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Abstract

We show that the generalized Ricci tensor of a weighted complete Riemannian
manifold can be retrieved asymptotically from a scaled metric derivative of Wasser-
stein 1-distances between normalized weighted local volume measures. As an ap-
plication, we demonstrate that the limiting coarse curvature of random geometric
graphs sampled from Poisson point process with non-uniform intensity converges to
the generalized Ricci tensor.
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1 Introduction and result

In Riemannian geometry, the Riemann curvature tensor is closely related to the parallel
transport of vectors along a curve, while the Ricci curvature is obtained by taking the trace
of this tensor. The Ricci curvature is descriptive of properties of the manifold pertaining
to volume. For example, the Bishop-Gromov comparison theorem relates global lower
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bounds of the Ricci curvature to the volume growth of geodesic balls on a manifold as the
radius of a ball increases.

We briefly recall the standard objects playing a central role in the present work. A
standard reference for geometric analysis is [Jos17]. Let M be a complete Rieman-
nian manifold of dimension n. Denoting the C'*°(M )-module of smooth vector fields
as ['(T'M), a linear connection is a bilinear map V : I'(T'M) x I'(T' M) — T'(T'M) satis-
fying the Leibniz rule, and should be interpreted as a rule for differentiating vector fields
on the manifold. It is in one-to-one correspondence with parallel transport of vectors
along curves as follows. For a given connection V and a smooth curve ¢ — ;, we denote
by /y: T, M — T, M the map such that for every v € T, M, t —/; v is the solution to
the covariant differential equation

Vi (liv) =0, Jov=m,

where we employ the commonly used abuse of notation by identifying V with the pull-
back connection 7*V. This defining equation is commonly referred to as the parallel
condition for ¢t —/; v and /; is called the parallel transport map along ~.

Conversely, given a parallel transport /,: T, M — T’,, M for any smooth curve ¢ + ,,
a linear connection can be defined for any v € T, M and smooth vector field U on a
neighbourhood of z as

It —
VUU(x) = lim U(’ytt) U(m)v Yo = v,

t—0

where the limit takes place in the inner product space 7, M.

Throughout the article we employ the Levi-Civita connection, which is the unique
metric and torsion free linear connection on the tangent bundle. The Riemann curvature
tensor quantifies how much the vector field differentiation (X,Y) — VxVy Z fails to
commute. Precisely, the Riemann curvature tensor is defined for any three smooth vector
fields X,Y and Z as

Rw(X, Y)Z = Vx(vYZ)<JZ> — VY(VXZ)(I),

which also sets the sign convention for the Riemann curvature tensor for the remainder of
this work. Since this is a tensorial object, i.e. a C°°(M )-linear map, it is valid to define
R, (u,v)w for any three vectors u, v, w € T, M. The Ricci curvature at a point x is given
by the expression

n n

Ric,(u,v) := —tr Ry (u, - )v = — Z (Ry(u,e;)v,e;) = Z (Ry(u,e;)e;,v)

i=1 i=1

for an arbitrary orthonormal basis (e;)"_; of T,,M. For the last equality we applied the
well-known antisymmetry of the Riemann tensor. In the sequel we mostly omit the base-
point superscript for tensor fields as the basepoint is usually clear from the context.

The covariant derivative for a smooth vector field Z can be modified by damping:
Ric — VZ. This is known as the generalised Ricci curvature tensor and is related to con-
formally changing the Riemannian metric. In the classical case of Z = 0, this condition
was studied extensively in the renowned works [CY75, LY86, Ham93, NT02]. When
Z = —VV,ie. we have a gradient field, global lower bounds on Ric + 2Hess V are
widely known as the Bakry-Emery criterion [BES5], which provides the geometrically
correct notion of global lower curvature bounds for weighted Riemannian manifolds. The
Bakry-Emery criterion is equivalent to the so-called curvature-dimension condition for
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the operator %A — Z, which now has a vast literature building on it in more general set-
tings, and especially on metric measure spaces [LV09, StuO6a, AGS14] and also on sub-
Riemannian manifolds [Jui09, AL14, BBG14]. Less known is the variable bound version
of the Bakry-Emery criterion, which was successfully explored in [Li95, WWO09]. In the
context of stochastic analysis, the generalised Ricci tensor is closely related to damped
parallel transport along Brownian paths which was studied by X.-M. Li, see [Li21, Li18].
Denoting Ric? : TM — T'M as the bundle map uniquely associated with the Ricci tensor
Ric : TM x T'M — R by the relation

(Ric* (u),v) = Ric(u,v) Vu,v € T, M,

and denoting by (z;);>0 the Brownian motion on M, the properties of the solution ¢ —
W, € T, M to the stochastic damped parallel equation

1
Vi, W, = —§Ric;;i W, — Vw,VV, W, =1d,

were used to obtain novel bounds for the Schrodinger semigroup and the Hessian of the
fundamental solution of the Schrodinger operator.

The approach of characterizing the Ricci curvature using optimal transport distances
of probability measures has been referred to in the literature as "coarse curvature" or
"Wasserstein curvature" of the underlying space. The main motivation for considering
such characterisation is that Wasserstein distances only require a metric structure to be
defined, hence such notion can apply to spaces without a manifold structure.

Specifically, we extend the approach of Ollivier [O1107, OlI09]. We define a coarse
generalised Ricci curvature, presenting a rigorous proof which includes Ollivier’s result as
a special case. The original definition of coarse Ricci curvature of Ollivier was motivated
by Riemannian geometry, concretely by the observation that parallel geodesics starting
from nearby points converge in positive sectional curvature planes and diverge in negative
curvature planes, see [Ol113] for a visual introduction.

The advantage of Ollivier’s notion of Wasserstein curvature is twofold. First, it can be
explicitly computed on a number of examples, in particular graphs. Second, on Rieman-
nian manifolds it allows for the approximation or retrieval of the Ricci curvature at each
point. With this and the application to curvature of random geometric graphs in mind,
we consider the case of a Riemannian manifold with a potential. As a novel element, we
consider the Wasserstein distances of probability-normalized weighted volume measures
on small geodesic balls to account for a smooth potential on the manifold and recover
the smooth generalized Ricci curvature of Riemannian manifolds from a scaled metric
derivative of Wasserstein distances of such measures.

The phenomenon underlying Wasserstein curvature is referred to in broader literature
as Wasserstein contractivity, which was first established as a characterization of global
lower Ricci curvature bounds on Riemannian manifolds in [VRS05]. Further works on
Wasserstein contractivity include e.g. [Jou07, BS09, Kuw10].

The Ricci curvature of a Riemannian manifold measures the expansion of the Rieman-
nian volume, which is quantified by the Bishop-Gromov theorem. The relation between
curvature, volume growth and optimal transport was also hinted at in [CEMSO01, AR04,
Bre91]. Therefore, it is not surprising that Ollivier’s definition of coarse Ricci curvature
begins with a family of uniform volume measures indexed by points in the manifold. Such
a family of measures can also be interpreted as a random walk.

Coarse Ricci curvature of random geometric graphs was studied in [vdHLTK23],
where graphs generated by a Poisson point process with increasing intensity were con-
sidered. As a first result of this type for coarse Ricci curvature, the main result of their



work is that under some assumptions on the relationship between sampling intensity, con-
nectivity radius and random walk radius, the coarse curvature of random geometric graphs
converges in L' at every point to the Ricci curvature of the underlying manifold.

Our notion of generalised Ricci curvature extends the approach of Ollivier. We then
follow up with an exploration of the concept of random graphs generated by connect-
ing nearby points of a Poisson point process, as previously studied by van der Hoorn,
Cunningham, Lippner, Trugenberger, and Krioukov [vdHLTK23]. In our approach, we
choose the weighted volume measures for the intensity measure of the Poisson process.

We briefly mention the literature on non-smooth curvature preceding the work of Ol-
livier. A notion of non-smooth sectional curvature bounds was first introduced by Alexan-
drov, beginning in the 1950s, see e.g. [BGP92] on the study of Alexandrov curvature
lower bounds and more comprehensively the monograph [BBIO1]. Non-smooth curva-
ture has since been studied from various perspectives. The entropy convexity approach
to Ricci curvature lower bounds of metric measure spaces was studied in the seminal
works [Stu06b, StuO6c, LV09]. We point out that Ollivier’s approach differs from entropy
convexity in that it approximates the value of the Ricci curvature at every point, rather
than describing only a Ricci curvature global lower bound. Ollivier’s coarse curvature on
graphs was further studied in [LY 10, LLY 11, BJL12,JL14]. An alternative notion of non-
smooth curvature on graphs termed "Ricci flatness" was proposed in [CY96], presented
in more detail also in the monograph [Chu97].

Main results

For any x € M and £ > 0 we denote the uniform probability measure supported on the
geodesic ball B.(z) as
15, (2)(2)
dps(2) == ———"—~
() vol(Be(x))
where vol is the standard Riemannian volume measure.
Let V : M — R be a smooth potential and e~"(*)dvol(z) the corresponding weighted
measure on M. For any x € M, define the (non-uniform) probability measure supported
on the geodesic ball B.(x),

dvol(z),

e—V(z)

)(Z)st(z) e~V dvol(2')

dvi(z) == 1p.(z dvol(z).

Our main results are Theorem 1.1 and Theorem 4.7. The first allows to extract the gener-
alized Ricci tensor from 1-Wasserstein distances of such measures:

Theorem 1.1. For any point xq € M, vector v € T, M with ||v|| = 1, sufficiently small
d,e > 0and y := exp, (0v), it holds that

e e e? : 2.2 3
Wi(vg,,v;) =9 (1 T3miY) (Ricy, (v, v) + 2HessxOV(v,v))) + O(0%") + O(6¢e”).

(1.1
Denoting the coarse curvature at scale € as
Wi (Ve ,ve)
ke(x0,y) i= 1 — — Y2 (1.2)
( ° y) d(%y y)
we deduce upon rearrangement of the expansion (1.1) and taking the limit that
2 2

lim w%(%, y) = Ricy, (v, v) 4+ 2Hess,, V (v, v). (1.3)

£,0—0 £



We present a detailed proof of Theorem 1.1, which extends the result of Ollivier [O1109,
Example 7 & Section 8].

As an application, in Theorem 4.7 we extend a result of Hoorn et al. [vdHLTK23],
which showed that the coarse curvature of random geometric graphs sampled from a
Poisson point process with increasing intensity, proportional to the non-uniform measure
e~V @vol(dz), converges to the smooth Ricci curvature modified by the Hessian of V.
Our method allows to deal with the non-uniformity of the intensity of the Poisson process
as well as the non-uniformity incurred by the exponential mapping.

Remark 1.2. We qualify the term "sufficiently small" for ¢,c in Theorem 1.1. In all
arguments, we will assume that J, € are as small as needed in a way only dependent on a
compact neighbourhood of xy € M. The need for such restriction is for two reasons:

* in manifold distance estimates of Section 2 to ensure that all geodesics in the vari-
ations used are length-minimizing and unique. This can be done by restricting 9, &
to some small enough fraction of the uniform injectivity radius at x,

* in Wasserstein distance estimates of Section 3, to apply the Inverse Function Theo-
rem for the transport map 7" which has non-zero determinant at x.

We will assume throughout this work that such restrictions are in place and are covered
implicitly by the "sufficiently small" assumption for 9, €.

Remark 1.3. Ollivier [O1109, Example 5] presented a similar result by using uniform
measures shifted in the direction of —VV'(z) for a uniform measure centered at x € M.
Nonetheless, to obtain this, the correct magnitude for this shift is chosen a posteriori.
This is in contrast to our method of non-uniform measures, which does not allow this
degree of freedom and can therefore be seen as more intrinsic to the weighted manifold.
We emphasize the distinction in that our method employs non-uniform measures rather
than uniform. Moreover, our approach is more suitable for our application to random
geometric graphs sampled from a Poisson point process with non-uniform intensity.

We now follow through with two ingredients needed for proving Theorem 1.1, man-
ifold distance and Wasserstein distance estimates, presented in Sections 2 and 3, respec-
tively. The application to random geometric graphs constitutes Section 4. The clearly
presented intermediate geometric estimates could be of independent interest.

Acknowledgement. This research has been supported by the EPSRC Centre for Doc-
toral Training in Mathematics of Random Systems: Analysis, Modelling and Simulation
(EP/S023925/1). XML acknowledges partial support from the EPSRC (EP/S023925/1
and EP/V026100/1).

2 Manifold distance estimates

The 1-Wasserstein distance of measures is by definition the minimum of an average of
distances of pairs of points on the manifold. Variations of geodesics are a standard tool
for local estimation of distances on Riemannian manifolds. We introduce preliminary
notation for this section.

Notation 2.1. Let v € T,,M be a unit vector. The maps ¢ : [0,¢] x [0,1] — M will
denote various smooth variations, to be specified, of the geodesic 7 : [0, 1] — M,

Y(t) = exp,, (tov)



so that ¢(0,t) = (t). Denote the Jacobi field corresponding to the variation c as

J(t) = % . c(s,t)

and the covariant derivatives of J with respect to 7y along ~y by %J (1), dDTzJ (t). Recall J
satisfies the Jacobi equation

%ﬂ@:_mﬂm%mﬂﬂ

where R is the Riemann curvature tensor. For any vector field X defined along v, we
denote the part perpendicular to + as

1,
Xt =X -5 (X9)5.

Denote by /; (v) : T,,M — T, M the parallel transport along the geodesic v with
respect to the Levi-Civita connection. When there is no risk of confusion, we shall write
/Iy for /y (7y), omitting mentioning the geodesic 7.

We shall denote by || - || the Riemannian norm of tangent vectors. For the distance
estimates we will make use of the standard formulas for first and second derivatives of the
length

1
Jc(e,t
L(e, ) == / Gl H dt
0 ot

in terms of J (see [Jos17, Chap. 6]):

Lemma 2.2. The first two derivatives of the length L in the first variable at O are

S L) = (05D, @D
g;gduaaszl<<%ﬂwa§aw§—«Mﬂwawmﬂmjmﬂ)ﬁ}

t=1
.22

5 \os o .

= % <%J(z&){(}(t)_¢>

We will consider two different variations ¢, and ¢, of the geodesic (1) = exp,, (tdv)
which provide key distance estimates for the optimal transport problem in Theorem 1.1.

=1 1<D )
_|_

(5, 0,40))

t=0 s=0

2.1 Pointwise transport distance estimate

We proceed with defining c;, the purpose of which is to approximate pointwise trans-
port distance by a certain transport map defined later. Using these pointwise distance
estimates, we will be able to conclude an upper bound for the Wasserstein distance in
Theorem 1.1.

Notation 2.3. For any v,w € T,,M with ||v| = 1, ||w]] < 1 and the geodesic v =
exp,, (t6v), we introduce the transport vector

w = w— (1= [wlP) (7 (1) VV(y) = VV(w0)) = w+ O(F=),  (23)
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where we abuse the notation O(de) to denote a vector of magnitude of order de.
Denote the geodesics

0(s) == exp,(s /1 w'), n(s):= exp,, (sw) (2.4)

where y = exp,, (0v). Define the map c; : [0,¢] x [0, 1] — M as

c1(s, 1) = expy ) (texp, i (0(s)))-

This represents a family of geodesics indexed by s and parametrized by ¢, starting from
n(s) and reaching 6(s) at t = 1. In particular, it is a variation of the geodesic ¢ —
exp,, (tév). See Fig. 1 for an illustration of this variation. Note that

9(5) = Cl<37 1)7 77(3) = 01(37 0)

are the bottom and the top curves in Fig. 1 and for every s € [0,¢], t — c¢i(s,t) is a
geodesic. Moreover, (t) = exp,, (t0v) = c1(0,) is the leftmost geodesic in the figure.

The aim of this variation is to estimate the distance of the two corners (<) and 7(¢)
given by the variation ¢, of the geodesic v from 7 to 6. To emphasize the dependency on
both ¢ and ¢, we will denote the length

Li(e,8) = / Heule,t)

ot
We begin with preliminary estimates on the Jacobi field of the variation c;.

H dt = d(ci(g,1),¢1(g,0)) = d(6(e),n(e)). (2.5)

Lemma 2.4. The Jacobi field J(t) = ai‘ o C1(8, 1) satisfies
H H O(de) + O(6%) VYt €[0,1] (2.6)
and
17 J(t) = J(0) + O(6) + O(6%) vt € [0,1]. (.7)

Proof. As 7(t) = exp,, (tév) is a constant speed geodesic starting in the direction of the
unit vector v, we have 4(t) = ¢ /; v. Hence the Jacobi equation implies

|20 = 1rGw s@R0I < 1) 28

where C' = sup,¢(o ) [[ (1) (-, /+ v) /¢ v]| < oo in the sense of operator norm. The
expansion of /; ' J(t) att = 1 in T}, M with integral remainder is

2

It J(1) = J(0) + d 17 J(t) + /1(1 — u)% 17 J(u)du.

dt|,_
Applying the relation clli;%k 17= 1, g—z for every k£ € N and /, = Id, we obtain in terms of
covariant derivatives:
1 ' , D?
7 J(1) =J00) + — J(t 1—u)/,” —J(u)du. 29

S =00+ gl a0+ [ g @)
The Jacobi field satisfies the boundary conditions

70 = 2| _nts) =2 s=nw, @i

= — s) =w = — )=/ w .
ds lozo’! ’ ds |s=0 e




where w' is given by (2.3). Together with
I J(1) = J(0) = w' —w = O(d¢),

the expansion (2.9) implies

D
dt|,_
Therefore,

t
IU@H<W®W+A
which yields by Gronwall’s lemma that

1) < (14 0(e6))e“” =1+ 0(6?) + O(5¢).

tﬂ<owa+0wumw

BJ(U)

t
du<1+0®@+cﬁ/ﬁuwwmh
du 0

As a consequence, we deduce from (2.8) that £ - J(t) = O(6%), and thus

D D D?
It = J(t Jt 1,0 == J(w)du = O(d¢) + O(5%).
G0 =] s+ [ D= o) + o)
Finally,
¢ D
17t J(t):J(O)+/ 1t == J(u)du,
0 du
where the second term has norm of the required order. O

The following fact about order of magnitude can be extended to arbitrary number of
variables, but the two-variable version will suffice for our purpose.

Lemma 2.5. Let ¢ : R? — R be a smooth function. For any a,b € N, if ¢(x,y) =
O(min(x?, y°)) then ¢(x,y) = O(x%®) in a fixed neighbourhood of the origin.

Proof. The multivariate Taylor’s theorem states that
Slo,y) = D, 0056(0,0)a'y + > rilx,y)r'y’ 2.11)
i+j<a+b—1 i+j=a+b
for smooth remainders r;; : R* — R. Then the assumption on ¢ implies in particular
¢(x,y) = O(z") Wy €R,

d(z,y)
xa

which is equivalently stated as limsup,_,, < oo Vy € R. We claim that this

implies
9.016(0,0) =0, ry(z,y) =0="") Vi<a—1,jeNyeR.
Indeed, if 0%0]¢(0,0) # 0 for some i < a — 1, then

D103 (0, 0)x'y’

xa

< lim sup
x—0

00 = lim
x—0

‘¢<§;y) ‘ Yy # 0. (2.12)

rij(z,y)

Similarly, if a remainder r;; for some j < b — 1 satisfies lim sup,,_,, | ~2%=~| = oo then
. tod
00 = lim | TEE YTV ’M’ Yy # 0. (2.13)
x—0 T x—0 iy




Figure 1: Geodesic variation c; (with positive sectional curvature in the v, w-plane)

Either of (2.12) and (2.13) contradicts that ¢(x,y) = O(x*) for all y € R.
In the same way, it holds that ¢(x, y) = O(y®) for all z € R, which implies

Q0,00 =0, ry(z,y)=0@1""7) VieN,j<b—1lzeR

Hence the first sum in (2.11) vanishes. By smoothness, also r4(x,y) = O(1) in a fixed
neighbourhood of the origin. As a consequence, we can write

dla,y) = Y ryla,y)r'y

i+j=a+b
a—1 b—1
= Tiaro—i(@, Y2y T (@, 9)2 Y+ ragegg (@, y)at Iy
i=0 §=0
a—1 b—1
_ O<$a7i)xiya+b7i + O(w“yb) + Z O<xa+bfj)ya+b7jyj
i=0 §=0

— O(:L’ayb+1) + O(:L’ayb) + O(l’a+1y ) — O(x“yb),
as required. [

For linearly independent v, w € T, denote by

(R(v, w)w,v)
Ky (v,w) = 5
)= Pl = (o)

the sectional curvature at xy of the tangent plane spanned by v and w.

Proposition 2.7 below is similar to the classical distance expansion by means of a
geodesic triangle, which was the original characterization of sectional curvature by Rie-
mann, see e. g. [Mey04] for the proof.

Lemma 2.6. For any wy,ws € T, M linearly independent and € > 0 sufficiently small,

1 (R(wy, we)ws, wy)
d(expx0 (ewy), €XPy (ews)) = ellwy — wyf| - 6 |wy — ws|

e? +0(eh).

The following contrasts with the triangle estimate of Lemma 2.6 in that the two
geodesics start from two distinct points and have a carefully chosen relationship between
their initial directions w and /1 w’, prescribed by (2.3).



Proposition 2.7. For any v,w € T,, M with ||v|| = 1, ||w|| < 1 and 9, € sufficiently small,
we have the estimate for the distance between exp, (cw) and €XPexp, (80) (e /1 w') where

w' is given by (2.3), expressed by the geodesic length

2
1i8) =3 (1= 5 (K)ol = (00 + Hesse,Vo.0)(1 = )] )
+ O(6%€%) + O(8¢°),
(2.14)
where the O(£26%) + O(de®) terms are uniformly bounded in v and w.
Proof. We expand the length Ly (g, ¢) in the first variable,
L(85)—L(05)+€£ L(s&)—i—g—Za—2 Li(s,6) + O(e?) (2.15)
1(<, — H1\Y, Os - 1\, 2 g2 0 1\, .

and compute the first and second order coefficients using the Varlatlon c1(s, ).
Recalling the boundary conditions (2.10) for the Jacobi field J(t) = %}
the first order coefficient in the expansion (2.15) is

9
9s|,_

s= 0

Ly(s,0) = %((J( ); (1)) = (J(0),7(0)))
= (Jy W',/ U> (w, v)
<//1 w= (L= [wl)(VV ()= /1 VV (o), v) = (w,0)

= —(1- IIwH At VV(y) = YV (20),0)

)
- —5(1 —Jjw||?)Hesss, V (v, v) + O(5%).
(2.16)
Here we used the formula (2.1) on the first line, inserted (2.10) on the second line, plugged

in (2.3) for w’ on the third line, applied the isometry /;* on the fourth line, and expanded
1T VV(y) — VV (x0) = dHess,,V (v,v) + O(6?)

on the last line.
The second order variation of length formula (2.2) reduces to

ok 1 (/D D _ N
S| mts0) =5 [ (G008 a0 ) = RO 5050, S0 ) i
since 2 2¢(s5,0) = £2¢(s,1) = 0 as s — c(s,0),s > c(s, 1) are geodesics. By the

estimate (2.6), the first term is
'/D_ .. D . 2_2 3 4
Ej(t) ’E‘](t) dt = 0(6%¢*) + O(8%¢) + O(47). (2.17)
0

Moreover, by smoothness of R in the base point, we have || /; ! oRo /, —R|| = O(9) as
the parallel transport is along a geodesic of length . Then by multi-linearity of R and the
estimate (2.7):

/01 (R(J()",40)7 (), J()*F) dt = / (R(I7" J()* o), 17t THE)) dt + O(6%)

= 6% (R(w,v)v,w) + 0(63)
(2.18)

10



noting that (R(w*, v)v,w") = (R(w,v)v, w) by anti-symmetry of the curvature tensor
and since w— — w is parallel to v by definition.

Therefore, coming back to the second order coefficient and plugging in (2.17) and
(2.18),

2
% Li(5,6) = =6 (R(w, v)v, w) + O(6%) = =6 K (v, w)(|Jw||® — (v, w)?) + O(6?).

= (2.19)
Moreover, the O(g?) term in (2.15) is in fact O(§e®) by Lemma 2.5 since L, (¢, ) = O(9)
and L; is smooth. Finally, we obtain the expansion by plugging (2.16) and (2.19) back
into (2.15). We emphasize that the Hessian manifests itself through (2.16). The vector w’
was carefully chosen so that the Hessian appeared at the correct order together with the

Ricci curvature. [

2.2 Projection distance estimate

We construct the variation cs for the purpose of estimating the projection distance to a
specific submanifold. This projection distance will serve as a suitable 1-Lipschitz func-
tion for establishing a lower bound on the Wasserstein distance in Theorem 1.1 by the
Kantorovich-Rubinstein duality.

Let £ be a smooth embedded submanifold of the Riemannian manifold M.

Definition 2.8. An open neighbourhood U of £ in M is said to be a tubular neigh-
bourhood if there exists an open subset of the normal bundle W C TE" such that
exp : W — U is a diffeomorphism and £/ C exp IV.

The following is a regularity result for the projection map and projection distances,
see one of [GT77, KP81, Foo84] for a proof.

Lemma 2.9. For every compact, embedded smooth submanifold E of M, there is a tubu-
lar neighbourhood U of E in M such that the shortest distance projection map

p(x) == argmin, . pd(z, 2). (2.20)

is well-defined and smooth on U, and the distance to projection z — d(z,p(z)) is smooth
on U\ E. Moreover, if E is a codimension 1 submanifold with v € T'(T E+) a unit vector
field normal to the submanifold then the signed distance to projection defined by

f(2) = sign({exp,;, (2), v(2)))d(2, p(2)) (2:21)
is smooth on all of U.

Recall v € T, M is the fixed unit vector, representing the direction of transport of the
initial test measure s, - We now consider the concrete submanifold of codimension 1,

E = exp, {v"} = {exp,, (w) : w € Ty, M, (w,v) = 0} C M. (2.22)

We recall that the second fundamental form for £ is the 2-covariant tensor field, defined
at z( for two vectors wy, wy € T, F as

Iy (wi,wo) i= (Vi v(o), wa) = — (v, VAL W (), (2.23)

where W on the right is an arbitrary smooth local tangent vector field on £ with W (x) =
wy and v a smooth local normal vector field on E with v(zg) = v, see [Jos17, Chap. 5].
Here VM refers to the Levi-Civita connection on M.

11



Figure 2: Geodesic variation c,

Remark 2.10. We shall make use of the fact that 7 vanishes at o € M for this sub-
manifold, which we prove for the readers’ convenience. Using the normal coordinates
(x',...,2") of M at xy € M, we may assume (2, ..., 2"!) are the normal coordinates

of £ at xy. Then Ffj(xo) = 0 (see [Jos17, Chap. 1.4]) and for arbitrary vector fields

X=Yr'x2 Y="Y2 e [(TE),itholds that

VY (o) = 3 X)) ¥ 20) 2 0) + X (a) o ) 2 ()

< 0
2,7=1
— oY’
= Z]ZﬂX ((’Eo)%(l'o)a g (.ZE[)) c Ton

We conclude 7(X,Y)(zo) = —(v(zo), VxY (z0)) = 0 since v is normal to E.

We now define the geodesic variation ¢y, with its depiction in Fig. 2. As before, denote
for a vector w € T,,, M with ||w| < 1 the geodesic

0(s) := exp,(s /1 w'),

where w' is defined by (2.3). Let ¢ : [0,¢] x [0, 1] — M be the variation of the geodesic
v(t) = exp,, (tdv) defined by

ca(s, t) = epr(G(s))(t exp;(le(s))(e(s)))7

with p the projection map given by (2.20). Since 0, p, exp,, and expgjo1 are all smooth (in
particular p by Lemma 2.9), ¢, is also smooth. Note also the boundary value cy(s,0) =
exp,(9)(0) = p(0). Denote the length

Lo(e,9) := /0 ‘8026()(;’1&) H dt = d(ca(g,1),ca(e,0)) = d(6(e),p(0(¢)))
and the signed length
Lo(e,0) := sign({exp;,'(ca2(e,6)),v))La(g, ), (2.24)

which is smooth by Lemma 2.9.
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Proposition 2.11. For any vectors v,w € T,,M with ||v|| = 1, ||w| < 1 and 6, ¢ suffi-
ciently small, the signed distance between XPexp, (50) (e /1 ') and its projection to E
has expansion
7 g% 2 2 2
L2(575) =9 +e€ <va> - 7 [Kwo(v7w)(‘|w|| - <v7w> ) + HeSS$OV<U’U)(1 - HwH )}
+0(e%6%) + O(e?),

(2.25)

where the O(£26%) + O(&®) terms are uniformly bounded in v and w.

Proof. Since Ly(s,8) = Ls(s,d) for small s, their derivatives at s = 0 also agree, and
we may apply again the method of geodesic variations to compute %L:O Ls(s,9) and
g—; Ly (s, 6) in order to obtain the coefficients of the expansion of Ly(e, §).

s=0

The Jacobi field J(t) = %‘5:0 co(s,t) satisfies boundary condition J(1) = /; w'.
Moreover, J(0) € T,,E because c3(s,0) € E for all s € [0,¢], hence in particular
4(0) L J(0) and J+(0) = J(0). By the variation of length formula (2.1) and plugging in
(2.3) for w’, the order ¢ coefficient is thus

9
0s

Ly(s,0) = %((J(l)ﬂ(l)) = (J(0),7(0)))

s=0
1
=S (I T ()
. (2.26)

= (w,v) — %Hessm(v,v)(l — ||w]?). (2.27)

By the formula (2.2), the coefficient for the 2 term is

1 D D
Lo(s,8) == ({ =| J*@),J (1)) —( =
e =5 (L, 000) (G
1 D 0 D 0
- (= = 1),%(1) ) = ( =— =— 0),%(0 .
5 (5]t 050) = (5 55| ats0.50))
(2.28)
We show that all terms on the right vanish except for the first one which we then further
estimate. First, since %f’y(zﬁ) =0 and +y is a constant speed geodesic, we note that

D .. _D CIOA Dy (@EIOAW) (DT
770 = (70 - S ) = oo - i = (Foo) -

62

Ds?

~ J (1), JL(O)>>

Then for any v € T, E:

(3.7 0=
(

“((22] o)

“\\osar|__ *Y) "
D 0

— <£E - 02<87t)au>7

using the torsion-free property of the Levi-Civita connection on the second line, and using
u L 4(0) on the third line by definition of £. To bring in the second fundamental form, in

13



terms of notation for its definition (2.23), the unit normal vector field on F is v(cs(s,0)) =
+ 9|,_, c2(s,t) and the two submanifold directions are wy = £| _ ¢(s,0) and wy = u.
Then we can write

1 Do
v == —— 0
le(l'o) 5 Os Ot (Sv )7
and thus
D o0
<£E - CQ(S,t),U> = (5<VM l‘o U}2> IO wl,wg) O,
because the second fundamental form vanishes at x, as per Remark 2.10. Hence,
D
Vu € T, E - <dt JL(t),u> =0,

which together with £.J+(0) = (%J(O)) € T, E implies 2| _ J*(t) = 0.
Similarly, with the same notation matching to (2.23) additionally with W (¢ (s, 0)) :=

2 ¢(s,0) so that W (zg) = W (c2(0,0)) = wy,

Do
ds 0s|._,

Since s ++ 0(s) is a geodesic, 2 a_a c(s,1) = £26(s) = 0, the third term is also 0.

We now estimate the first term in (2.28). For any ¢t € [0, 1] we have the expansion
with integral remainder,

c(s,O),7(0)> =6 (VY W(xo),v(0)) = =Ly, (wi,w;) = 0.

2

17 JH(t) = JH0) +/t(t—u) 1t 5 J*(u)du

12
= JH(0) — o2 /t(t — ) 17 R(JE (), 1y v) 1y v du
:(Jlan—+cxa%.
This in particular also holds for ¢ = 1 so we deduce that
I T = 17 TR = 0(8%).

Moreover, pulling back the Jacobi equation back to T,,M by /7' and integrating over
t €[0,1], using % ‘t o /(1) = 0 as shown above, gives

D
dt

1
17t Ji(t) = —52/ I7Y R(JE(L), 1) 1y v dt.
0

Therefore, the second derivative is
0? 1 /D
L 0)==( —

2(87 ) 5 <dt 1

ds2| _,
- _5/ (7Y R(TS(8), 1 ) o, 07 JH(L)) dt

T, )

— _5/ (70 T, ), 07 TH(L)) dt 4+ O(6%)

= —5/ (R(IT" JH(1) + O(8%), v)v, I JH(1)) dt + O(6)

= 0 (R(w', v)v, ') + O(6?)
= —0 (R(w, v)v, w) + O(5?),
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using that || /; ' oRo /, —R|| = O(4) and w' = w + O(6e).
Hence the coefficients of the expansion of Ly(e, ) in € are as required. ]

We may deduce the expansion in € of the difference of signed lengths:

Corollary 2.12. For any vectors v,w € T, M with ||v|| = 1, |[w|| < 1 and d, € sufficiently
small,

[~/2(5,5) — [:2(5,0)
=5 (1= 5 [ )l — (o)) + Hoss, V0,01 = ) )
+ 0(8%%) + O(0¢?)
= Li(g,8) + O(6%e*) + O(6¢?),

where the O(£26%) + O(de®) terms are uniformly bounded in v and w.

Proof. From the preceding proposition, subtracting the two lengths we first obtain almost
the expansion above, except the last term is at first only O(g?), but since the difference
vanishes is also O(4), it must in fact be O(de?), see Lemma 2.5. The second equality
in the statement of the corollary follows by comparison with Proposition 2.7 since the
expansions agree up to the term O(562¢?) + O(de?). O

3 Wasserstein distance approximations

The following two preliminary lemmas relate the Ricci curvature to the sectional curva-
ture by integral averages, thereby providing a bridge between the distance estimates of
the previous section and the Wasserstein distance estimates that will follow.

The standard Ricci curvature is usually defined as the contraction of the Riemann
curvature tensor and expressed equivalently by the sectional curvature,

n

Vv € T,y M : Ric(v,v) := Z( (v, €ei)e;,v ZK (v, &) (|[v]|? = (v, &)%)

i=1

for an arbitrary orthonormal basis (e;)_; of T,, M. The Ricci curvature can equivalently
be expressed as an average over a sphere or ball of arbitrary non-zero radius. We shall
denote by B, the ball of radius r > 0 in 7}, M centered at the origin and ¢ the uniform
surface measure on the sphere 0B..

Lemma 3.1 (Ricci curvature as average over a sphere). For any vy € M,v € T, M with
||l = 1 and € > 0, it holds that
e 2 2
—Ric(v,v) = K(v,w)(e” — (v,w)")do(w). (3.1)
n OB.

Proof. The standard definition of Ricci curvature

n n

Ric(v,v) =Y (R(v,e;)er,v) = > K(v,e;)(1 = (v,e;)?) (3.2)

i=1 i=1

is independent of the choice of orthonormal basis (e;) of T, M [Jos17, Chap. 4.3]. We
exploit this by integrating the expression on the right over all orthogonal transformations
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in SO(n) with respect to the Haar measure on SO(n). Denote S™~! the unit sphere and
note that it is a homogeneous space with the transitive group action

SO(n) x S™1 — §"71 (A, v) — Av,

and moreover S"! = SO(n)/SO(n — 1).
Let (eq, .. .e,) be any orthonormal basis of T, M. The average integral of the right-
hand side of (3.2) over SO(n) is

]éo( | Z K(U, Aei)(l - <U, A€i>2>dA e K(U, w)(l — <U, w>2)dg<w)'

Sn—1
The equality follows from the fact that the mapping
SO(n) — 8" 1 Ars Ae

is surjective for any ¢ € S™~! and the pushforward of the Haar measure on SO(n) is
a multiple of the Riemannian volume measure on S~ !, where we assume that S"~!
is equipped with the homogeneous Riemannian structure. This multiplicative constant
vanishes when taking the average integral and we obtain (3.1) for ¢ = 1. The change of
variable w = sw gives the formula for arbitrary € > 0. [l

We identify 7, M with R" in a standard way by matching an arbitrary orthonormal
basis of 7, M with another arbitrary orthonormal basis of R", and denote by dw the
volume on 7, M induced by any such identification.

Lemma 3.2 (Ricci curvature as average over a ball). Forany zq € M, v € T,, M, |v| =1
and € > 0 it holds that

82

n+2

Ric(v,v) :]é K(v,w) (Jw|* - <U,w)2) dw. (3.3)

Proof. Let o denote the standard surface measure on 0B, and write the integral on the

right as

1 €

51 [ Kl - o)) dotw)dr
|B:| Jo Jos,

= /E U(aBT)T2 K(v,w) (1 (v,—w)2> do(w)dr

Bl Jos, [l

. (3.4)
= n/ e drd K(v,w)(1 — (v,w)?)do(w)
0 0B

2

= ni 2Ric(v, v).

Here the second equation follows from the fact that the integrand of the do(w) integral
is independent of r, so the average can be taken over ball of any radius, and the integral
over r follows from the fact that

T\ J|By|
B,| = <_> B, ) 0B,) = a0
B = (1) 1B, o(0B,) = &
which gives % = ne~"r"!. The last line follows from the identity (3.1). Il
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Figure 3: Geodesic variation c;3

3.1 Density estimates

Lemma 3.2 represented the Ricci curvature as an average over a ball in the tangent space.
Since it’s more natural to consider measures on the manifold, we will apply Lemma 3.8
to follow to compare uniform measures on geodesic balls in the manifold and the push-
forwards of the uniform measure on the ball in the tangent space by the exponential map.
The density estimates of this section are auxilliary in proving the Wasserstein distance
approximations of the next section.

Remark 3.3. We shall make repeated use of the following well-known fact about deter-
minants, which will appear when using the change of variable formula. Denote by P,
the permutation group of {1,...,n} and let A(¢,0) = (a;;(¢,9)) = 0;; + b;;(g,0) be a
smooth n x n matrix-valued function where b;;(d, ¢) = O(d¢). Then

det A(z,6) = 1+ Y bi(e,8) + O(5%).

i=1
By setting § = ¢, we can also deduce that if A(e) = (a;;(¢)) = 0;; + b;;() is such that
bij = 0(52), then

det A(e) =14 bi(e) + O().

Denote the inverse exponential map on a small enough neighbourhood B., () as
exp, : Bey(z0) C M — T,y M

and its derivative as
Dexp;l : TM’BEO(QCO) — TIOM.

0

The notation D exp ! (z)(w) will mean the evaluation at the base point z € B.(x) and
tangent vector w € T, M.

Lemma 3.4. For all sufficiently small € > 0, it holds that

sup det(Dexp,!(z)) =14 O(e?).

z€B:(z0)

Proof. Let z € B.(x0) be fixed and denote the geodesic £(t) = exp,, (texp,!(z)).
Denote e;(t) := &£(t) for t € [0,1], let (e5(0), ..., e,(0)) be a completion of e;(0) to an
orthonormal basis of 7, M and define e;(t) := /; (§)e;(0) to get an orthonormal frame
field along . The determinant is then given by

det(D exp,(z)) = det ( ({Dexp,, (2)(e;(1)), ei(0)>)ij ).

17



To compute each entry of the matrix on the right, we define forevery j = 1,..., n:

Gi(s) == exp, (se;(1))

and consider the variation of the geodesic £ given for every j = 1,...,n by

cs(s,t) := exp,, (t eXp;O1 (¢(s)))
(see Fig. 3) with the associated Jacobi field along &,

0
J(t) = % C3(S,t).
s=0

This satisfies the Jacobi equation with boundary conditions,

DIt = ~RUM,ED)E), T0) =0, J(1)=e)(2).

Then J(t) = Ji(t)e;(t) with smooth components J* : [0,1] — R. Denoting .J*, J* the
derivatives in ¢, the Jacobi equation reads

J() = =FOIEDON (Rlej (1), ex(t)er(t), eilt)) = =T @)IED) I Ry;u(E(F)). (3.5
It is clear that the initial and final conditions with respect to the frame (e;)}, are
J'(0)=0, J(1) =6

Moreover, for any exp, (w) = z € B-(xo):

D D o0 D 0
= )= = — t - t
dt|,_, = s 010 s(:1) = ds|,_o Ot|,_ 003(8’ )
D -1 d —1
= — exp,, (c3(s,1)) = — exp,, (c3(s,1))
ds|,_q ds|,_q

= Do) (] alsn) = Do) e0).

Integrating the Jacobi equation (3.5) twice yields

70 =0 = d0 = [ [ PO s,

and hence, extracting the :-th component from the expression for % } o (1),

(D expzt()(es (1)), :(0)) = <D

J(t),ez(0)> J'(0)
=09 + //JJ ME()IP R 1 (E(s))dsdt = 67 + O(?),

because sup;¢(q ] |€(t)|| < € as € is a constant speed geodesic of length at most €. The
form of the determinant in the statement of the lemma follows by application of Re-
mark 3.3. [
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Notation 3.5. For x € M, denote by

B.(x) C TuM, B.(z) = exp, (BE(:C)> cM

the e-balls in T, M and M, respectively, and the probability measures

15 w
dpi; (w) = BEL()d on T, M,
| B ()]
2 (2) = (exp, )i (2) on M,
ﬂB x)( )
dpe (2) = —22E° 7150 M
u:::(z) VOl(B (l‘)) Vo ( ) on )
d~s< ) e —V(exp, w) d~€< ) .
v (w) = — o M (W on 1,ivi,
S5y €V P dig (w')
Vp(2) = (exp, )75 (2) on M,
efv(z)
dve(z) du(2) on M.

B Jp.wy €V dps (2')

The auxilliary measures fi;, 7; will be instrumental in approximating W:(v5 , ;)
(Proposition 3.22).

Definition 3.6. Let (1, g), (M, §) be Riemannian manifolds of dimension 7 and F' :
M — M a diffeomorphism. The Jacobian at a point x € M is

det DF (z) := det((DF(x)(e;), €;))

for arbitrary orthonormal bases (e;)}~, and (¢;)7_, of T, M and T, M.

Lemma 3.7. Let (:c1 ..., x™) be local coordinates at v € M and (z',...,%") local
coordinates at F(x) Then for all z in the domain of (z*, ..., z") such that F(z) is
in the domain of (&*, ),
1 O(zFoF 1 :
det DF(2) = det (<g S @)

ety det (22D ) (g

Proof. The coordinate vector fields can be orthonormalized using the square root of the
respective metrics as

i(2) = (g (=) G =1m,
and 5
6(F(2) = (G 2 (F(@))jp(F(2), j=1....n.

Moreover, the derivative in terms of coordinate vector and covector fields is

pr() = 220 e e artte)

Then




and

(DF@)(e), &(FE) = (PN ) 2D Gy r ey

= e P @ re)y

and the form of the determinant follows. It can be split into a product of determinants by
usual rules of linear algebra. 0

Lemma 3.8. For ¢, ¢ sufficiently small, [i, and (., are equivalent measures on M, sup-
ported on B.(x) with mutual density
dji;
dps,

(2) =1+ h(z,z), (3.6)

where h - M x M — R is an a. e. smooth function such that h(-,z) = O(g?) for every
x € M and [ h(z,x)du,(z) = 0.

Proof. Let (z',...,2") be Euclidean coordinates of T, M and (z',..., ™) the normal
coordinates at zo € M. The uniform measures on B.(z) and B.(z) can be represented as
differential forms,

dii;, = éﬂBE(O)djl Ao NdTY, dpg = Cllga g det(gij)dxl A...Ndx"™, (3.7

~ ~ 1
where C' := Bg(x)‘ and C' := vol(B.(z))! are the normalizing constants. Denoting

(exp, )" = 7' o exp, !, the push-forward /i is then
A (2) = (exp,).diis(2) = Clp.(z)(2)d(7" o exp, ') A ... Ad(3" 0 exp; )

B 5 -1
— (1 (=) et (M

(z)) dz'' A ... A dz™.

(3.8)
See [Leel3, Lemma 9.11] for a proof of the pushforward formula for differential forms.
Comparing (3.7) and (3.8), since the determinants are non-vanishing we see that the two
measures are equivalent and their mutual density is given by

I

e = et (5P ) xdetante
B g o _% . iM z
_ C:d t (((g =55 ( ))i]) (3.9)
— gdetDexpml(z)
_ g(l +0(%),

having applied Lemma 3.7 with F' = exp;o1 and g;; = 0;; on the penultimate line and
Lemma 3.4 on the last line. i

It remains to see the ratio of the normalizing constants satisfies % =1+ O(?) as
a smooth function of the point x € M. Integrating both sides of (3.9) over B.(x) with
respect to y;, we obtain

i (Bula) = G Bu(a)) (14 O(). (3.10)
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The probability measures /i, i are both supported on B.(z) so Z%E%m

rangement of (3.10) gives % = 1+ O(&?) as a smooth function of z. We obtain the same

= 1 and rear-
for the inverse ratio & by the expansion -~ = 1 — z + O(2%).
Since all factors in (3.9) are 1 + 0(82), the same holds for their product, i.e.

i

_ 2
ai (u) =14 0(e). (3.11)

Labelling the O(£?) term as h(-, z), we have

d—&‘
1= [ ) = 1+ [ he i), (3.12)
implying that [ h(z,z)dus(z) = 0. O

Lemma 3.9. For any x € M, the mutual densities expand as

TE(E) = L (1= (VW a).expy () + I (2,).
dv;

dps,

(2) = 1p.)(2)(1 = (VV (), exp; ' (2)) + ha(z, 2)),

where h; : M x M — R are a.e. smooth functions such that h;(-,z) = O(e?) for every
x € Mand [ hi(z,z)djis(z) = 0 fori = 1,2.

Proof. From Notation 3.5,

dve d(exp, )«V% ) dvs (exp=? 2) e
—L(z) = L (2) = —%(exp, 2) = T
dps, d(exp, )5 dps fBE(I)e V@ dpg (z)

Expand the numerator in (3.13) as
er(z) — €7V(x)eV(:p)7V(z)
= e V@(1 - <VV($),exp;1(z)> + 0(£?)).

Similarly for the denominator,
e V@) / (1-— <VV($), expz_l(z/)> +0(?))djis () = e~ V@) (1 + 0(62)) ,
B:(z)

where the V'V term vanishes because

[ (Vi) () dia) = (V). [ wdiEw) 0. G
B:(z) B:(0)

Cancelling the factor e~ (®)

dve (2) = 1—(VV(x),exp,(2)) + O(e?)
djis, 14+ 0O(e?)

, the density (3.13) can thus be written as

=1—(VV(z),exp;'(2)) + O(c?).

Writing the O(£?) term explicitly as h(-, z), we have
d

L= / dlé (2)dfi(z) = /(1 — <VV($),exp;1(z)> + h(z,x))dfi.(2)
— 1+ [ )i (2),
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since the V'V term vanishes again, and this implies [ h(z, x)dfi,(z) = 0.
The expansion of the density %(z) is obtained the same way, starting from

dve €_V(z)

Z(z) = :
dui( ) fBE(aj) e~ Vdpg(z)

O

Similarly to Lemma 3.8, we have the density of the flat approximation of the non-
uniform test measures with respect to the true non-uniform test measures:

Lemma 3.10. For every x € M,

dv;,
€T — 1
dl/; (Z) + h(z,l’),

where h : M x M — R is an a. e. smooth function such that h(-,x) = O(e?) for every
x € Mand [ h(z,x)d,(2) = [ h(z,x)dv,(z) = 0.

Proof. By the preceding lemma,

vy _ 47\ dig
dl/s( )= djig (2) dve (2)
-1 (Z)l — (VV(z),exp, ' (2)) + hi(z, x)
Be(z) 1 — <VV(3;) eXp;1<Z) )

(1+
= 1p.()(2)(1 + hi(z,2) — ha(z, ) + O(ha(z,2)?))
= Lp.@)(2)(1 + h(z,2)),

merging the remainder terms into h(z, z) on the last line. The mean zero property of h
again follows because v, and ©/; are probability measures. [

3.2 An approximate transport map

Recall we wish to obtain an expansion of W, (v ,v;) in € and . For this we propose
an "approximate" transport map 7' : B.(zo) — Bc.(y) which realizes the distance from
Proposition 2.7 in the sense that d(z,Tz) = Ly(, ). We first define such a map using a
map between tangent spaces 7" : B.(zo) — B.(y).

Definition 3.11. Define the map 7" : B. (o) — B.(y) as
. 1
T(w) =/ w =& = [w]*)(VV(y)= /h VV(z9)). (3.15)

Denote by DT(w) : TyeM — Ty, M its derivative at the point w € T, M. The notation
DT (wy)(ws) will mean the derivative at wy € T,,, M in the direction of wy € T, M.

Remark 3.12. The first part of (3.15) is the same as in [O1109] for the case of uniform
measures. Parallel translation represents the closest analogue to translating all points by
y—xo if the manifold were a Euclidean space, and turns out to be an approximate transport
map for uniform test measures, i.e. V' = 0. In this case, the approximate transport is also
optimal up to and including third order terms jointly in § and e.
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Figure 4: For small £ > 0, the densities of the non-uniform measures ; , 7, resemble
cylinders with a slant top, the slanting being described by the gradient of V. This mo-
tivates the choice of 71" as a scaled difference of the gradients of the tops, together with

parallel translation from B.(xz¢) to B (y).

The second part in (3.15) is a novel adjustment to account for the non-uniformity
of the measures being transported. It is motivated by Lemma 3.9, which says that for
small ¢ > 0, the densities of 77 and Uy are well approximated by affine functions on
the respective supports. See Fig. 4 for illustration. Any near-optimal transport of mass
from 77 to 7 should thus consist of a translation from B.(7¢) to B.(y) together with a
realignment of mass according to the difference of the gradients /;* VV (y) — VV (20),
scaled with the distance from the centre of the support. This is because points on the
boundary of B.(x) should only be translated, while points near z, should be translated
as well as moved in the direction of — (/7' VV (y) — VV(z0)). The above scaling by the
factor 1(e? — [Jwl|?) will yield a good enough approximate transport map because

DT (w) =1d + (/1 VV(y) — VV (20)) (w, -)

as shown in Lemma 3.14, which leads to a desirable cancellation of first order terms in
the density d(ﬁjo), shown in Lemma 3.23.

In summary? (3.15) should be interpreted as parallel translation in the direction v and
distance &, with additional simultaneous shift in the direction — (/7" V(y) — VV (x))

and distance 3 (¢? — |lw||?) to adjust for non-uniformity of the test measures.

To prove the next fact we will employ the auxilliary map 7' : B.(zq) — B.(x)
defined as

A

1
T(w) :=w— 5(52 — lw|®) (/T VV (y) — VV (0)), (3.16)
so that T = /10 T.

Lemma 3.13. For 0 < ¢ < 1 and § > 0 sufficiently small, the map T is a well-defined
diffeomorphism.

Proof. Since /1: B.(zo) — B.(y) is a diffeomorphism, it is sufficient to show that T
defined by (3.16) is a diffeomorphism. We show the latter by finding the smooth inverse
T~L. To further simplify notation we write

T(w) = w — (& ~ ul)ae
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with

17Y YV (y) — VV (g
e .= 1 9
1777 VV(y) = VV (o))

a= /11" VV(y) = VV(xo)) = O(b) > 0.

Decompose any vector w € Bg(xo) asw =u+rewithu L eand —y/e? — ||w]|? < r <

/€2 — |Jw|]? so that
. 1
T(u+re) =u+re— 5(52 — |Jul]* = r*)ae = u + h,(r)e

where h,(r) .= 1 — 2(e? — ||u||* — r?)a. It is clear that

1

2

dh,
dr

hu(£v/e? = [lull?) = £/e2 — [[ul?, (r)=1+ar

Hence as long as ae > —1, the map

ha s [=V/e = lull?, Ve — [lul?] = [-v/e — [[ull?, /&2 — [[ull?]

is a diffeomorphism. Since the decomposition w = u + re is unique and (u,7) = hy,(r)
is smooth, we conclude that 7" is a diffeomorphism. A fortiori, solving h,(r) = s for r
we may obtain the inverse explicitly as

~

1
T~ (u+ se) = u+ — (—1 /T a2 — |[ul?) + 2ay> e,
(0]

completing the proof. O
We refer back to Definition 3.11 for the definition of the symbols 7', DT (w).

Lemma 3.14. The Jacobian of T satisfies for any w € B.(x)
det DT (w) = 1+ (/7" VV(y) — VV (20), w) + O(5%?) (3.17)
where the O(6%¢?) term is uniformly bounded over w.

Proof. As /y: T,yM — T, M is a linear isomorphism, the derivative D /; (w) : T, M —
T,M at any w € T,,M coincides with parallel translation, i.e. D /; (w) = /4. Then by
the chain rule

DT(w) = D(/; o T)(w) = /1 o DT (w)
=/ o([d +(w, ) (1T YV (y) — VV(:L-O))) (3.18)
=/ +(w,-) (VV(y)— /1 VV(x))

by taking the plain Euclidean derivative of (3.16) to obtain the second line.

Consider (e;)! ; an orthonormal basis of T, M and (/; e;)?_, the corresponding
parallel-translated orthonormal basis of 7, M/. With respect to these bases, the compo-
nents of DT(w) atany w € Bs(xo) are expressed using (3.18) as

<DT~(w)(ei),//1 ej> = (I es, 1 €5) + (w, &) (VV(y)— Iy YV (z0), /1 €;)
= 0;; + (w, e;) (17" VV(y) — VV(z0),€5) .

(3.19)

Then
det DT (w) = det (85 + (w, e;) (/1" VV(y) = VV(20),¢5)),. (3.20)
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where 9;; stands for the Kronecker delta. Since
(w,e5) (17" VV(y) = VV(x0), ¢5) = O(02),

we can deduce (see Remark 3.3) that

det DT(w) =1+ z”: (w,e;) {17 VV (y) = VV(9), ;) + O(767)

Pt (3.21)
=14 {(w, /7" VV(y) — VV(z)) + O(e6°),
as required. [
Remark 3.15. Since /7' VV (y) — VV (xq) = O(6), it follows from the definition (3.15)
e Tw =/, w+O00e?) Yw e B.(x). (3.22)
Denoting w = Tw, this implies also
T~ = /7t + 0(6e?) Vb € B.(y), (3.23)

because the parallel translation is isometric. As a consequence of (3.17) and (3.23), we
thus have

det DT (@) = 1= (-, 17" YV (y) = YV (20) ) + O(*5%)
=1— (0, VV(y)— /1 VV(x0)) + O(6%€?).

(3.24)

The exponential map is locally a diffeomorphism and B.(x) = exp,(B.(z)). This
allows us to define the following diffeomorphism on the manifold, which we shall employ
as our approximate transport map between v, and v;,.

Definition 3.16. Define the map 7" : B.(z¢) — B.(y) as
Tz:= expy(T exp, (2)). (3.25)

Remark 3.17. We explain the relationship between the map 7" and the distance estimates
of Section 2. In the notation introduced in the context of geodesic variations c, co, if for
any unit vector w € T, M we label z := exp, (cw) then

Tz = exp,(eTw) = exp, (e /1 w'),

where w’ is given by (2.3). In the notation for geodesics of the variation (2.4) we have
z =n(e) and Tz = 0(¢), and thus in particular

d(z,Tz) =d(n(e),0(e)) = Li(g,9),
d(z,p(2)) = d(p(n(e)), n(e)) = La(e,0),
d(Tz,p(T=z)) = d(p(6(c)),0(c)) = La(e,0),
where p : M — E is the projection map (2.20).

d
d

While 7" is not an exact transport map from Vg, to VZ, it turns out that the rele-
vant Wasserstein distances may still be approximated using the pushforward measure

T.v;, in place of v, and the distance Wi (v ,T.v; ) can in turn be approximated by

Wi (75, T.v7;,). This is formalized below in Proposition 3.22 as the proof requires pre-

liminaries to follow. The merit of such approximation is that W1 (7 , T.7; ) can be com-

xo’
puted using the distance estimates obtained in the previous section. The upper bound for
Wi (7, 1.5, is established from the concrete transport plan 7" and the lower bound is
computed by using a concrete 1-Lipschitz function.
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Notation 3.18. Denote 2 := exp, (ew) so that Tz = exp, (¢ /1 w’) where w' is pre-
scribed by (2.3), and let ry be the uniform injectivity radius on a fixed, compact neigh-
bourhood of xy. Recall that in the context of Proposition 2.11 we defined the submanifold

E = {exp,, (w) : w € T,y M, (w,v) =0} C M,

the projection p : M — F, p(z) := argmin, pd(z, 2), v € ['(TE') a unit normal vector
field with v(z() = v and the signed distance to projection, f : B, /3(x¢) = R,

f(2) = sign({exp,;, (2), v(2)))d(z, p(2)) (3.26)

Note that f(Tz) = Ly(e,6) and f(z) = Ly(c,0) where Ly was defined by (2.24), the
signed length of the geodesic realizing the distance to projection.

For notational convenience we label z = exp,, w for any w € T, M.

Lemma 3.19. The signed distance to projection is 1-Lipschitz and for any vectors v, w €
Too M with ||v|| = 1, |Jw|| < 1 and §,e > 0 sufficiently small,

12 = 1) =8 (1= SRl )l? ~ o) = S Hess, V)1 = )

+ O(8%¢%) + O(8¢°),
(3.27)
where O(6%€?) + O(5e3) is uniformly bounded in -.

Proof. We first show that f is 1-Lipschitz. Since z +— <explj(lz)(z), v(z)) is continuous,
E N B,,/3(x0) is the boundary between the two connected components

{2 € Bryys(ao) : (expyl (2),v(2)) > 0}, {2 € Brojalao) : (exprl (2),v(2)) < O}.
(3.28)
First, consider 21,2, € By, 3(xo) such that (exp,!(21),v) (exp,(22),v) > 0. This
means that 2, z; lie in the same connected component of B, /3(z). Then by the triangle
inequality,

[F(21) = f(22)] = |d(21,p(21)) = d(22,p(22))] < d(21, 22)-

Second, consider z;, 22 € B,,/3(%0) such that

{exp,, (21),v) (exp,,(22),v) < 0,

meaning that 21, z; lie in distinct components of B, /5(x¢). Suppose £ : [0,1] — M isa
length-minimizing geodesic connecting z; and z,. Then

d(&(t), zo) < d(&(t), z1) + d(21,20) < d(22,21) + d(21,70)
1 2 (3.29)
< d(22, x0) + 2d(21, 70) < 370 + 370 = To-
This means that the geodesic realising the distance between z; and z» lies in B, (o),
and hence must pass through £ N B, (z() because it is the boundary between the two
connected components (3.28). Therefore, there exists zo € F N B,,(x() such that

|f(21) = f(22)] = d(21,p(21)) + d(22,p(22)) < d(z1, 20) + d(22, 20) = d(21, 22).
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To make the geodesic containment argument in (3.29), we thus restrict f to B, /3(0).
Finally, by Corollary 2.12,

f(Tz) = f(2) = La(e,8) — La(e,0)
=0 (1= 5 [Faoo)(l? = (o)) + Hoss, ¥ )1 - ul)])
+ O(6%?) + O(6¢?).
U

The signed distance to projection leads to the correct lower bound for Wy (%5 , T.75, )
up to fourth order terms jointly in ¢ and e:

Lemma 3.20. For f defined by (3.26) and all v € T,, M unit vectors and 9, > 0 small
enough,
2

[ s - sena =0 (1- 57

+ O(6%*) + O(3¢?).

(Ricg, (v, v) + 2Hessg, V (v, v)))

(3.30)

Proof. Change the variable of integration to w = exp; ! () and recall i, := (exp,, )+/L5, -
Then the integral on the left can be written using the density expression of Lemma 3.9
and the estimate of Lemma 3.19 as

JRCERE) Wen ()i, (2)

i,

= [ (T2 = FED — (TV (), exp; 2)) + Al )i (2
= [ (1 GRao il - (0u)?) - Hessa Vi) - )

0o

x (1 = (VV(xo),w) + h(exp,, w, o)) dii5, (w) + O(6°?) + O(d¢?)
= [ 6 (1 a0l ~ (o)) = GHos V(0 0) - ul?)) i (w)

z
+ O(8%?) + O(d?).
On the last line, the linear term (VV (), w) vanished by symmetry of the integration
domain, and also we applied the mean zero property [, . h(exp,, w,zo)df, (w) = 0.
o

The products of these terms with the sectional curvature and Hessian terms were absorbed
into the remainder O (). Integrating the Hessian term in spherical coordinates, we have

1 2 2\ 7~ e? 1 /E 2

- &2 — w|H)diE, (w) = = — ———— [ +29B,(xo)|dr

3 = ey, @) = G = gy [ 0B o)
g2 ne? g2

2 2n+2) n+2
Moreover, the sectional curvature term integrates to give the Ricci term as per Lemma 3.2.
O
Theorem 3.21. For any point xy € M, vector v € T, M with ||v| = 1 and 6,¢ > 0
sufficiently small,
2

9
Wi(v;,, T.vg,) = 0 (1 T

TQ) (Ricg, (v, v) 4+ 2Hess,, V (v, v))) +0(8%e*)+0(5e?).

(3.31)
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Proof. Using the transport map (3.15) and applying Proposition 2.7 and Lemma 3.9, we
have the upper bound

Wi(vg,, T.v;,) < /Md(Tz,z)dViO(z)

= [ 6 (1 galv )l - {o0) - SHoss Vo, o) ul?))

x (1= (VV (o), w) + h(exp,, (w), z0))djiz, (w) + O(dc”) + O(6°¢?)

2
=4 (1 — m (Ricg, (v,v) + 2HessxOV(v,v))) +0(6e%) + 0(6%%)  (3.32)
where we eliminated the A and VV terms since

[ @V w)diz, (w) =0, [ hexpy, (w), w0, (w) = 0.

The Ricci curvature on the right appears by Lemma 3.2 and the Hessian term is obtained
as in Lemma 3.20 by integration in spherical coordinates.

For the converse direction, we use the Kantorovich-Rubinstein duality, choosing the
1-Lipschitz test function f defined by (3.26), so that by Lemma 3.20 we have the lower
bound

WA, T / J)ATE, (2) — i, (2)
- /B ( )(f(TZ> F(2))di, (2)

:5(L_ZEIE%RE%WJO+2H%%J“%U»)
+0(6%?) + O(6e%)

This shows the upper and lower bound agree up to terms O(de3) + O(6%c?) and their
values are as required. O

We now prove the aforementioned approximation property and refer to Notation 3.5
for the measures involved.

Proposition 3.22. For zo € M and 6,¢ > 0 sufficiently small,
Wh(ve ,vs) = Wh(v

o’ Y
Wy (v2,, Tuf,) = Wi (i

T.v;,) + O(8e®) + O(5°¢?),
T.v5, ) + O(6€%) + O(5%?),

xo Y
:L‘() Y x() Y
where y = exp, (dv).

We need density estimates of the following two lemmas for the proof.

Lemma 3.23. It holds that

002 (2) = Ly ()1 + W (29)

where ' © M x M — R is smooth a. e. and such that h'(-,y) = O(de?) + O(&3) and
fB W (z,y)dvy(2) = 0 forally € M.
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Proof. We first show the density estimate

d(T.v; _ _
%(z) = (1= (VV(y),exp, " (2)) + T2, 0)) L. (2). (3.33)
Y
For any bounded Borel measurable f : M — R,
/ f(2)d(T.v;, / f(Tz)dv;,
M
_ / F(T2)(1 = <VV(xo),exp;;(z)> + iz, m0))dii, (2)
M
= [ Flexp, Tw)(1 = (TV{zo),w) + hlexp,, (w). o))t (w),
Tog M
having applied Lemma 3.9 on the second line. Substituting w := Tw and using the

change of variable formula, this becomes

f(exp, ) (1 - <VV(370)7 Tﬁlﬁ}> + h(exp,, (T @), xo)) ’det DTt

i ()

= /M f(2) <1 — <VV($0), Tt exp;1(2)> + h(T 'z, x0)>
x (1= (VV(y)— /1 VV(x0),exp, " (z)) + O(8°c%)) diis (2),

having applied the determinant formula (3.24). Referring back to Remark 3.15, we know
that

Tt exp, ' (z) = /7" exp, ' (2) + O(6¢?).
Absorbing the O(de?) term into h, the integral above simplifies to

/M £(2) (1= (VV (), exp(2)) + h(T 2, 20)) djic (2),

as required to obtain the density (3.33).
Finally, using Lemma 3.9 and (3.33) we obtain

AT,
Zo
vz (2)
diig ’(e) dTu v —1dT*a;0()
= v | iz

— 1,0 (2)(1+ (VV( y),expyl 2)) — h(z y) +(VV(y),exp, (2))” + O(%))
x (1= (VV( (y), exp, Y(2)) + k(T "2, 20))

—ﬂBy@(z)( (T2 20) — bz )

+ <VV(y), exp;l(z)> (R(T 'z, 20) + h(z,y)) + O(%)

(3.34)
The function (y,z) — h(T 'z,29) — h(z,y) is smooth a.e. on M x M and z >
h(T~'z,29) — h(z,vy) is of order 2 for every y and vanishing for y = z (i.e. § = 0).
Hence h(T~1z,29) — h(z,y) = O(min(d, ?)) and by smoothness of & thus of order d&?,
see Lemma 2.5. Moreover, exp, ' (z) = O(e) and h(z, y)+h(T "z, 20+ h(2,y)) = O(?)
imply that the term on the last line is O(&?). O
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Figure 5: Illustration of the relationship between T.v; and ;. The two measures are
equivalent with mutual density of the form 1 + O(d¢?).

Remark 3.24. The cancellation in (3.34) occurs because of the specific choice of 7', and
is essential for the O(ds?) estimate.

The estimate from Lemma 3.23 carries over to v, and v, as we shall prove below.

Lemma 3.25. It holds that
d(T* V:io )

o (2) = Lo, ()L + W' (2,1)),

where h' : M x M — R is smooth a.e. and such that I/ (-,y) = O(d¢?) and
/ W (z,y)do,(2) =0 Vye M.
Be(y)

Proof. By Lemma 3.10 we may write

dv; (z) = (1 + h(wo, 2))dv; (2), dvg(z) = (1+ h(y,z))dﬂg(z)

Y

for a function h : M x M — R smooth a. e. and such that h(-,z) = O(g?) and
[ h(z,z)dji,(z) = O for every z € M. Then

A(Tovy)(2) = Tl (1 + (o, 2))di; (2)]

= (1+ h(zo, T~ '2))d(T.75, ) (2)

= (1+ h(y, z) + O(6€*))d(T..7%, ) (=)
d(T.3,)

dﬂé

= (L+h(y, 2) + O(d%))(1 + O(6?))dw (2)
= (1 + h(y, z) + O(6¢?))d; (z)
= (14 O(62%))dv;(2).

= (1+ h(y, 2) + O(6¢?)) (2)dw,(z)
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On the third line we applied that h(y, z) — h(xo, T'2) = O(de?) by the same argument
as in the proof of Lemma 3.23. The mean zero property of 2/(-,y) again follows from
1 + h(-,y) being a density with respect to a probability measure. N

Proof of Proposition 3.22. For the first equality, Vf € Lip,(M):

[ s )e) - as ) = [ 16 ( W@M@@—mawo

:/?@xa+M@J»W%a—m®@»

/f ) (dvs(z) — dv, (2)
/f@)gﬂDH@,M@@)

and the last term is of order d&3 as b’ = O(de?) by the preceding lemma.
For the second equality, we know from Theorem 3.21 and the equality (3.32) that 7’

satisfies
T.7,) + O(6°¢*) + O(62%).

x()?

/ d(z, T2)d7% (=) = Wi(72
By Lemma 3.20, there exists f € Lip, (M) such that
/f A(T.00,)(2) — Aoy (2)) = Wi(, T, ) + O(6%%) + O(6).  (3.35)
Proposition 2.7 gives d(T'z, z) = d(y, zo)(1 + O(g?)), hence we obtain the upper bound
W2, Tr,) < /d(Tz, i, (2)
= /d(Tz,z)(l + h(xo, 2))dv; (2)
= /d(Tz,z)dufm(z) +/d(y,:c0)(1 + O(e%)) h(wo, 2)di5, (2)

= W1 (Uay, Tul, ) + O(5%€?) + O(8€?),

having applied the property [ h(xo, z)d; (z) = 0 on the last line.
By Proposition 2.11, for 4, ¢ sufﬁ01ently small the f from Lemma 3.20 satisfies

f(Tz) = f(z) = I~’2(57 d) — 22(57 0)
= Li(g,0) + O(6%¢?) + O(6¢?)
=d(Tz,z) + O(6%*) + O(6¢?)
= d(zo,y)(1+ O(c?)) + O(6°¢”) + O(d¢”),

which leads to the lower bound
Wilvi Tz,) > [ FEATSE)(E) - v (2)
= [ - a2
= [((T2) = 1)+ hwo, 2)dv7, ()

= /(f(TZ) — f(2))dv; (2) +/d(y,wo)(1 +O(e)) h(xo, 2)dg, ()
= W1 (Vpy, Tull,) + O(6%€%) + O(6€%),
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having applied the mean zero property of i again on the last line. [

Theorem 3.21 and Proposition 3.22 together yield Theorem 1.1.

4 Application to random geometric graphs

Hoorn et al. [vdHLTK23] showed that the coarse curvature of the random geometric graph
sampled from a uniform Poisson point process on a Riemannian manifold converges in
expectation to the smooth Ricci curvature as the intensity of the process increases.

Theorem 1.1 allows us to extend their result to manifolds equipped with a smooth po-
tential V' : M — R, sampling now from a Poisson point process with increasing intensity,
proportional to the non-uniform measure e~"(*)vol(dz). By sampling we mean using the
empirical measures of the Poisson point process as the vertices of the random geometric
graph. Our novel method allows to deal with this non-uniformity as well as the non-
uniformity incurred by the exponential mapping. Since the main result of Theorem 4.7 is
at any rate local, we will assume that M is compact.

We recall a few definitions in order to state our extended result. We refer to [LP18]
and [Pen03] for a background on Poisson point processes and random geometric graphs,
respectively.

Definition 4.1. Let (X, B, ) be a measure space with u(X) < oo, M(X) the set of
measures on X and (€2, F, IP) a probability space. A random measure P : Qx B — [0, oo},
or equivalently P : Q — M(X), is said to be a Poisson point process on X’ with intensity
wif
(i) YA € B with u(A) < oo, P(+, A) is a random variable with Poisson(u(A)) distri-
bution,

(ii) YA, B € B disjoint and p-finite, the random variables P(-, A) and P(-, B) are
independent,

(iii) Yw € Q : P(w, -) is a measure on (X', M).

Given a measure 1, the Poisson point process can be constructed as follows. Let N, be
a Poisson(u(X')) random variable, let (X;);cn be independent random variables which are
also independent of /Vy and distributed as ﬁu. Define the random empirical measure

No(w)
PiQ—o MX), we Y bxw). (4.1)

i=1

P satisfies the properties in Definition 4.1, and it can be shown that all Poisson point
processes with a finite intensity measure take this form, see [LP18, Chap. 6].
The following transformation property of Poisson processes will be needed later:

Lemma 4.2. [LP18] Let (Y,B') be another measurable space and ¢ : X — ) a
measurable map. Then the push-forward process P’ : Q x B — [0, 00| defined by
P(w, ) = ¥.,P(w,") is a Poisson point process on Y with intensity .. Writing the
process P in the form (4.1), the push-forward process can be written as

No(w)
Pw,) = ) Suixiw)-
=1
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Proof. The random variable P’(-, A) = P(-,1"*(A)) has a Poisson(u(¢p"1(A))) distri-
bution, meaning that P’ has intensity v, . Properties (ii) and (iii) are preserved by the
push-forward. [

Let P be a Poisson point process on a fixed neighbourhood of finite Lebesgue measure
on the complete, orientable Riemannian manifold /M with Riemannian distance d and
2o,y € M two points in the fixed neighbourhood. We implicitly identify every Dirac
measure J, from the Poisson point process with the point .

Definition 4.3. A random geometric graph sampled from P with roots z(, y and connec-
tivity radius € > 0 is the weighted graph denoted by G(x, y, ¢) with nodes given by

V(w) = {Xi(w) : 1 <i < No(w)} U {zo, y},
where the variables X; originate from the Poisson process P by (4.1), and edges
{(u,v) : u,v € V(w),d(u,v) < e}.

The edge weights are given by manifold distance d(u,v) for every edge (u,v). Denote
the graph distance by

dg(x, z) := inf {Z d(x;, xip1) : 11 = 2, T = 2, (2, 241) edge,m € N} )

i=1

Notation 4.4. Let V : M — IR be a smooth potential on M, fix zo € M and denote by
(Pn)nen the sequence of Poisson point processes with intensity measures

ne”V V@) dyol (). 4.2)

For sequences (0,,)nen, (€n)nen With 0,2, — 0 as n — oo, label the sequence of
points y,, := exp,, (6,v) approaching z, from a fixed direction v € T, M. This gives
rise to a sequence of rooted random graphs G, (g, yn,e,) according to Definition 4.3
and the empirical measure representation by (4.1) for the Poisson processes, P, (w, ) =

Zf\fi”(w) 0y (m) )" For each n € N denote the set of nodes

Valw) == {X(w) : 1 < i < Nou(w)} U {zo,y},

where the variables {Xi(") . Non @ i,n € N} are in addition assumed to be independent.
For the graph distance d;, define the d,,-neighbourhood of x in G, as

Bgln(a:) ={z €V, dg, (2,2) < 0.}

For any node x € V,, denote the normalized empirical measures

1 G

e, 2 € By" (x),

0y (2) = q B . (4.3)
0, otherwise.

Denote the graph curvature of G, (2o, yn, €,) at xo in the direction of v = &, " exp;! (y»)

as G 1 1
W n n’ n
1 (77:):0 nyn) ] (44)

Kn(Zo,Yn) =1 —
( 0y ) dGn(IO»yn>
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Remark 4.5. For the sequence of graphs G, (o, yn, £,) We thus have the corresponding
collections of random empirical measures (7" ),cy, and coarse curvatures r, (g, y,) at
X, the limit of which we are looking to establish in the sequel. We emphasise that these
are all random objects, i.e. dependent on w € (2, although we suppress this from the
notation.

Convergence of the coarse graph curvature to the generalized Ricci curvature can be
proved under an assumption on the rate of convergence of the graph parameters d,,, £,, to
zero. For two sequences (a,,), (b,) we denote a,, ~ b, as n — oo if there exist ¢, C' > 0
such that ¢b,, < a,, < Cb,, forall n € N.

Assumption 4.6. Denoting N = dim M, assume that ¢,, < §,, and

en ~ (logn)n™ 4§, ~ (log n)bnfﬁ,

where the constants «, 3, a, b are such that

1
0<pB<a, 20 < —,
B<a, a+208 N

and in case of equality in either of the above conditions additionally
a<b it o = p,
a+20>% ifa+26=+.
Below is the main result of the section, with the relevant objects set up in Notation 4.4.

Theorem 4.7. Let k,(xo,y) be the graph curvatures corresponding to the rooted ran-
dom graphs G,(xo, Yn, €n) With y,, = exp,, (0,v) generated by the sequence of Poisson
processes with intensity measures

ne”VEHV@)yol(dz).

Under Assumption 4.6, there exists (¢, )nen such that lim,,_,, ¢, = 0 and

E [[WE (5, mpz) = Wavay, vy)|] < eady, (4.5)
which implies
. 2(N+2 .
JI_I&E H%Km — (Ricy, (v, v) + 2Hess,, V (v, v))H = 0. (4.6)

Remark 4.8. By contrast, the theorem of Hoorn et al. [vdHLTK?23, Theorem 3] used a
Poisson point process of increasing uniform volume intensity and concluded pointwise
convergence in expectation as in (4.6) with V' = (0. Theorem 4.7 above thus provides an
extension for arbitrary V' : M — R.

Remark 4.9. The asymptotic bound (4.5) is indeed sufficient for (4.6), because in combi-
nation with Theorem 1.1 and by the triangle inequality, we have the upper bound for the

latter given by
2(N +2 178 ng on

W- 6n’ on
w (1 — %) — (Ricg, (v) + 2Hess$0V(v))| :
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The second term converges to 0 by (1.3) and the first term can be written as

2(N +2
AN 2R oty ) — Wl ),

o’ " Yn

which vanishes as n — oo if (4.5) holds.

Henceforth, we focus on establishing (4.5). We follow the methods laid out in [vdHLTK?23],
which consist in showing that the graph distances d¢,, can be extended to the manifold to
give a close approximation of the Riemannian distance d, and then using such extension
to estimate the difference (4.5).

Let (\,)nen be the sequence given by

_ L
n n.

2zl

An := (logn)

This can be regarded in view of the following definition as a "distance extension radius".
Denote by B, (z) the geodesic ball in the original manifold M centered at point = with
radius .

Definition 4.10. Let G,, = G, (xo, Yn, ) be the rooted random geometric graphs of
Theorem 4.7 and for any =,y € M denote by G,, U {z,y} the graph extended by nodes
{z,y} and extended by edges {(x,z) : z € By, (x) N G,} U{(y,2) : z € By, (y) NGy}
with extension radius \,. Further, let (d,),cn be the sequence of random functions d,, :
M x M — R defined by

dn(l',y) = d(l’,.i‘) + d(y7g) + dGn(‘%ag)a

where
T = argmin d(z,z), §= argmin d(y,z),
2€By,, (£)NGn 2€By,, (y)NGr

if both z, § exist, and set d,,(x, y) = oo otherwise.

In the definition above and in the lemma below, while Z,y may not exist for every
w € (), rendering d,,(z,y) = oo, the following states there is an event of high probability
where this does not occur and where d,, is moreover a metric. The following results from
combining [VAHLTK?23, Def. 4.1 & Prop. 4] via [vdHLTK23, Lemma 1]:

Lemma 4.11. For all pairs of sequences (0,,)nen and (€,)nen satisfying Assumption 4.6
and all positive numbers (@), there exists a sequence of events (2,)nen and a sequence
of real positive numbers (¢, )nen such that lim,, ., ¢, = 0, P(2,) > 1 — cn(f’” and the
following properties hold for all n € N and w € (,,:

(i) (Bs,q(x0),d,) is a metric space,
(ii) forall z,y € Bs,o(zo) : |dn(z,y) — d(z,y)| < .02,
(iii) forall x,y € Bs,o(x0) there exists a path in G,, U {z,y} connecting x and y.
Here d,, is the random extended metric of Definition 4.10 and G, is the random graph of
Notation 4.4, both being dependent on 9,, and ¢,,.

The events (€2,,),en for a weighted manifold are the same as in the uniform case. We
now briefly outline their construction for completeness of the argument, although they
will be treated as given from Lemma 4.16 onwards.

The following is an adjustment of [vdHLTK23, Lemma 2] for non-uniform Poisson
intensity. It is preliminary for the proof of Lemma 4.13.
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Lemma 4.12. Let ¢ > 0 and (U,)nen a sequence of finite subsets of M such that #(U) =
O(n°) and let (1,)nen be a sequence with 1, = O(\,). Then there exists a sequence of
positive reals (¢, )nen such that ¢,, — 0 and

P (U {B,, (u)NG, = @}) <) VYneN

uelU

Proof. By definition of the Poisson point process with intensity ne~" (:)+V(@0)yol(dz), the
number of vertices of G, in the neighbourhood B, (u) is given by the Poisson random
variable with mean

n/ e—V(z)—I—V(xO)VOl(dZ) _ ne—V(u)+V(wo)/ e—V(Z)+V(“)vol(dz)
Brn(u) BTn(u)

— e~V (WHV(20) / (1+ O(ry,))vol(dz)
eV Vg,

= nO(rdimiM)

= nO(\ImM)
On the penultimate line, we used the assumption that M is compact, hence

0 < inf e™V®™ L sup e VW

< 00,
ueM ueEM

so the factor e~V (*)+V(@0) could be absorbed into O(r,,). On the last line, we applied that
r, = ©(\,). Then

B”‘n(u)

and the rest of the argument follows as in [vdHLTK23, Lemma 2]. O

The following two lemmas together lead to specification of the events €2,,. They do
not require adjustment for non-uniformity, hence for their proof we refer to [vdHLTK23].

Lemma 4.13. [vdHLTK23, Corollary 2] There exists a sequence of positive reals (¢, )nen
with ¢, — 0, a sequence of integers (my,)nen with m, = O\, M) and for every
n € N a sequence of geodesic balls By, /4(x1), ..., Bx, /a(®p, ) such that, denoting

mn

Cpp o= [ {Bn,jalzi) NG, # 0},

i=1
it holds that
P(C,) =1—c,02 ¥neN.

The events C,, warrant sufficient density of the vertices of the graphs, and thus finite-
ness of the extended metric d,,.

Lemma 4.14. [vdHLTK23, Lemma 7] Let () > 3. There exists a sequence of positive
reals (¢, )nen With ¢, — 0 such that, denoting

3\,

x,y€Bs,, @ (x0)NGn "

it holds that
P(A,) >1- cnéf; Vn € N.

36



The events A,, ensure that the extended metric d,, matches closely the Riemannian
metric d. Then Q,, := C,, N A,,, n € N, are the events for Lemma 4.11.

Remark 4.15. * The events (2, are thus constructed precisely to capture the Rieman-
nian metric to a sufficient degree of approximation, while also granting sufficient
density of graph vertices. These two properties are warranted by the events A,, and
C,, respectively.

e The fact that we impose a weight e~V only matters in Lemma 4.12, while the proofs
of Lemma 4.13 and Lemma 4.14 are unaffected by the weight. The non-uniformity
is also important for construction of the sequence of random graphs (G, ),en in
Notation 4.4, so that the corresponding empirical measures ngg and ngn approxi-
mate the non-uniform test measures Vgg and VS", respectively, in the Wasserstein
distance.

* The interpretation of the properties in Lemma 4.11 is that on the event €2, the
random graph covers B, (%) in a way that allows to extend the graph distance
to a distance on the manifold that closely approximates the original Riemannian
distance with high probability.

* Instead of the Riemannian distance of connected vertices one could in general use
any graph metric satisfying properties in Lemma 4.11. Such graph metrics are
referred to in [vdHLTK?23] as "¢,,-good approximations" to the Riemannian metric.

From [vdHLTK?23, Lemma 4], we quote:

Lemma 4.16. Let d,d be two metrics on a set X such that (X,d), (X,d) are Polish
spaces. If there exists a C > 0 such that

sup |d(x1, 22) — d(xy,22)| < C,
r1€X, 226X

then for all probability measures i, v on X:
|W1d(:u7 V) - Wld(pﬁ V)| < C.

Denote by W, W4 W& the Wasserstein distances corresponding to the Riemannian
distance d, approximating manifold distance d,,, and the graph distance d, respectively.
As an immediate consequence of the preceding lemma and property (ii) in Lemma 4.11,
with C' = ¢, 62, the Wasserstein distances Wdn and W are close on €,,:

Corollary 4.17. Given the sequence events (2, )nen specified in Lemma 4.11, there exists
a sequence (¢, )nen such that ¢,, — 0 and for all probability measures 1, v on Bs,o(xo):

n

B IW3 (1 v) = Wi (1, 0)] | Q] <

To prove Theorem 4.7, we now follow along the lines of [vdHLTK23]. On the event
Q2,,, the integrand in (4.5) can be split into three parts as

(W (S mie) = Wil (e, mor)) + (Wi (e, i) — Wi (3, vim)
+ (Wln(yén y‘S") — Wl(y5" V5")) .

To? " Yn o7’ " Yn

4.7)

The first term is O since the measures ngg, 77‘;" are supported on the nodes of the graphs
G, and d,(z,y) = dg, (z,y) for all nodes z,y € V), as d,, extends dg,, from the graph to
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the manifold. The last term is 0(62) on €2, by Corollary 4.17 if we take arbitrary Q) > 3.
We can further estimate the second term in conditional expectation as

E [[Wi (ngn,mjr) — Wi (3, yn )[$2]
< E[ dn 771’0’ a:o +Wln(77yn’ yn ‘Q ] (4'8)
<E [Wl 771’07 xo )+ Wl(nyn’ Yn ‘Q ] + 26"53

For some sequence (¢}, ),en With lim,, ¢/, = 0, the total expectation is therefore

E [|W (o, mgm) — Wa (w2, 5">H
=E [|Wi (e, mr) — Wa(v) wg, on HQ} ,)

+E[|Wi (e, mor) — Wa(ve, y )| 19\ Q] (1 =P(Qn))
< EWh (s, v2) Q0] + EWA (1,7, 1) Q0] + €, 6.

4.9)

We used that the second addend on the second line is uniformly bounded by ¢, 62 because
1 —P(Q,) < ¢,63 by Lemma 4.11 and P-almost surely
Wf”(nﬁg,ngn) < 36,, Wi(2r 1) < 36,.

950’ y

The first holds because the edge (¢, y) is always in the graph and every node in the sup-

port of 772" (resp. ngn) is at most ¢,, apart from x( (resp. y), hence supp ngg U supp 772” C

On C Bags, (1) by Riemannian

Bgﬂ (zo). The second holds because supp v2r U supp vy
metric structure.

It remains to show that the terms on the right in (4.9) decay faster than /62 as n — oo
for some sequence (c!!),en With lim,, ¢ = 0, which requires an extension of the original
argument of [vdHLTK?23] to non-uniform measures. In particular, we show a generaliza-
tion of Proposition 7 of the mentioned work, which is restated below in Lemma 4.23, and
our generalization is Proposition 4.25.

Our method consists in deforming uniform measures into non-uniform measures with
small deviations from uniformity, and then showing the corresponding perturbance of
distance is small enough, so that the change in the Wasserstein distance is also small. The
deformation maps we shall employ come from the next lemma.

For U C R” an open subset, k € N and o € (0,1) denote by C*(U) the Holder

space of functions with the norm

k L B )
lglloraw = > sup [Vig(@)| + sup [V¥g(x) = Vg(y)ll

i—0 T€U z,yelU ||5E - y||“
TFy

Combining Theorems 1 and 2 of [DM90] we note:

Lemma 4.18. Let U C RY be an open set with a C**%* boundary and g € C**(U) such
that [, g(w)dw = 0. Then there exists a vector field F' € C**(U,RN) such that the
map ¢ : U — U given by 1(z) = x + F(x) is a diffeomorphism satisfying

det Dy(z) =14 g(x) inU,

4.10
Y(z) == on OU. (+10)
Moreover, there is C(U, k, o) > 0 such that || F'|| ck+1.00r) < Clglcre)

For our application, let k = 0, o € (0, 1) arbitrary and U = B;(0) C RY with varying
parameter 6 > (0. We emphasize that in general the constant C'(U, k, «) does depend on
U, but for U = Bs(0) one can deduce the following estimate which is uniform in ¢.
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Lemma 4.19. There exists a C' > 0 such that for all § > 0 and every g € C*(RYN) with
J5s(0) 9(2)dz = 0 there exists F' € C*(B5(0), R™N) such that 1 : Bs(0) — Bs(0) given by
(w )-w—l—F( ) satisfies

det Dy(w) =1+ g(w)  in Bs(0),

4.11
w(w) = on 9B;(0). 1D
Moreover,
sup [|[VF(w)|| < C( sup [g(w)[+¢ sup [[Vg(w)l]). (4.12)
w€eBs(0) w€e B (0) w€eBs(0)

Proof. Let C be the constant from Lemma 4.18 for U = B;(0),k = 0 and any « € (0, 1)
and consider the shrinking diffeomorphism

¢s : B1(0) = B5(0), ¢s(w) :=
For any g’ € O’W(B(;(O)) with [ o ¢'(w)dw = 0, we have g := ¢’ 0 ¢5 € C**(B1(0))
and [, 9'(¢s(w))dw = 0. Hence there exists [ € C*+Le(B(0),RY) such that
P(w) = w —|— F(w) satisfies (4.10) with g = ¢’ o ¢5. Define F' := 6F(;) € C**(B;(0))
and

' Bs(0) = Bs(0), ¢'(w):=w+ F'(w).

Then

D' (6w) = Di(w) VYw € B(0),
and thus

det Dy’ (6w) = det Dyp(w) = ¢'(dw) VYw € By(0),

which is equivalent to
det Dy'(w) = ¢'(w) Yw € Bs(0).
Moreover,

sup [[VF'(w)|| = sup [[VF(w)]

wEBy(0) w€eB1(0)

wi) — w
<C’ sup |g(w)|+ sup ’g( 1) g( (j)|
U)GB]_(O) w]_,wziBl(O) Hw]. - wQH

w1 Fwa

w€B1 (0) weB1(0)

<C| sup [g(w)]+ sup |V9(w)|)

=C| sup |g'(w)[+d sup IVg’(w)|>-

wE By (0) w€Bs(0)
]

For any point € M identify T, M = R"™. Assuming a uniform bound on g; and
Vgs, the following follows immediately from (4.12).

Corollary 4.20. Assume there are C, C" > 0 such that for all 5 > 0 and x € M, gs €
CY(Bs(x)) satisfies [ o) 9s(w)dw = 0 and

sup |gs(w)] < C6,  sup [[Vgs(w)|| < C".

weBs(x) weBs(0)
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Then for all x € M and § > 0 there exists F' € CY(Bs(x),RN) such that ¢ : Bs(z) —
Bs(x) given by (w) = w + F(w) satisfies
det Dip(w) = 1+ gs(w)  in Bs(x)
Y(w) =w on 0Bs(z).
Moreover, there exists C" > 0 with

sup |V (w)|| < C"0 Vo e M,0>0. (4.13)

wEBg ()

Remark 4.21. Below we shall apply the preceding corollary in terms of the inverse ¢~
because of the change of variable formula for pushforwards, which brings in the inverse
of the transformation map. That is, we will propose g5 and find ¢~ (w) = w+ F'(w) such

that -
det DYy~ (w) = 14 gs(w)  in Bs(x),

Y H(w) =w on OB;(x)
and sup,,¢ g, () |DF(w)|| = O(6). Then we can deduce by setting w = () that
V() = w — F(y(w)) = @ + F ()
for F=—Fo 1. Moreover,

DF (i) = ~ DF(4()) Di(i5) =
— —DF(w)(

DF(w)(Dy™" (w)) ™
I+DF(w)) = O(|DF(w)]),

and hence sup ¢, () [|DF ()] = O(0) as well.

Consider now the concrete sequence of functions (gs, )nen for our application given
by

d(expy!).vp"
s, (w) = (T(w) — 1) 15, @w). (4.14)
Recalling Lemma 3.9, we can write
d(exp; ). dvon e~ V(exp,w)

L IET exp,w) =1z (W
Jji (w) = dﬂgx( w) = 1g, @ )féan( eV (e, W) i (w')

The function e~V (**P=") js smooth in w and does not depend on §,,, hence the normalisa-
tion constant satisfies

/ eV e di(w') = 14+ O(67)
Bs, (z)

with a uniform constant over n € N. Hence

sup g5, ()| < (L+0(67)) sup  [e7V@P=) — 1] = O(5,,),

w€ Bs,, (x) weBs,, ()
sup || Vgs, (w)|| < (1+0(52)) sup [|[Ve V(=)
weBs,, () weBs, (x)
<(1+0(8%) sup e VP || TV (exp, w)|| = O(1)
’LUEB(;TL(.’E)

uniformly for all n € N because the expressions within the supremum again do not depend
on ¢d,,. Hence the assumptions are satisfied for Corollary 4.20 to apply to gs.
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Corollary 4.22. The diffeomorphism 1 : Bs, (x) — Bs. (x) from Remark 4.21 applied to

gs given by (4.14) satisfies (exp, ). ji0" = vom.

Proof. Forall f € By(Bs,):

/ Fw)d( i) (w) = / F((w)) di (w)

_ / f(w)] det DY~ (w)| djil (w)
_ / Fw) (1 + gs, (w))dfil (w)

On
= [ 5y TR g

:/f(w)d((exp; JRZSICTH)

applying the change of variable formula on the second line as i’ is proportional to the
Lebesgue measure, using the property of ¢ on the third line, and the definition of g5, on
the fourth line. This shows v, i’* = (exp;!),v", and pushing forward by the exponential
mapping yields the result. 0

We now proceed with approximating the measures /" in optimal transport distance

by the empirical measures coming from the Poisson point process P,,, with the aim of
finding an upper bound for (4.8). This was proved for Euclidean spaces in [vdHLTK?23,
Prop. 7], building up on the work of Talagrand [Tal92].

Lemma 4.23. Let (P,,),en be the sequence of Poisson point processes on RN with inten-
sity n(1+b,) vol(dx) for a sequence (b,,) e with lim,, b, = 0, 71°* the random empirical
measures on Bs, (0) C RN corresponding to P, and ji°" the uniform probability measure
on Bs, (0). Then there is a sequence (c,,) such that lim,, ¢,, = 0 and

E[W1 (7, 1*)] < .

The following states that if the change of distances incurred by a bijection v is small
then the Wasserstein distances of any two measures pushed forward by ¢ may only in-
crease a little.

Lemma 4.24. Let X'| ) be Polish spaces. For everyé > 0let : X — ) be a measurable
map such that for all K C M compact there is a C(K) > 0 such that

|dy ((x), ¥(y)) — da(z, y)| < OC(K)dx(z,y) Va,y € K.
Then for every ju,v € P(K),

Proof. Let 7 be an optimal coupling realising W (u, ). Then the pushforward ¢,7 =
m(yp~1- 4p71) is a (not necessarily optimal) coupling between 1 and v, therefore

Wi (ot ) < /y dy (. y)d(i ) (2, y) = /X dy(4b(2), (y))dn(z, )

< /X die(2,y) (1 + C(K)0)dn(z, y) = Wi(p, v)(1 + C(K)0).
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Proposition 4.25. There exists a sequence (¢, )nen such that lim,, ¢,, = 0 and
E[Wy (0", v3")] < endy  Va € Bs, (w0).

Proof. Foreveryn € Nand z € By, (z0) let F € C'(Bs(z),RY) be the vector field and
(w) := exp,(w + F(w)) the diffeomorphism such that det D,,7) = 1 + g5, (w) and so
in particular (exp, )., 12" = v°" from Corollary 4.22. Denote the normalizing constants

7, = / e Vb, V@ gy, g, / e VETVE@ gyol(2).
By, () Bs, (z)

Let 72" be the normalized empirical measures of a Poisson point process with uniform (in
w) intensity measure

Zne V(I)JFV(:”O)ILBER (w)dw =n(1+ 0(0,)) 15, (w)dw

The choice of the constant is substantiated by the following. Note that by Notation 3.5,

5 e—V(z)-‘rV(a:)
dfiy" (w) = Zﬂégnm(w)dw, dvy(z) = Td“ﬂ(z)-

Then by Lemma 4.2, (exp, ).t.7°" are the normalized empirical measures of a Poisson
point process with intensity

A
(expy)tha (e VOV (w)dw) = Zone™ OV d((exp, ) i) (2)
1 n

_ Z2ne—V(w)+V(xo)dV£n (Z)

—V(2)+V(z)
= Zgne_v(z)Jrv(wO)e—dvol(z)
Zy

= ne V) dyol(2),

and hence (exp, )., = n° in distribution.
The distance upon applying v satisfies the bound

A () o (w2)) = s + Flan) — w — Flag) | (1 + O(52))
<(wrww+Anm—WMWﬂm+ﬂw—m»MQa+om»

< Jlwr = wal|(1+ O(sup [[VF(wy + t(ws — wi))[)(1+ O(5,))

te(0,1]

< Jlwy — we[(1 4 C6y),

using Lemma 2.6 on the first line and (4.13) on the last line. Therefore Lemma 4.24
applies and hence, together with Lemma 4.23,

E[Wi(ng, vyr)] E[Wl((expx) i, (exp,, ) i)
<6314 C6,) < 62,

where (¢, )nen is such that ¢, — 0 asn — oo. O

This proved the last missing piece, namely that (4.9) converges to O fast enough,
thereby concluding the proof of Theorem 4.7.
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