduce that given any R[G]-
module V', for every element HgJ of R[H\G/J] we get a morphism
Tty of R-modules from V7 to VH given by the following diagram:

THgJ
VJ VH

x > 5eG/J ox

HgJ=H6&J

TH = 32 seqrs 0%

HgJ=H5&J

vJ = vz

Hompiey(R[G/J], V) Hompq(R[G/H], V)

¢H9J

Where the expression of ¢p4s is obtained via the following dia-
gram:



R[H\G/J] RIG/JH

> ogem\G/g CHgrHg) —— 37 cc/yogrgd

T

YH =3 jecry @HgIV9)]

HgJ=H~J

Hom g (R[G/H], R[G/.J])

Remark 1.5. This last proposition gives a natural action of R[H\G/J]
that goes from R[G/H] into R[G/J]. With the next proposition, we
will see that this can also be seen as an action from the set Hom (XK, C)
of complex embeddings of K into the set of complex embeddings of L.

Remark 1.6. The Galois group G acts on the set Hom(K,C) by
g-oc=00g.

Recall that a is an element of C such that K = Q(«), and f is
the minimal polynomial of a over Q. Let 0 € Hom(K,C) and g € G.
The embedding ¢ sends « to a complex root of f. Then g - o is the
element of Hom(K, C) that sends « to g - o(«).

Proposition 1.7. We note E = Hom(K,C) the set of embeddings of
K in C, and by o4 the embedding that maps o to g - o for all g € G.
There is an isomorphism

¢: G/H — E,gH — oy.

Its inverse is
'S - G/H, g0+ gH.
It is independent from the choice of g.
Proof. Let g1, 92 € G such that g1 H = goH, and let h € H such that

g2 = gih. Then, o4, maps a to g1 - (h-a) = g1 - . So g4, = 0y,
O

Now from these actions, we will deduce an action of compositums.
First let us recall the following definition.



Definition 1.8. Let K and L be number fields. A compositum of K
and L is a triple (C, tx,¢r,) where C'/Q is a number field, tx: K — C
and ¢, : L — C are morphisms of Q-algebras, and where C'is generated
by tx(K) and ¢1(L) as a ring.

2im

Example 1.9. Consider the following diagram, with { :=e 3 .

C=Q(2,¢) =K
H J
K =Q(V?2) G L=Q()
Q

Let ti: K — C be the inclusion, and ¢;,: L — C also the inclu-
sion. It is clear that C is generated by tx(K) and ¢r(L), so C' is a
compositum of K and L.

Here, we have C' = K. We will see that up to isomorphism, every
compositum of K and L C K is included in K.

Note that if we take tx2: K — C the inclusion and ¢ty 2: K —
Ca, ¢+, then (C, i 2, 2) is another compositum of K and L.

Definition 1.10. A morphism of compositums between two composi-
tums (C, 1, ¢r) and (C7, V., ¢}) is a field morphism f: C' — C’, such
that j = foux and /) = four.

The two following lemma give some properties of compositums.

Lemma 1.11. Up to isomorphism, there is a finite number of com-
positums of K and L, we denote by Compos(K, L) a set of represen-
tatives. There is a bijection between this set and the set of quotients
of K®gL. For f: K®qgL — C surjective, the associated compositum
is (Cyuiyir) and v = fo (idg ®1), v = fo (idp ®1). Every com-
positum of K and L is isomorphic to a compositum whose underlying
field is contained in K.

Proof. The second statement is a direct application of the universal
property of the tensor product of algebras.

Since K ®q L is of finite dimension over Q, the set Compos(kK, L)
is finite.



Now let us prove the last statement. Denote K = Q[X]/p(X),
with p(X) € Q[X] irreducible. Denote p(X) = [], pi(X) the decom-
position of p(X) into a product of irreducible polynomials in L[X].
Then K ®g L = [[, L[X]/(ps(X)). What’s more, the polynomials p;
are split in L[X], so they are also split in K[X]. So for every i, we
have L[X]/(pi(X)) C K, since K contains L and a splitting field of
the p;. Hence the conclusion. ]

Lemma 1.12. The map
¥: Homg_ag(K, K) — Compos(K, L), ¢ = (¢(K).L, ¢, incl, )

induces a bijection from J\ Homg_ (K, K) to Compos(K, L)/ ~.
(Recall that J is defined to be the subgroup of G that fizes L)

Proof. Let ¢ € Homg_ag (K, K). The composition by ¢ € J induces
an isomorphism (qb(K).L,gZ),inclL/k) — (9.0(K).L,g.9, 9. inclL/f{). Since
g € J, g fixes L, so g.inclL/K = inclL/K. So the isomorphism in-
duced by g is of the form ¥U(¢) — ¥(g- ¢). Let us check that the
map induced by ¥ is injective. Let ¢,¢' € Homg_aie(K, K ) and
let f: ¢(K)-L — ¢'(K)- L an isomorphism of compositums. Then
foinclf(/L = inclf(/L and f is the identity over L, so f can be extended
as an isomorphism g € J. Since f is a morphism of compositums,
g = ¢, hence ¢ ~ ¢/'.

Let us check it is surjective. By lemma 1.11, every compositum in
Compos(K, L) is isomorphic to a compositum where ¢, = inclL/f(. Let

tk: K — K be an embedding, then we can always pick ¢ = 1. [

Proposition 1.13. There is a bijection
®: J\G/H — Compos(K,L),JgH — (gK - L, gl - lL,inclL/f().
Its inverse is

JgH
®~1: Compos(K,L) — J\G/H,(C,tx,tr) — { with g such that
ig(a)=g-a€e K

Proof. The proposition derives from the two lemmas 1.11 and 1.12.
O

Thus, using the previous isomorphisms, we obtain an action of
Compos(K, L) on various R-modules.



Proposition 1.14. The map
®: Compos(K, L) — Homp (R[G/J], R[G/H])

¢ such that
(C,LK,LL) — d)(l"]) :ZWHEG/H’YH
JyH=JgH
with g such g - o = g (a)
18 injective.
Proof. This is derived from the proposition 1.13, using the isomor-
phism of proposition 1.3. 0

For all o/ a root of f, we denote by o, the embedding of K in C
that sends « to o’. Similarly, denote 73 the embedding of L in C that
sends 3 to 3.

10



Proposition 1.15. The map

®: Compos(K, L) -  Hompgg(R[Hom(L, C)|R[Hom(K, C)]),
¢ such that
(C7 LK, LL) = ¢(Tﬁ) = Z oc€Hom(K,C) o

(C,LK,LL)N(CI,U,Tﬁ)
1S 1njective.
Proof. This is derived from proposition 1.14, using the isomorphism
of proposition 1.7. 0

Remark 1.16. Let (C,1x,t) be a compositum of K and L, and let ¢
the corresponding element of Hom g (R[Hom(L, C)], R[Hom(K, C)]).
We can obtain a nicer way to write ¢(73):

T ST S O

oc€Hom(K,C) oc€Hom(K,C) Es
(Creggoep)~(Clo,7m)

where E, = {f € Hom(C,C)|oc = f otk and 753 = four}.

And from that form we can deduce a general expression for ¢(7)
for every complex embedding 7.

Proposition 1.17. Let (C,tx, i) be a compositum of K and L, and
let ¢ the corresponding element of Hom g (R[Hom(L, C)], R[Hom(K, C)]).
For all 7 € Hom(L,C),

dr)= Y, Yo
oc€Hom(K,C) E»
where E; = {f € Hom(C,C)|oc = fouix and 11, = fouir}.

Proof. Let 7 = 7 - 73 with v € G. (We can always write 7 in that
form, because g acts transitively on the elements of Hom(L, C)).

Then,
S(r)=7-d(m)= Y D o

oc€Hom(K,C) Ex
- Y S
c€Hom(K,C) Ey.c
because v: Hom(K,C) — Hom(K, C) is a bijection.
= 2 v
oc€Hom(K,C) Eqs

because v: Hom(C,C) — Hom(C, C) is a bijection.

11



Similarly, for every R[G]-module V', a compositum C of K and
L induces a map from V7 to V7. (The proof is similar to that of
proposition 1.17.)

In the rest of the article, if « is an element of V¥, we will denote
by C - x the image of x by this map.

Theorem 1.18. Let x be an element of K> and let (C, ik, 1) be a
compositum of K and L. Then C -z = Ngyr(tk(x)).

Proof. The bijection described in proposition 1.13 allows to identify
the compositum (C, ., ¢r,) with an element J\g/H of J\G/H.
First, let us prove that the subfield of K fixed by HN(gJg~ ') < G
is C. The subfield fixed by gJg~' is g(L) = ¢,(L). Denote by C the
field fixed by H N (gJg~"). All elements of K and ¢1,(L) are in C so
C c C. What’s more, if we denote by N the subgroup of G fixing
C, then N is included both in H and in gJg ', so it is included in
HnNgJg™t. We get C C C, so we indeed have KH9I9™h) = ¢
Now, we know that C'- & = [[sc gy 02 =[] sec/y 0 We want
HgJ=H§J
to make the change of variables 6 = hg. For h,h’ € H, we have
hgJ = h'gJ if and only if there exists j € J such that h = h/(gjg™ 1),
that is to say if and only if h = A/ in H/(H N (gJg~')). This gives
C-x= HheH/(Hm(ngfl)) hgz. Finally, we obtain

C-x= Ne/(in(z))

as claimed.
O

2 Classical and generalised norm rela-
tions

In this section we introduce generalised norm relations, which will
be the main type of objects that we will study throughout this arti-
cle. The notion of classical norm relation has been studied by Biasse,
Fieker, Hofmann and Page in [2]. They use it to obtain inductive
methods to compute the class group or the group of S-units of a
Galois extension of number fields. The goal of this section is to gen-
eralise this notion in order to obtain a similar method applicable to
more examples. We will define our generalisation of norm relations
in definition 2.4, provide equivalent definitions in proposition 2.7, and
prove theorem 2.20 which will be useful for the algorithms in section 4.

Definition 2.1. Let G be a finite group and H a subgroup of G. We
call norm element of H the element Ny =, h € Z[G].

12



Definition 2.2. Let G be a finite group, J a set a subgroups of G
and R a commutative ring. A norm relation over R with respect to J
is an equality in R[G] of the form

l
1= Z CLZ'NJibi
i=1

where a;,b; € R[G], J; € J, and J; # 1.

Example 2.3. The symmetric group G = S3 admits a norm relation
over Q with respect to H = {((1,2,3)),((2,3))}.

Definition 2.4. Let G be a finite group, H a subgroup of G, J a
set a subgroups of G and R a commutative ring. A generalised norm
relation over R with respect to H and J is an equality in R[G] of the

form
!

NH = Z aiNJibi
i=1

where a;,b; € R|G], J; € J, and J; # 1.

Remark 2.5. Clearly, with the notations above, a classical norm
relation is a generalised norm relation where H is the trivial subgroup.

Example 2.6. The alternating group A4 admits a norm relation
over Q with respect to H = {Cy x Cq,C3}. It also admits a generalised
norm relation with respect to H = Cy and J = {Ca x Ca,C5}. Here,
we see that the generalised norm relation comes from the regular norm
relation.

Proposition 2.7. Let G be a finite group, H a subgroup of G, J =
{J1,-+,J¢} a set of non trivial subgroups of G and R a commutative
ring. Then the following assertions are equivalent:

1. There ezists a surjective morphism of Q[G]-modules

l

¢: PQIG/T]™ — QIG/H|

i=1
where for all i, n; € N.

2. If e1,...,e, are the central primitive idempotent elements of
Q[G], then for all 1 < i <, if Ny # 0, there exists J € J
such that e;Nj # 0.

3. For all simple Q[G]-module V, if VH #£ 0, there exists J € J
such that V7 # 0.

13



4. For all simple Q[G]-module V, if VI # 0, there exists J € J
such that V7 # 0.

5. For all simple C[G]-module V, if VH #£ 0, there exists J € J
such that V7 #0.

6. The norm element Ny is in the two sided ideal (N : J € J)q[q)-
7. The group G admits a generalised norm relation over Q with
respect to H and J .
Proof.

e 1 = 3. We know there is an isomorphism of R-modules between
VH and Homgq(Q[G/H],V). Likewise, for all i, Vi is iso-
morphic to Homgg)(Q[G/Ji], V). Suppose 1, then we have the
following diagram, where fg is an element of VH seen as an ele-
ment of Homg(Q[G/H], V), and likewise, the f;, are elements
of HomQ[G} (Q[G/Jl], V)

Q[G/H]

fu#0eVH

¢ surjective

T, QlG/J;
Di-1 QIG/Ji] fuod=3"_f#0

So Y7y fz is non zero, so at least one of the fj is non zero,
hence the conclusion.

e 2 & 3. Let V; be the simple Q[G]-module (unique up to isomor-
phism) such that e;V; # 0 then Q[G]/(1 — ¢;) acts faithfully on
Vi. So ¢;Ny = 0 if and only if Ny - V; = 0, so if and only if
(‘—}I'NH) - V; = 0 which is equivalent to V! = 0.

e 3 = 1. Suppose 3, then let V = Q[G/H]. Then V is a Q[G]-
module, and V' can decompose as V' = @, Vi, where the V}, are
simple. For all k, let fi: V — Vi the projection. It can be
seen as an element of VkH by 1.1. Then there exists a non zero

14



element of Vk‘]i for some i, by lemma 3. So we have a nonzero
morphism @, Q[G/J;] — Vj so it is surjective because Vj, is
simple. Hence the conclusion by putting together all the k.

e 3 = 4. Suppose 3, let W be a simple Q[G]-module. W is isomor-
phic to a submodule of V ®g Q, with V' a simple Q[G]-module.
Then we have V®gQ ~ @?:1 W;, where the W; are simple Q[G/-
modules. So W is isomorphic to one of the W;. What’s more,
the W; are pairwise Galois conjugate, so dim@ WJH = dim@ WH
pour tout j. So if W is non zero, V' is also non zero. So, by 3,

there exists J € J such that V7 is non zero. Hence W/ #0.

e 4 =-5. The simple C[G]-modules are exactly the V®gC, where V
is a simple Q[G]-module. The conclusion follows.

e 5 = 4. Suppose 5, let V a simple Q[G]-module. If VH #£ 0,
then (V' xg C)H # 0. So, by 4., there exists J € J such that
(V ®g C)’ #0. Hence V7 # 0.

e 4= 3. Suppose 4, let V a simple Q[G]-module such that V' # 0.
Consider V ®@g Q ~ @;?:1 W;. We know that W]-H =% 0 for all j.
So there exists J € J such that WIJ #0. So v/ £ 0.

e 3 6. Let I be a two-sided ideal of Q[G]. Wehave I =Y., e;l.
What’s more, there is an isomorphic projection of e;I in a two
sided ideal of the algebra Q[G]/(1 — e;), which is simple. So e;]
is either zero, or ¢;Q[G|. By applying this result to I = (N :
JeJ >Q[G], we find the equivalence.

e 6 < 7. This equivalence comes directly from the definition of a
generalised norm relation.

O]

Remark 2.8. It is relatively easy to apply these equivalent definition
of generalised norm relations to implement algorithms that take a
finite group G and look for H and J = {Ji, -, J;} such that there
is a generalised norm relation.

Definition 2.9. Let K, Ly, -+, Ly, be number fields. Let 2 a Galois
extension of Q containing K and all the L;, and let G its Galois group.
We denote by H the subgroup of G fixing K, and by ); the ones fixing
the L; respectively. Then we say there is a generalised norm relation
between K and the L; if there is a generalised norm relation over Q
with respect to H and the ).

Now we want to use such a generalised norm relation to find an
algorithm that can compute the class group of K given the class class

15



groups of all the L;. So we will only be interested in generalised norm
relations where the degrees of the L; are lower than the degree of K.
In other words, the order of all the ); has to be higher than the order
of H.

Example 2.10. There is a generalised norm relation between the
number field K defined by f(z) = 2% — 62* + 922 +23 and the number
fields L1, Ly respectively defined by g1 (z) = 23 — 92 — 27 and go(z) =
22 +207. Indeed, K/Q is a Galois extension of Galois group G =
Ss, and Li, Lo are the subgroups fixed respectively by ((2,3)) and

((1,2,3))

Theorem 2.11. Suppose there is a generalised norm relation between
a number field K and some L; that are not necessarily contained in
the Galois closure K of K. Denote by Q a Galois extension of Q of
Galois group G containing K and all the L; as in the diagram below.

Q

Vi

=

F=Q
Then there is also a generalized norm relation between K and some

M; that are contained in K.

Proof. We have N = ¢ gHg~'. What’s more, A is normal in G
and G = G/N and H = H/N. Since there is a generalised norm
relation between the L; and K, there exist a relation of the form

16



Ny =", a;Ny,b; € Q[G]. Consider the projection

m: Q[F] = Q[G/N] = Q[G], Z Aigi Z Aig;-

This map 7 is a surjective morphism of QQ-algebras. Composing the
relation by 7 we get

m(Ny) = NNy = ZW(Gz‘)W(Nyi)W(bi)

)

and

m(Ny,) = N N VilNy,/(von)-
So there is a generalised norm relation between K and the M; =
OYi/lN e K. Note that if for some i, V; C N, then K C L;, then the
relation was not interesting.

O]

The following definition and properties, up to theorem 2.15 aim
to provide a bound on a quantity that we call optimal coefficient,
which will be useful for the proof of the complexity of algorithm 4.3
in section 4.

Definition 2.12. Let H,J;,---,J; be non trivial subgroups of G,
and let J = {Ji,---,Je}. If there is a norm relation over Q with
respect to H and J, we define the optimal coefficient ¢(J, H) to be the
smallest positive integer such that there exists an injective morphism
of Z|G]-module ¢: Z|G/H| — @, Z|G/J;]"* with n; € N for all 4, and
a surjective morphism of Z[GJ-module ¢: @, Z[G/J;|" — Z|G/H]
such that ¢ o) = ¢(J, H) - id.

Proposition 2.13. With the notations of the definition above, ¢(J, H)
is well defined.

Proof. Since there is a norm relation over QQ with respect to H and 7,
there is a surjective Q[G]-module morphism @, Q[G/J;]" — Q[G/H].
Since Q[G] is a semi-simple algebra, this means we can write
the decomposition in simple modules up to isomorphism Q[G/H] =
@, W; and @, Q[G/Ji]" = Dj_, W; & Dy~ Vi. Consider ® the
natural injection Q[G/H] — @, Q[G/J;]™, let ¢ be the LCM of the
denominators of all coefficients of all the ®(¢gH) for gH € G/H.
Then ¢ - ¢ induces an injective morphism of Z[G]-module Z[G/H]| —
@D, Z[G/J;]". With the same reasoning, we can construct a surjec-
tive morphism of Z[G]-modules ¢: @, Z|G/J;]" — Z[G/H]. And

then ¢ o1 is a multiple of idz|g/x]. Hence the conclusion.
O
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We now prove that the optimal coefficient is also smallest for the
divisibility relation.

Proposition 2.14. If ¢ is a positive integer such that there exists
¢ and 1 as in definition 2.12 such that ¢ o = c - idgq ), then
o(J,H) |ec.

Proof. Consider the group
E = <t2 o tl\ni S NXV’i,tl S Al’ni,tQ (S A2,ni>Z ﬁZidZ[G/H},

where

A1 n, = Homy)(Z[G/H], @ Z[G/J]™)

and

A2,n,- = HomZ[G} (@ Z[G/Jz]nl7 Z[G/H])

Then E is a subgroup of Endyg)(Z[G/H]) contained in Zid, so E
is of the form aZid with a € N. And by definition, a = ¢(J, H). By

construction, ¢ -id is in E, hence ¢(J, H) | c.
O

Theorem 2.15. With the notations of Definition 2.12, we have ¢(J, H) |
|G

Proof. Let p be a prime number. Let O be a maximal order of Q,[G]
containing Z,[G]. By [6, 27.1, proposition] we have O C ﬁZP[G].

Consider My = O - Z,|G/H] C Qu[G/H]. Then My is an O-
module, and we have Zy(G/H] C My C ﬁZp[G]. Similarly, for all i,
we write My, = O - Z,[G/ J;].

Let ey, - , e, be central primitive idempotents of Q,[G] contained
in O, which exist since O is a maximal order. For all 1 < i < r, there is
a isomorphism a: O/(1 —e¢;) — M, (A), where A = A; is the maximal
order of a division algebra D over QQ,. And o can be extended to O
with the projection O — O/(1 — ¢;). (see [12]).

We have M, (A) C M, (D) and M, (D) acts on D", which is the
only simple M,,(D)-module up to isomorphism.

So My ®Q, = D™ with a € N*, since Mg ® Q) is a is a M, (D)-
module. Similarly, €, MZ’ ® Qp = D™, and thus My = A" and
@i MZZ o ATb.

What’s more, we have an surjective morphism of Q,[G]-modules
from P, MZZ ® Qp = B, Q[G/Ji] to My ® Q, = Qy[G/H]. Which
means that a < b.

Therefore, we have a natural injection of O-modules 1/;: My —
b, MZ", and a natural surjection ¢: D, Mf;; — Mpy.

18



Let us denote ¢ = |G|¢ and ¢ = |G|¢. That way, 1 induces
an injective morphism Z,|G/H] — @, Z,|G/J;]"™ and ¢ a surjective
morphism @, Z,[G/J;]" — Z,|G/H]. And we have ¢ o9 = |G|?id.

By doing the same reasoning over all e; and by putting together
every prime p, we obtain the claimed result.

O

Remark 2.16. In the algorithms of section 4, the optimal coefficient
c¢(J, H) plays a role analogous to that of the optimal denominator
d(H) in the case of classical norm relations (see [2, definition 2.15]).
Thanks to our new definition, we obtain a |G|> bound instead of the
|G| bound in [2, theorem 2.20].

Using the isomorphisms in section 1, we want to find an equivalent
definition of generalised norm relations that features only field theory
and not group theory. This definition will be useful to design efficient
algorithms that will not require the computation of Galois groups or
Galois closures.

Lemma 2.17. Let V be a R|G]|-module and ¢: V — R|G/H] a sur-
jective morphism of R|G|-modules. There exists a preimage of 1H by
¢ that is in V.

Proof. Since ¢ is surjective, there exists v € V' such that ¢(v) = 1H.
Now consider the element v/ = ﬁ Yohem v

Then, clearly, v’ € V# and ¢(v') = \T%H Y oher @(hv) = ﬁ Yoher

O

Proposition 2.18. We have a generalised norm relation, given by a
surjection

¢: D RIG/Ji] — RIG/H],
if and only if there is a relation of the form

1H = Z TZh Hi,ndibi n H Z i ki ki
i k

Proof. Suppose there exists ¢: @, R[G/J;] — R[G/H] surjective. Let
us considere €D, > 1 i kg kJi a preimage of 1H. By lemma 2.17, we
can suppose @, > NixgixJi is in (D, R[G/J:]))H

Let us write ¢ = @, ¢; with ¢;: Q[G/J;] — Q[G/H]. Then we

have
LH =" ¢i( > Nikgini)-
i k
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Then, by writing ¢; = 3y, inTy6, .0 = TS, 506, > We can obtain

1H = Z TZh MinJids n H Z )‘i,kgi,k;Ji
i k

O]

Corollary 2.19. Let S be set of non-zero prime ideals of Ok. The

map
/
v ® B oo
OKj,s OK,S
i=1 C€Compos(K;,K)

¢ ¢
G D ac=d 2 Coec

1=1 CeCompos(K;,K) =1 CeCompos(K;,K)

has an image of maximal rank.

Theorem 2.20. If Lq,---, Ly are number fields, and 51, --- , B¢ such
that L; = Q(B;), then K admits a generalised norm relation with
respect to Ly, -+, Ly, if and only if there is a relation of the form

l
a= Z Z a;,cC - B

1=1 CeCompo(K,L;)
where the coefficients a; c are in Q.

Proof. This theorem is a rephrasing of proposition 2.18 using the iso-
morphisms of part 1. O

3 Mackey Functors

In this section, we will recall some properties of cohomological Mackey
functors. They will be useful mainly to prove the correctness of some
algorithms in section 4. The results in this section come from [3] and
[13].

The main result in this section will be proposition 3.5, which we
will later use to find a relation between the S-units of the number
fields involved in a generalised norm relation.

First let us recall the definition of a Mackey functor, as in [3].

Definition 3.1. Let G be a finite group and R a commutative ring. A
R-Mackey functor M = (M, ¢, Res, Ind) on G is a quadruple consisting
of

e a family of R-modules M (H) where H < G,
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e afamily of homomorphisms of R-modules ¢g ir: M(H) — M(YH),
the conjugation maps, where g € G, H < G and YH = gHg™!,

e a family of homomorphisms of R-modules Res : M (H) — M (J),
the restriction maps, where J < H < G, and

e a family of homomorphisms of R-modules Ind? :M(J)— M(H),
the induction maps, where J < H < G,

such that the following axioms are satified:

o (Triviality) cpp = Rest = Ind = idpsgy for all H < G and
heH.

e (Transitivity) cygn = cyam © cgm, Resj oRes! = Res and
Ind% oInd] = nd¥ forall L <J < H <G and g,¢' € G.

o (G-equivariance) ¢4 j © Res? = Resggl ocg g and ¢4 70 Indljl =
Indsz ocg g forall J<H <GandgeG.

e (Mackey formula) For all H < G, U,J < H, one has
ResH oInd = Z Indgmw o Res?]{jh] och,J
heU\H/J

where h € H runs through a set of representatives for the double
cosets U\H/K.

Definition 3.2. A R-Mackey functor M on G is called cohomological
if the axiom

Ind¥ oRes! = [H : J]idyry, forall J < H <G
holds.

Theorem 3.3. Let R be a commutative ring and G a group. The
association H — R[G/H] forms a cohomological Mackey functor with
the following operations:

e Ind?: R[G/K] — R[G/H],gH — gK
e Resi: R|G/H] — R[G/K],gH v Y c /i ghK
e con: RG/H| — R|G/H),zH v xg' YH
Proof. See [13, example 4.1], with D the trivial group. O

Theorem 3.4. Let M be a cohomological Mackey functor. If H, K
are subgroups of G and g an element of G, let us define the operator

Trgrc: M(K) = M(H), 2 — Indfq s o Ress o ocq i ().

Then, all operators of this form follow the rules of compositions of
R[H\G/K] comming from the isomorphism of proposition 1.3.
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Proof. See [13, theorem 4.1]. O

Proposition 3.5. Let R be a ring, G a group, H < G a subgroup and
{Ji} a set of subgroups. If we have ¢: ;- R|G/J;] — R|G/H] a
morphism of R[G]-modules and ¢: R[G/H) — ;| R|G/J;] a mor-
phism of R[G]-modules, such that ¢ o1p = d -idgiq/m), then for every
cohomological Mackey functor M, there exists ¢ar: iy M(J;) —
M(H) and pr: M(H) — @i, M(J;) such that ¢nrotbnr = d-idpyry -

Proof. See [3, corollary 1.4]. O

Remark 3.6. We can describe more precisely the form of ¢p; and p,.
They are obtained by decomposing ¢ and v into sums of morphisms
respectively R[G/J;] — R[G/H] and R|G/H] — R[G/J;], expressing
these morphisms as elements of H\G/J; or J;\G/H and then applying
theorem 3.4.

Remark 3.7. This previous proposition, along with proposition 2.13,
give a induction relation between M (H) and the M(J;) for every
cohomological Mackey functor M. We will use it in section 4 with
M(H) = O;(H,S and M(J;) = O;S(Ji,s’ but it could also be useful to
compute other Mackey functors.

4 Algorithms

In this section, we will present algorithms to resolve some problems
around the notion of generalised norm relation.

We will suppose the Galois group and the Galois closure of the
fields we will use are not known a priori.

Note that if we know the Galois group of a field, it is easy to make
an algorithm that determines all the generalised norm relation. We
implemented such an algorithm and it has been useful to find examples
of generalised norm relations. There is also a method to calculate the
group of S units of K using the S-units of the K”i if K is a Galois
extension of Q of Galois group G and G admits a generalised norm
relation over Q with respect to H and J = {Jy, -, Jo}.

Here, we will describe algorithms relying only on field theory, and
without having to compute any Galois group which we do not know
how to compute in polynomial time.

The main algorithm in this section is algorithm 4.3, which com-
putes a Z-basis of the S-units of a number field K, given some fields
K such that K admits a generalised norm relation with respect to the
K. Its complexity is polynomial in the size of the input, including a
Z-basis of the S-units of the K (see theorem 4.4).
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Algorithm 4.1. input: A number field K = K* and a family (K; =

K i) of number fields given by f, the minimal polynomial of o with
K = Q(«), and f; the minimal polynomials of the f3;, with K; = Q(S;).

output: A boolean indicating whether there is a generalised norm
relation, and if so, a formula of the form

1H = Z TZh i ndibs n H Z )‘i,kzgi,ke]i
@ k

in Z|G/H]

e For all ¢, list all compositums of K and K;.

If fi = p1---pr € K[X], Then, the compositums are the K[X]/(p;),
with ¢x the inclusion, and ¢7,: 8; — X.

e For all 4, and for all 0 € Hom(L;, C) and for every compositum C,
compute C - o € QHom(K, C)].

e By linear algebra in Q|G /H] = Q[Hom(K, C)], find a linear com-
bination of these element that amounts to 1H (if such a combi-
nation exists).

Theorem 4.2. This algorithm is correct and its complexity is poly-
nomial in the size of the input.

Proof. The correctness of the algorithm follows from theorem 2.20.
For the complexity, we have to check that every step of the algo-
rithm works in polynomial time.

e Listing all the compositums boils down to a problem of factori-
sation of polynomials in K[X], which is polynomial thanks to
the LLL algorithm (see [9]). The number of compositums to list
is at most Z§:1 deg(Kj).

e Given a complex embedding o of a field K, and a compositum
C of K and Kj, computing C - ¢ is in O(deg(K;) x deg(K)).
And the number of times such a computation occurs is at most
>_jdeg(K;) x | Compos(K, K;)|. What’s more, the size of C - o
is polynomial in the size of the input.

O

Algorithm 4.3. input: A number field K and a set of number fields
{Kj}, each given by an irreducible polynomial in Q[X] and such that
K admits a generalised norm relation with respect to the Kj, a set S
of prime numbers, and for each j a Z-basis B; of O]X(h g

output: A Z-basis of OF .
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1. Compute 7y, - - - , 7, all the prime divisors of (n!)? where n is the
degree of K (ie all the primes lesser than n). Let r; = v,((n!)?).

2. For all j, compute all the compositums of K and K; (up to
isomorphism).

3. Compute the set B of images of every element of the B; by every
compositum of K and Kj.

4. Compute the subgroup V C OIXQ g generated by B.
5. For every i:
o ViV
o V, + (Vi,(al)l’%‘,--- ,(am)P%‘) where (@;) is a basis of (V; N
(KX)Pi)/VPi. (See [2, corollary 4.13])
e Reduce the basis of V; as in [10, lemma 7.1].
6. V11 Vi

7. Return a basis of V.

Theorem 4.4. Assume the generalized Riemann Hypothesis (GRH).
Then this algorithm is correct and its complexity is polynomial in the
size of the input.

Proof. First, let us prove the correctness. Let G be the Galois group
of K, let H the subgroup fixing K and for every i, let J; the sub-
group fixing K;. Since there is a generalised norm relation, we know
that there exists an integer ¢, a surjective morphism of Z[G]-module
¢: @, Z[G/J;] — Z|G/H] and an injective morphism of Z[G]-modules
Y Z[G/H] — @, Z[G/ J;], such that ¢ o1 = id (by proposition 2.13).

Therefore, by proposition 3.5, for any cohomological Mackey func-
tor M, there is a surjective morphism ¢nr: @2, M(J;) — M(H).
Consider M(H) = Ogu g and M(J;) = Ofy, g Since we know
by remark 3.6 that ¢, can be expressed as a sum of elements of
Ji\G/H, and since, by proposition 1.13, these can be seen as elements
of Compos(K;, K), this proves the correctness.

Then let us prove the complexity. Let ¥ denote the total size of
the input. To compute all the 7; in step 1, we can use a sieve method,
which is polynomial in n where n is the degree of K. Therefore, step
1 takes polynomial time.

As seen before, for every j, computing all the compositums of K
and K; takes polynomial time. What’s more, the number and the size
of the compositums obtained are also polynomial. So step 2 is also
polynomial.

The size of the image of an element x € K; by a compositum C is
also polynomial, since the map induced by C is the composition of the
injection K; — C' and the norm C — K. So step 3 is polynomial.
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For step 4 as well as step 7, one can deduce a basis from a gener-
ating set of the groups involved in polynomial time. The algorithms
of [7] provide a basis of the relations between the generators, and the
Hermite normal form [8] allows us to obtain a basis of the group in
polynomial time.

The saturation in step 5 is performed as many times as the num-
ber of primes dividing (n!)?, counted with multiplicity, according to
theorem 2.15. That number is polynomial in n, since the number of
different primes in the decomposition of (n!)? is at most n, and for

every prime p, vp(n!) < 11(1)gg((7;!)) = O(nlog(n)).

O
Remark 4.5. The paper [1] gives a polynomial method to approxi-
mate K, the residue of the Dedekind zeta function (x(s) at s = 1 of
a number field K, from the discriminant Ax and the norm of prime
ideals of K.

We now present an alternative to Algorithm 4.3, which is more
efficient in practice but not provably polynomial-time.

Algorithm 4.6. input: A number field K = K* and a family (K; =

K’ of number fields, such that K admits a generalised norm relation
with respect to Ki,--- Ky. We know f, the minimal polynomial of
a with K = Q(«), and f; the minimal polynomials of the f;, with

L = Q(B:).
output: The structure of the class group of K

1. For every K, compute every compositums of K and Kj.

2. Compute HRxg = hgi Regy using the approximation method
in [1]. An approximation up to a factor 1.5 is enough.

3. Initialize T" a set of prime ideals p such that N(p) = 1 mod d,
where d = deg(K)?.

The primes in T will be used to detect d-th powers.

4. Initialize Sgp a set of prime numbers, and compute the set S of
prime ideals of K above the primes in Sg.
We hope that S will generate the class group.

5. For all Kj, let S; be the set of prime ideals of K; above all primes

p in Sp, and compute a set U; of generators of the group of §j
units of Kj.

6. For each j, for each p in S;, compute the vector Vj, of valuations
of every element of U; at p.
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7. Compute the matrix of a map ®, that sends all the ideals above
all the primes in S; to their image by every compositum. Apply
this matrix to every Vj,, then concatenate all the vectors to
obtain a matrix M.

8. Apply the action of every compositum to every generator of the
U; then compute the discrete logarithms in I, of for every p in
T. Concatenate all the vectors of discrete logarithms to obtain
a matrix N.

9. Concatenate the matrix M and N and compute the kernel R
modulo d of this matrix.

We hope to obtain a basis of the d-saturation of the images in K
of the S;-units of the K; by the actions of every compositum.

10. Compute the Smith normal form of the concatenation of M and
a basis of R.

If T and S are large enough, that should give us the structure of
CI(K).

11. Compute the regulator of the group of units of K obtained by
the d-saturation of images of the units of the K; by the actions
of every compositum. Multiply it with the class number to ob-
tain a new HR product, that we will denote by HRy. If the
approximation for H Rg is up to a factor 1.5, then the regulator

should be calculated with precision up to a factor %.

12. Check if the HR product corresponds to the one in step 3. If
not, increase the size of T' and Sg and go back to step 5.

Theorem 4.7. If this algorithm terminates, then it is correct.

Proof. By the remark 3.7, we know the algorithm finds indeed all the
S-units in K. Then, if the verification of the H R product is correct,
it means the S-units are enough to generate the class group. The
crucial observation is that the approximation errors due to the choice
of T and S cannot compensate. If T is not large enough and the
algorithm incorrectly assumes an element to be a d-th power, then
HRp a divisor of its expected value. The same will happen if S is not
large enough to generate the class group. O

Remark 4.8. Suppose we have a number field K = K and a family
(K; = K”¢) of number fields, such that K admits a generalised norm
relation with respect to Ki,..., K;. If we want to compute the class
group of K using algorithm 4.6, we could expect the most expensive
step to be the computation of the S; units in all the K}, since it is the
only step whose computation is not polynomial in the size of the input.
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However, in practice, when we try to apply this method to reasonable
size examples, the most expensive step is often the computation of the
images of the ideals in the S; by the compositums.

5 Comparison with classical norm re-
lations

In this section, we will discuss the relevance of studying generalised
norm relation instead of classical norm relation. A generalised norm
relation of a group G with respect to H < G and a set of subgroup J
can come directly from a classical norm relation in G (see fact 5.1)
or in a quotient of G (see proposition 5.2). But we will see that it
is not always the case, and that in some examples, the methods in
section 4 indeed allows to compute the class groups more efficiently
than classical norm relations.

Fact 5.1. If there is a classical relation 1 = 22:1 a;Nj,b; for some
finite group G and some set J of subgroups of GG, then for any sub-
group H, we can construct a generalised norm relation with respect
to H and J, simply by multiplying both sides of the classical relation
by Ng.

Proposition 5.2. Let G be a finite group, H,Jy,--- ,J; subgroups
of G. Let N be a normal subgroup of G contained in H. Denote by
m the projection from G to G/N. Then G admits a generalised norm
relation with respect to H and Jy,--- , Jy if and only if G/N admits a
generalised norm relation with respect to w(H) and w(Jy),--- ,7(Jp).

Proof. Suppose G admits a generalised norm relation over Q with
respect to H and Jy,--- , Jp, of the form Ny = 22:1 a;IN j;b;.

Let II: Q[G] — Q[G/N],> >, Xigi — >_; Aiw(gi). Then II is a sur-
jective morphism of Q[G]-modules. And we have II(Ng) = [N|Ny/n,
and II(N ;) = NN Ji|Ny, (v, Then, if we compose the relation by
II, we get a generalised norm relation of G/N with respect to m(H)
and w(Jy),- -, w(Jp).

Now suppose G/N admits a generalised norm relation with re-
spect to w(H ) and w(Jy), - ,7(J¢). So there is a surjective morphism
& iy Ql(G)/7( )] = Qlr(G) /m(H)],

So ¢oll is a surjective morphism from @211 Q[G/ Ji] to Q[n(G)/m(H)].
And since N C H C G, we have 7(G)/n(H) ~ G/H. Hence a surjec-
tive morphism from @2:1 Q[G/ Ji] to Q[G/H].

O
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It is important to note however that some generalised norm rela-
tion do not come from a regular norm relation in a subgroup or in a
quotient.

Example 5.3. For example, the symmetric group 54 admits a norm
relation over Q with respect to H = Cy x Cy, and J = {Ds, Ss}.
This generalised norm relation does not come from a regular norm
relation because we can check that S4 does not have a norm relation
with respect to J. It does not come from a quotient either because
the largest normal subgroup of S4 contained in H is trivial.

Classical norm relations can be useful to compute class groups of
number fields even when they are not Galois extensions of Q.

Indeed, let K be a non Galois extension of Q. Denote by K its
Galois closure, G its Galois group and H < G such that K = K.
Suppose there is a subfield L of K and a subfield M of L such that
L/M is a Galois extension of Galois group I'. Suppose also that there
exists a classical norm relation in Q[I'] involving some subgroups A;,
as in the figure below.

K
H
K
L
A;
T A
L

Q

In this case, if we write the norm relationin Q[I' as 1 = ), a; Na, b;,
then we have a generalised norm relation Ny = >, a;Na,(b; - Ng) in
Q[G] that we can use to compute the class group of K.
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This is equivalent to saying that a subquotient of G admits a clas-
sical norm relation, as in proposition 5.2. In the particular case where
L = K, then the generalised norm relation comes from a classical
norm relation in a subgroup of G, as in remark 5.1.

We saw already with example 5.3 that not all generalised norm
relation of a group G comes from a subgroup or a quotient of G. The
following algorithm is useful to find examples where generalised norm
relation allow to compute class groups more efficiently than classical
norm relations in any subgroups or quotients.

Algorithm 5.4. input: A group G, that is the Galois group of f(/@
output: For all subgroup H of G, the maximum of the degree of

the subfields of K one needs to compute the class group of, in order to
compute the class group of K using the best classical norm relations
in quotients of G.

e [+ All subgroups of G up to conjugation

e M < List of the % for all J in Lj. The entries of M represent

the degrees of the K. The goal will be to explore all classical
norm relations in all quotients of G and update the entries of M
to represent the mazimum degree of the fields one has to study
in order to compute the class group of K.
e My < An empty list
e WHILE My # M
— M2 ~— M
— FOR i from 1 to #L
x H + L][l]
x* FOR j from ¢ + 1 to #L
- J L][j]
- Check if H is conjugate to a normal subgroup of J.
If not, go directly to the next J.

- Look for a classical norm relation in J/H that min-
imizes the entries of M corresponding to the sub-
groups involved.

- If such a relation is found, update the entries of M
accordingly. The entry corresponding to K but also
those corresponding to its subfields or all the fields
isomorphic to those.

Example 5.5. Let G = C3 x PSL3(2),and H = S3 < G, suppose we
have K a Galois extension of Q of Galois group G. Then K = K is a
field of degree 84. To compute the class group of K, we can verify that
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there are no classical norm relations in any quotients or subgroups of G
that allows us to recursively reduce the problem to fields of degree less
than 84. However, there exists a generalised norm relation that allows
us to reduce the problem to four fields of respective degree 24, 21, 8
and 3.

Remark 5.6. We can do a systematic research by enumerating all
groups GG up to isomorphism, all subgroups H < G, and check every
time if there is a generalised norm relation that is more efficient than
any classical norm relation in any quotient or subgroups. For |G| <
250, we find 101 such examples of pairs (G, H).

Remark 5.7. As explained in [2, theorem 2.11], the groups that do
not admit classical norm relations are the ones with with a fixed point
free unitary representation. We could not find any generalised norm
relations in these groups either, except the ones coming from classical
norm relations in quotients. We do not know if this is true in general
or if counterexamples are simply larger.

In the rest of this section, we will see that if we have an example
of a useful generalised norm relation for a finite group G, we can build
infinitely many other examples, simply by taking the same relation in
Cp x G, for any prime p that does not divide |G|.

Definition 5.8. Let G be a group that admits a generalised norm
relation with respect to H < G and a set a subgroups J = {Jy - - - Jy}.
we say that the relation is optimal if it is the relation that maximizes

the quotient H}}, where J; is the smallest group in J.

Remark 5.9. With the notations of the previous definition, if K /Q
is a Galois extension of Galois group G, then the quotient ;ﬁ: is the

quotient of the degree of K by the degree of K.

Proposition 5.10. Let G be a group that admits a generalised norm
relation with respect to H < G and a set a subgroups J = {Jy - Jy}.
Suppose this generalised norm relation is optimal. Let p be a prime
number that does not divide |G|. Then C,xG admits an optimal gener-
alised norm relation with respect to 1x H and Jo = {1xJy, -+ ,1xJz}.

Proof. Let G' = Cp, x G. Let p' be an irreducible representation of
G'. Then p' = £ ® p, whis x a character of C), and p an irreducible
representation of G.

Lemma 5.11. For all subgroup K' of G', either K' is of the form
1 x K with K < G, or it is of the form C, x K with K < G.
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Proof. Suppose K’ contains an element i x g € G = Cp x G with
i # 1. Let n be the order of g in G. Then, since ged(n,p) = 1, the
subgroup K’ contains all the (kn)i x 1¢ with k in N. So C}, x 1¢ is
contained in G’. So it is easy to check that the projection of K’ on G
is indeed a subgroup of G.

[

Let K a subgroup of G. Then (p')™*% = pK and (o)oK =
X @ pK. So (p/)CP*K £ 0 if and only if x is trivial and p® # 0.

Since G admits a generalised norm relation with respect to H and
J, then for every irreducible representation p of G, if p™ # 0, there
exists J € J such that p/ # 0. Let o/ = x ® p be an irreducible
representation of G’. Then it is easy to check that if (p/)1*H #£ 0,
there exists J € J such that (p/)'*7 # 0. So G’ admits a generalised

norm relation with respect to 1 x H and {1 x Jy,---,1 X Jy}.
Now let us prove that this relation is optimal. Suppose G~ I/las a bgt;
ter generalised norm relation with respect to H' < G and {Jy ,..., J, }.

Let H,J1, -+ ,Jm < G the projections of H' and of the jil onto G.
Then, using the same method as before, it is easy to check that G
admits a generalised norm relation with respect to H and the J;, and
that this norm relation is better than the first one, which is a contra-

diction.
O

6 Examples

Example 6.1. The group G = S5 admits a generalised norm relation
with respect to H = S3 < G and J = {A4, D12,C5 : Cy}. We can
check that this relation does not come from a classical norm relation
quotient. There are non conjugate copies of S3 in S5. For H we have
to take the one with no fixed points.

If we choose a Galois extension K /Q of Galois group G, then K =
KM is of degree 20, and we can compute its class group inductively, by
reducing the problem to three fields of respective degree 10, 10 and 6.

By choosing K such that K has a big discriminant, we can obtain
examples where the recursive method is more efficient to compute
the class group of K than the preexisting methods. For example,
consider the polynomial p(x) = 2% + 91z* + 723 — 1122 — 2 + 1 and
define K to be the splitting field of p(z). Then K has Galois group
S5, and K = K3 is a number field of degree 20 and of discriminant
228.38310.472310.2383110 ~ 6-10'*. On Pari/GP [11], the function to
compute Cl(K) was not able to finish in three days, whereas with the
method of generalised norm relations, implemented also in Pari/GP,
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we obtained the result in less than nine hours (CPU time). The result
is CI(K) = C4 x Cj.

Example 6.2. The group G = A; admits a a generalised norm rela-
tion with respect to H = Cy x Co < G and J = {A4, D19}. We can
check that this relation does not come from a classical norm relation
quotient.

If we choose a Galois extension K /Q of Galois group G, then K =
K* is of degree 15, and we can compute its class group inductively,
by reducing the problem to two fields of respective degree 6 and 5.
However, the method with classical norm relations also applies here,
but with that method, the largest field we would need to consider is
of degree 12.

To create a bigger example, since 7 1 |As|, we can consider the
generalised norm relation of G’ = C7 x As with respect to H = Cy x
Cy < G and J = {A4,D10}. That way, we can compute the class
group of a field of degree 105 by reducing the problem to two fields
of respective degree 42 and 35, whereas with classical norm relations,
we would have reduced the problem to a field of degree 84.

For example, consider the polynomial f(z) = 2% — 225 + 32 —
423 4 222 — 22 — 1. Define L to be the splitting field of f(z). Then L
has Galois group As. The splitting field M of the polynomial g(z) =
xz* 4+ 23 + 422 + 20z + 23 has Galois group C7. Up to isomorphism,
there is only one compositum K of L and M. What’s more, K /Q is
Galois and its Galois group is G = C7 x As. Denote by K the subfield
of K fixed by H = Cy x Cs, which is a field of degree 105 and of
discriminant 2126.29% . 6742 ~ 1.7-10%46. With the method involving
only classical norm relation, we can compute Cl(K), but we have to
compute the class group of some subfields, the largest of which is
F = K of degree 84 and of discriminant 2126 .2972. 6742 ~ 8.1021.
On Pari/GP, the function to compute CI(F) was not able to finish
in over 5 months, whereas with our implementation of the method of
generalised norm relations, we computed CI1(K) in about 5 days (CPU
time). The result is CI(K) = 1.
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