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Preface

This book deals with several aspects of what is now called “explicit number
theory,” not including the essential algorithmic aspects, which are for the
most part covered by two other books of the author [Coh0] and [Coh1]. The
central (although not unique) theme is the solution of Diophantine equa-
tions, i.e., equations or systems of polynomial equations that must be solved
in integers, rational numbers, or more generally in algebraic numbers. This
theme is in particular the central motivation for the modern theory of arith-
metic algebraic geometry. We will consider it through three of its most basic
aspects.

The first is the local aspect: the invention of p-adic numbers and their
generalizations by K. Hensel was a major breakthrough, enabling in particular
the simultaneous treatment of congruences modulo prime powers. But more
importantly, one can do analysis in p-adic fields, and this goes much further
than the simple definition of p-adic numbers. The local study of equations
is usually not very difficult. We start by looking at solutions in finite fields,
where important theorems such as the Weil bounds and Deligne’s theorem
on the Weil conjectures come into play. We then lift these solutions to local
solutions using Hensel lifting.

The second aspect is the global aspect: the use of number fields, and
in particular of class groups and unit groups. Although local considerations
can give a considerable amount of information on Diophantine problems,
the “local to global” principles are unfortunately rather rare, and we will
see many examples of failure. Concerning the global aspect, we will first
require as a prerequisite of the reader that he or she is familiar with the
standard basic theory of number fields, up to and including the finiteness of
the class group and Dirichlet’s structure theorem for the unit group. This can
be found in many textbooks such as [Sam] and [Marc]. Second, and this is
less standard, we will always assume that we have at our disposal a computer
algebra system (CAS) that is able to compute rings of integers, class and unit
groups, generators of principal ideals, and related questions. Such CAS are
now very common, for instance Kash, magma, and Pari/GP, to cite the most
useful in algebraic number theory.

The third aspect is the theory of zeta and L-functions. This can be consid-
ered as a unifying theme1 for the whole subject, and embodies in a beautiful
way the local and global aspects of Diophantine problems. Indeed, these func-
tions are defined through the local aspects of the problems, but their analytic
behavior is intimately linked to the global aspects. A first example is given by
the Dedekind zeta function of a number field, which is defined only through
the splitting behavior of the primes, but whose leading term at s = 0 contains
at the same time explicit information on the unit rank, the class number, the

1 expression due to Don Zagier
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regulator, and the number of roots of unity of the number field. A second
very important example, which is one of the most beautiful and important
conjectures in the whole of number theory (and perhaps of the whole of math-
ematics), the Birch and Swinnerton-Dyer conjecture, says that the behavior
at s = 1 of the L-function of an elliptic curve defined over Q contains at the
same time explicit information on the rank of the group of rational points
on the curve, on the regulator, and on the order of the torsion group of the
group of rational points, in complete analogy with the case of the Dedekind
zeta function. In addition to the purely analytical problems, the theory of
L-functions contains beautiful results (and conjectures) on special values, of
which Euler’s formula

∑

n>1 1/n2 = π2/6 is a special case.

This book can be considered as having four main parts. A first part gives
the tools necessary for Diophantine problems: equations over finite fields,
number fields, and finally local fields such as p-adic fields (Chapters 1, 2, 3,
4, and part of Chapter 5). The emphasis will be mainly on the theory of
p-adic fields (Chapter 4), since the reader has probably less familiarity with
these. Note that we will consider function fields only in Chapter 7, as a tool
for proving Hasse’s theorem on elliptic curves. An important tool that we will
introduce at the end of Chapter 3 is the theory of the Stickelberger ideal over
cyclotomic fields, together with the important applications to the Eisenstein
reciprocity law, and the Davenport–Hasse relations. Through Eisenstein reci-
procity this theory will enable us to prove Wieferich’s criterion for the first
case of Fermat’s last theorem (FLT), and it will also be an essential tool in
the proof of Catalan’s conjecture given in Chapter 16.

A second part is the study of certain basic Diophantine equations or
systems of equations (Chapters 5, 6, 7, and 8). It should be stressed that
even though a number of general techniques are available, each Diophantine
equation poses a new problem, and it is difficult to know in advance whether
it will be easy to solve. Even without mentioning families of Diophantine
equations such as FLT, the congruent number problem, or Catalan’s equation,
all of which will be stated below, proving for instance that a specific equation
such as x3 + y5 = z7 with x, y coprime integers has no solution with xyz 6= 0
seems presently out of reach, although it has been proved (based on a deep
theorem of Faltings) that there are only finitely many solutions; see [Dar-Gra]
and Chapter 14. Note also that it has been shown by Yu. Matiyasevich (after
a considerable amount of work by other authors) in answer to Hilbert’s tenth
problem that there cannot exist a general algorithm for solving Diophantine
equations.

The third part (Chapters 9, 10, and 11) deals with the detailed study
of analytic objects linked to algebraic number theory: Bernoulli polynomi-
als and numbers, the gamma function, and zeta and L-functions of Dirichlet
characters, which are the simplest types of L-functions. In Chapter 11 we
also study p-adic analogues of the gamma, zeta, and L-functions, which have
come to play an important role in number theory, and in particular the Gross–
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Koblitz formula for Morita’s p-adic gamma function. In particular we will see
that this formula leads to remarkably simple proofs of Stickelberger’s con-
gruence and the Hasse–Davenport product relation. More general L-functions
such as Hecke L-functions for Grössencharacters, Artin L-functions for Galois
representations, or L-functions attached to modular forms, elliptic curves, or
higher-dimensional objects are mentioned in several places, but a systematic
exposition of their properties would be beyond the scope of this book.

Much more sophisticated techniques have been brought to bear on the
subject of Diophantine equations, and it is impossible to be exhaustive. Be-
cause the author is not an expert in most of these techniques they are not
studied in the first three parts of the book. However considering their impor-
tance, I have asked a number of much more knowledgeable people to write
a few chapters on these techniques, and I have written two myself, and this
forms the fourth and last part of the book (Chapters 12 to 16). These chap-
ters have a different flavor from the rest of the book: they are in general not
self-contained, are of a higher mathematical sophistication than the rest, and
usually have no exercises. Chapter 12, written by Yann Bugeaud, Guillaume
Hanrot, and Maurice Mignotte, deals with the applications of Baker’s explicit
results on linear forms in logarithms of algebraic numbers, which permit the
solution of a large class of Diophantine equations such as Thue equations
and norm form equations, and includes some recent spectacular successes.
Paradoxically, the similar problems on elliptic curves are considerably less
technical, and are studied in detail in Section 8.7. Chapter 13, written by
Sylvain Duquesne, deals with the search for rational points on curves of genus
greater than or equal to 2, restricting for simplicity to the case of hyperellip-
tic curves of genus 2 (the case of genus 0, in other words of quadratic forms,
is treated in Chapters 5 and 6, and the case of genus 1, essentially of elliptic
curves, is treated in Chapters 7 and 8). Chapter 14, written by the author,
deals with the so-called super-Fermat equation xp +yq = zr, on which several
methods have been used, including ordinary algebraic number theory, classi-
cal invariant theory, rational points on higher genus curves, and Ribet–Wiles
type methods. The only proofs that are included are those coming from alge-
braic number theory. Chapter 15, written by Samir Siksek, deals with the use
of Galois representations, and in particular of Ribet’s level-lowering theorem
and Wiles’s and Taylor–Wiles’s theorem proving the modularity conjecture.
The main application is to equations of “abc” type, in other words, equations
of the form a+b+c = 0 with a, b, and c highly composite, the “easiest” appli-
cation of this method being the proof of FLT. The author of this chapter has
tried to hide all the sophisticated mathematics and to present the method as
a black box that can be used without completely understanding the underly-
ing theory. Finally Chapter 16, also written by the author, gives the complete
proof of Catalan’s conjecture by P. Mihăilescu. It is entirely based on notes
of Yu. Bilu, R. Schoof, and especially of J. Boéchat and M. Mischler, and the
only reason that it is not self-contained is that it will be necessary to assume
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the validity of an important theorem of F. Thaine on the annihilator of the
plus part of the class group of cyclotomic fields.

Warnings

Since several mathematical conventions and notation are not the same from
one mathematical culture to the next, I have decided to use systematically
unambiguous terminology, and when the notation clash, the French notation.
Here are the most important:

– We will systematically say that a is strictly greater than b, or greater than
or equal to b (or b is strictly less than a, or less than or equal to a), although
the English terminology a is greater than b means in fact one of the two
(I don’t remember which one, and that is one of the main reasons I refuse
to use it) and the French terminology means the other. Similarly, positive
and negative are ambiguous (does it include the number 0)? Even though
the expression “x is nonnegative” is slightly ambiguous, it is useful, and I
will allow myself to use it, with the meaning x > 0.

– Although we will almost never deal with noncommutative fields (which is
a contradiction in terms since in principle the word field implies commu-
tativity), we will usually not use the word field alone. Either we will write
explicitly commutative (or noncommutative) field, or we will deal with spe-
cific classes of fields, such as finite fields, p-adic fields, local fields, number
fields, etc.. . . , for which commutativity is clear. Note that the “proper”
way in English-language texts to talk about noncommutative fields is to
call them either skew fields or division algebras. In any case this will not
be an issue since the only appearances of skew fields will be in Chapter 2,
where we will prove that finite skew fields are commutative, and in Chapter
7 about endomorphism rings of elliptic curves over finite fields.

– The GCD (resp., the LCM) of two integers can be denoted by (a, b) (resp.,
by [a, b]), but to avoid ambiguities, I will systematically use the explicit
notation gcd(a, b) (resp., lcm(a, b)), and similarly when more than two
integers are involved.

– An open interval with endpoints a and b is denoted by (a, b) in the En-
glish literature, and by ]a, b[ in the French literature. I will use the French
notation, and similarly for half-open intervals (a, b] and [a, b), which I will
denote by ]a, b] and [a, b[. Although it is impossible to change such a well-
entrenched notation, I urge my English-speaking readers to realize the
dreadful ambiguity of the notation (a, b), which can either mean the or-
dered pair (a, b), the GCD of a and b, or the open interval.

– The trigonometric functions sec(x) and csc(x) do not exist in France, so
I will not use them. The functions tan(x), cotan(x), cosh(x), sinh(x),
tanh(x), and cotanh(x) are denoted respectively tg(x), cotg(x), ch(x),
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sh(x), th(x), and coth(x) in France, but for once to bow to the major-
ity I will use the English names.

– ℜ(s) and ℑ(s) denote the real and imaginary part of the complex number,
the notation coming from the standard TEX macros.

Notation

In addition to the standard notation of number theory we will use the fol-
lowing notation.

– We will often use the practical self-explanatory notation Z>0, Z>0, Z<0,
Z60, and generalizations thereof, which avoid using long wordage. On the
other hand I prefer not to use the notation N (for Z>0, or is it Z>0?).

– If a and b are nonzero integers, we write gcd(a, b∞) for the limit of the
ultimately constant sequence gcd(a, bn) as n → ∞. We have of course
gcd(a, b∞) =

∏

p|gcd(a,b) p
vp(a), and a/ gcd(a, b∞) is the largest divisor of a

coprime to b.
– If n is a nonzero integer and d | n, we write d‖n if gcd(d, n/d) = 1. Note

that this is not the same thing as the condition d2 ∤ n, except if d is prime.
– If x ∈ R, we denote by ⌊x⌋ the largest integer less than or equal to x

(the floor of x), by ⌈x⌉ the smallest integer greater than or equal to x
(the ceiling of x, which is equal to ⌊x⌋ + 1 if and only if x /∈ Z), and by
⌊x⌉ the nearest integer to x (or one of the two if x ∈ 1/2 + Z), so that
⌊x⌉ = ⌊x+ 1/2⌋.

– For any α belonging to a field K of characteristic zero and any k ∈ Z>0

we set
(

α

k

)

=
α(α − 1) · · · (α− k + 1)

k!
.

In particular if α ∈ Z>0 we have
(

α

k

)

= 0 if k > α, and in this case we will

set
(

α

k

)

= 0 also when k < 0. On the other hand
(

α

k

)

is undetermined for
k < 0 if α /∈ Z>0.

– Capital italic letters such as K and L will usually denote number fields.
– Capital calligraphic letters such as K and L will denote general p-adic fields

(for specific ones, we write for instance Kp).
– The capital letter Z indexed by a capital italic or calligraphic letter such

as ZK , ZL, ZK, etc.. . . will always denote the ring of integers of the corre-
sponding field.

– Capital italic letters such as A, B, C, G, H , S, T , U , V , W , or lowercase
italic letters such as f , g, h will usually denote polynomials or formal power
series with coefficients in some base ring or field. The coefficient of degreem
of these polynomials or power series will be denoted by the corresponding
letter indexed by m, such as Am, Bm, etc.. . . Thus we will always write (for
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instance) A(X) = AdX
d+Ad−1X

d−1+ · · ·+A0, so that the ith elementary
symmetric function of the roots is equal to (−1)iAd−i/Ad.
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