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Intro: two sides to every story Side 1: real life



Hydrodynamics 

- strong acceleration at the front 

- vertical and horizontal kinematics  

- turbulent flow (breaking) 

Severn

Dordogne

Hydro-sedimetary processes 

- resuspension of bottom sediments 
•    
- diffusion across the water column 

- diffusion across the section
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Intro: two sides to every story Side 1: real life
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Delicate equilibrium between 

- nonlinearity 

- dispersion 

- dissipation  

Intro: two sides to every story Side 2: math
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Intro: two sides to every story Side 2: math

Hyperbolic shallow water  

- discontinuous data -> genuine shocks  

-  discontinuous weak solutions 

- admissible (viscosity) solutions ! 

Dispersive Serre-Green-Naghdi 

- discontinuous data -> dispersive shocks  

- continuous (high frequency)  solutions 

- admissibility/uniqueness: no need 
to invoke viscosity 
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Intro: two sides to every story

Talk Part I : can hyperbolic models also provide dispersive shocks ? 

yes, whenever small scale heterogeneity is there. In multiD -> bathymetric variations 

these dispersive-like undular bores  occur systematically fin real life  
for Froude numbers below ~ 1.15-1.17 

dispersive (transverse averaged) models are constructed   
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Intro: two sides to every story

Talk Part II  (only if time): quid of the notion of viscosity solution ? 

open question … energy is ALWAYS conserved when (physical) dispersion is active 

in practice: numerical dissipation significantly alters (negatively) simulation results, also 
in presence of physical dissipation 

examples are provided 



Undular bores:  

straight walled channels,  

estuaries, and man made channels



Bores (straight walled channels) Experimental studies

Breaking bore

Fr>Ft2
Fr

Ft2Ft2>Fr>1

Experiments in rectangular channels (no banks)
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Favre, Dunod, 1935
Treske,  J. Hydraulic Research, 1994

classical undular or  
“dispersive bore”  
or “Favre wave”
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Bores (straight walled channels) Experimental studies

classical undular or  
“dispersive bore”  
or “Favre wave”

Favre, Dunod, 1935
Treske,  J. Hydraulic Research, 1994



Experiments in rectangular channels (no banks)

Fr>Ft2
Fr

Ft2Ft2>Fr>1
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Bores (straight walled channels) Experimental studies

classical undular or  
“dispersive bore”  
or “Favre wave”

Favre, Dunod, 1935
Treske,  J. Hydraulic Research, 1994



Lemoine analogy 
Lemoine,  La Houille Blanche,  1948

1.  Secondary waves conserve mass/momentum 

2. The undular front moves at the speed of the bore:  

3.  No energy dissipation, energy goes into the secondary waves   
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Bores (straight walled channels) Lemoine analogy
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Bores (straight walled channels) Lemoine analogy

Lemoine,  La Houille Blanche,  1948



Bore:  
Shallow water Rankine-Hugoniot 
relation  (no dispersion !!): 

Water waves: 
exact dispersion of Euler equations  

(Airy theory)

B
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Bores (straight walled channels) Lemoine analogy
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Bores (straight walled channels) Lemoine analogy



Fr
Ft2

Fr

Fr>Ft2Ft2 Ft2
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Bores (trapezoidal channels) Treske’s experiments

Treske,  J. Hydraulic Research, 1994
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Ft2

Fr

Fr>Ft2Ft2 Ft2
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Bores (trapezoidal channels) Treske’s experiments

Treske,  J. Hydraulic Research, 1994



Fr
Ft2Ft2

Transition on the channel axis

Favre waves
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Bores (trapezoidal channels) Treske’s experiments

Treske,  J. Hydraulic Research, 1994

Favre waves

?



EDF Chatou’s flume

Jouy et al,   
IAHR-Int.Symp.Env.Hyd. 2024 

Fr	=	1.13

Fr	=	1.18
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Bores (trapezoidal channels)    Jouy’s experiments

Favre waves

?



Low Fr transition in Seine and Gironde: the invisible Mascaret

3 field campaigns :  
a unique long-term high-frequency database

Bonneton et al,  Comptes Rendus Geoscience,  2012

Bonneton et al,  J. Geophysical Research - Oceans, 2015
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Bores (trapezoidal channels) Field studies: Gironde and Seine



UHAINA model

Transition for

Common undular tidal 
bore (mascaret):Favre wave  

*

Gironde

Seine

Treske

Favre
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Bores (trapezoidal channels) Field studies: Gironde and Seine

Lemoine 
Airy

Baptised Ressaut de marée  (tidal jumps) in 
- not visible naked eyes 
- mechanism not known

Bonneton et al,   C.R. Geosciences,  2012

?



UHAINA model

*

Gironde

Seine
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Bores (trapezoidal channels) Field studies: Gironde and Seine

steepness

Baptised Ressaut de marée  (tidal jumps) in 
- not visible naked eyes 
- mechanism not known

Bonneton et al,   C.R. Geosciences,  2012

Common undular tidal 
bore (mascaret):Favre wave  
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Bores (trapezoidal channels)

Jouy’s data
Treske data

Bonneton data



The occurrence of these tidal jumps is enormously underestimated. 
According to 
  

- In the Garonne river they may appear for 90% of tides during low flow period   
- In the Seine river, bores were thought to have disappeared due to dredging 

Tidal jumps still involve significant acceleration at the front and could have important impact on 
sediment dynamics. 

These bores do not agree with the Lemoine analogy using the classical dispersive wave (Airy) 
theory associated to vertical kinematics.  They involve other processes

Bonneton et al,   J.Coast.Res. 2011 
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Bores (trapezoidal channels) Field studies: Gironde and Seine



Numerical modelling using 

Serre-Green-Nagdhi and Shallow Water (!)



     Dispersive wave models Depth averaged asymptotic models 

Dimensionless parameters 

•  dispersion:  

•  non-linearity:  

Physical hypotheses 

Long waves : small 

Weakly dispersive waves :                              negligible 

Weak/full non-linearity :                         and                       respectively    
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Asymptotic expansion, depth averaging 

1.  Starting point : nonlinear wave equations 

2.  Asymptotic dev. wrt       :   

3.  VERTICAL averaging  :      

Boussinesq, J.Math. Pures Appl., 1872  

Dingemans, World Scientific, 1997 

Lannes,  AMS, 2013 

Lannes,  Nonlinearity, 2020
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     Dispersive wave models Depth averaged asymptotic models 



Shallow water equations in 1D 
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     Dispersive wave models Depth averaged asymptotic models 

<latexit sha1_base64="CGlxylYMjFuiwynM8+svLKEF+YY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EUIevEYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWj26nfeqLaMCUf7DihocADyWJGsHVSsytSdO33SmW/4s+AlkmQkzLkqPdKX92+Iqmg0hKOjekEfmLDDGvLCKeTYjc1NMFkhAe046jEgpowm107QadO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCiCyFYfHmZNM8rQbVSvb8o127yOApwDCdwBgFcQg3uoA4NIPAIz/AKb57yXrx372PeuuLlM0fwB97nD6mojow=</latexit>

µ = 0

                    : usual shallow water eqs. 

  limit, or equivalently  

zero-th order term in the expansion



Serre Green-Naghdi equations in 1D 
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     Dispersive wave models Depth averaged asymptotic models 

 correction, with 
<latexit sha1_base64="x95K4HE0v66FHQh72/JGnYwE6/Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXjxGMA9I1jA7mU3GzGOZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63l1tb39jcym8Xdnb39g+Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfmtJ6oNU/LejhMaCjyQLGYEWyc1uyJ9qKBeseSX/TnQKgkyUoIM9V7xq9tXJBVUWsKxMZ3AT2w4wdoywum00E0NTTAZ4QHtOCqxoCaczK+dojOn9FGstCtp0Vz9PTHBwpixiFynwHZolr2Z+J/XSW18FU6YTFJLJVksilOOrEKz11GfaUosHzuCiWbuVkSGWGNiXUAFF0Kw/PIqaVbKQbVcvbso1a6zOPJwAqdwDgFcQg1uoQ4NIPAIz/AKb57yXrx372PRmvOymWP4A+/zB98ljq8=</latexit>

µ2

Chazel et al,  J.Sci.Comp. 2011

Green & Naghdi,  J.Fluid Mech, 1976

Lannes,  Nonlinearity 2020



Serre Green-Naghdi equations in 1D 
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     Dispersive wave models Depth averaged asymptotic models 

 correction, with 
<latexit sha1_base64="x95K4HE0v66FHQh72/JGnYwE6/Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXjxGMA9I1jA7mU3GzGOZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63l1tb39jcym8Xdnb39g+Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfmtJ6oNU/LejhMaCjyQLGYEWyc1uyJ9qKBeseSX/TnQKgkyUoIM9V7xq9tXJBVUWsKxMZ3AT2w4wdoywum00E0NTTAZ4QHtOCqxoCaczK+dojOn9FGstCtp0Vz9PTHBwpixiFynwHZolr2Z+J/XSW18FU6YTFJLJVksilOOrEKz11GfaUosHzuCiWbuVkSGWGNiXUAFF0Kw/PIqaVbKQbVcvbso1a6zOPJwAqdwDgFcQg1uoQ4NIPAIz/AKb57yXrx372PRmvOymWP4A+/zB98ljq8=</latexit>

µ2

Chazel et al,  J.Sci.Comp. 2011

Green & Naghdi,  J.Fluid Mech, 1976

Lannes,  Nonlinearity 2020

with
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     Dispersive wave models Depth averaged asymptotic models 

SW

SGN

eSGN



     Dispersive wave models Depth averaged asymptotic models 

Multi dimensional (and other) extension  

 

See e.g. the book by D. Lannes (AMS 2013)  or  

We use the formulations discussed in 

Lannes and Marche,  J.Comput.Phys.,  2015

Kazolea et al,  Ocean  Mod. 2023

Shi et al,  Ocean Mod   2012

Filippini et al,  J.Comput.Physi. 2016
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Gavrilyuk and Shyue,  J.Hyd.Res.,  2023

Lannes,  Nonlinearity, 2020



   2D simulations (trapezoidal) Treske’s experiments

Smoothed initial discontinuous state 
from Rankine-Hugoniot condition of classical 
section averaged shallow water system for 
different Froude numbers 

Chanson, Elsevier, 2024
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for a trapezium 
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   2D simulations (trapezoidal) Treske’s experiments
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   2D simulations (trapezoidal) Treske’s experiments



axis

banks
SGN	banks

SGN	axis

+ 			Treske	banks	

x					Treske	axis	
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   2D simulations (trapezoidal) Treske’s experiments

Lemoine theory (SGN)



13

   2D simulations (trapezoidal)

So,	what	are	these	?

Ketcheson & Quessada de Luna,  
SIAM Multiscale Mod. Simul., 2015

Several elements hint that it may be  
an hydrostatic process: 

• It is predominant on the banks                                  

     (very shallow limit) 

• It involves long(er) waves 

• Previous work on dispersion in  

     wave propagation in heterogenous media:

Berezovski et al,  Acta Mechanica 2011 

Dispersive-like waves

Berezovski et al,  Int.J.Solid and Structures 2013

SGN	banks

SGN	axis

+ 			Treske	banks	

x					Treske	axis	

Lemoine theory (SGN)



Shallow water simulations with different codes for Fr = 1.05
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   2D simulations (trapezoidal) Dispersive-like waves

Eole-SW,	developed	by	PRINCIPIA	
www.principia-group.com

SLOWS,	developed	by	inria	
gitlab.inria.fr/slows-public-group/slows_public

UHAINA,	by	the	French	Geophysical	survey	
www.brgm.fr

http://www.brgm.fr
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   2D simulations (trapezoidal) Dispersive-like waves

Dispersive waves described by the hyperbolic shallow water eq.s ! 

With a discontinuous initial state !

SW	

+ Treske	banks	
x		Treske	axis	



A geometrical fully nonlinear dispersive model 

for (weakly) dispersive-like waves in channels



         GGN model Dispersive like

Result from                                                    : 

under appropriate scaling assumptions a 1D transverse averaged  

wave equation from the 2D linearized SW equations with prismatic section  

The above model predicts within quite some  quantitative accuracy the 
wavelengths for the low Froude waves (cf later).  

We describe here a fully nonlinear variant  (joint work with S. Gavryliuk)

Chassagne et al,  JFM 2019

14
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         GGN model Dispersive like

prismatic channels 



         Fast

Slow 

         GGN model Dispersive like

Smallness ansatz (all is along y here !!!) 
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         GGN model Dispersive like
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Smallness ansatz (all is along y here !!!) 



BCs. and transverse average         GGN model

15

Ansatz on boundary conditions and geometry, and averaging

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

It is assumed that

valid for  

- straight walls (v =0) 

- periodicity 

- banks (h=0) 

    



BCs. and transverse average         GGN model

15
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Favre transverse averaging

Ansatz on boundary conditions and geometry, and averaging

Transverse averaging



BCs. and transverse average         GGN model

15

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

Ansatz on boundary conditions and geometry, and averaging

following e.g.                                    ,            

we assume                          

- exact for straight walls and 

- exact for periodic b(y) 

- for banks we accept a  small geometrical approximation 

   (cf. asymptotic analysis later) 

   

    

Peregrine  JFM 1968 Teng and Wu  JFM 1992

In general even for prismatic channels



BCs. and transverse average         GGN model

15

Ansatz on boundary conditions and geometry, and averaging

For trapezoidal sections equivalent to

Additional assumption: wide channel wrt depth (rivers, human made channels)
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         GGN model Averaged equations

Dimensionless eq.s and exact averages

lead to
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         GGN model Velocity profiles

Integrating in y we get:

Velocity profiles 1

Leading to

Assuming no vorticity
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         GGN model Velocity profiles

Combine the above and assume no net transverse mass flux

Velocity profiles 2

and 
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         GGN model Velocity profiles

Combine the above and assume no net transverse mass flux

Velocity profiles 2

and 

REMARK For symmetric channels                   which allows to show   

In this case geometrical (on     ) and BCs errors are bounded by
<latexit sha1_base64="MD8mDJJ8yBvJpeXLwTJAdz6PfEk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTDjTxvO+nNLa+sbmVnm7srO7t39QPTzq6DhVFNs05rHqhUQjZxLbhhmOvUQhESHHbji9zf3uIyrNYvlgZgkGgowlixglJpcGyPmwWvPq3gLuX+IXpAYFWsPq52AU01SgNJQTrfu+l5ggI8owynFeGaQaE0KnZIx9SyURqINscevcPbPKyI1iZUsad6H+nMiI0HomQtspiJnoVS8X//P6qYmug4zJJDUo6XJRlHLXxG7+uDtiCqnhM0sIVcze6tIJUYQaG0/FhuCvvvyXdC7qfqPeuL+sNW+KOMpwAqdwDj5cQRPuoAVtoDCBJ3iBV0c4z86b875sLTnFzDH8gvPxDRD4jkY=</latexit>

`
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         GGN model Velocity profiles

Dispersive-like behaviour 

where                                               and  ( setting                     and                                         )

We can now compute 
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         GGN model Velocity profiles

Lagrangian structure 

For symmetric channels 

with   

    and with the abuse of notation 
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         GGN model Velocity profiles

Lagrangian structure: simplified model 

For symmetric wide/shallow channels 

with                                                        and now   
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         GGN model Averaged equations

(simplified) Geometrical Green-Naghdi equations

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

Neglecting small terms we obtain the system of equations for 

tansverse averaged depth and velocity (averages removed for simplicity) 

where 

                                   ,                                                                               ,
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         GGN model Averaged equations

Model properties

• Galilean invariance 

• Variational (Lagrangian) formulation and the energy conservation law 

• Exhibits several families of travelling wave solutions (solitons, periodic, composite) 

• Physically relevant dispersion relation (cf. next) 

• Consistent with all relevant BCs, and hypotheses (for practical interest: banks and  walls) 

More in S. Gavrilyuk and M. Ricchiuto, A geometrical Green-Naghdi type system for dispersive-like waves in  
prismatic channels, https://arxiv.org/abs/2408.08625,  in revision on Journal of Fluid Mechanics

https://arxiv.org/abs/2408.08625
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         GGN model Dispersive properties

Rankine Hugoniot (non-dispersive)   —>                                      <— Phase celerity
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         GGN model Dispersive properties

Lemoine analogy



         GGN model Numerical test: Riemann problem

2D shallow water simulations (mesh converged)

21



21

         GGN model Numerical test: Riemann problem
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         GGN model Numerical test: Riemann problem
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         GGN model Favre experiment
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         GGN model Favre experiment

•                  from jump conditions of non dispersive limit 

•            evaluated using the post-bore section height 

• Froude numbers  from 1.0125 to 1.20
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         GGN model Favre experiment



Energy stability  

vs  

Energy conservation
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     Numerics vs physics Dilemma

• Hyperbolics : thermodynamics and viscous regularisations agree and  allow to provide   
physically correct notion of dissipative solutions  

• Work by M.Lukácová-Medvidová and co-workers exploits this for rigorous convergence  of 
several different schemes for complex systems of PDEs  

• Dispersive models: notion of admissible solutions of initially discontinuous data  purely 
geometrical (some sort of generalized Lax condition), no notion of dissipation.   

In fact energy is always conserved (see                                   ,                                             , 

or                                                                       ) 
  

• Energy dissipation for a scheme is a natural stability property,  but does not agree with any 
thermodynamics. It is arguable that one should aim for this property (instead of conservation ..)

El  J. Nonlin. Sci. 2005 Hoefer  J. Nonlin. Sci. 2014

What does practice tell us ????

Arnold, Camassa, Ding  St.Appl.Math 2024



25

     Numerics vs physics Example 1: Serre-Green-Naghdi equations 

	In                                                                                                                          framework to obtain 
 mass, momentum, energy  conservative schemes for (several variants of) the SGN equations 
 using a combination of    

• split form of the equation (combination of conservative/non-conservative) 

•  summation by parts discrete operators  

• arbitrary order approximations (FD, Fourier, FE) 

Ranocha & Ricchiuto  arxiv.org/abs/2408.02665 Num.Meth.PDEs (submitted)  

https://arxiv.org/abs/2408.02665
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     Numerics vs physics Example 2: Boussinesq model by Wincler and Liu

In                                                 non-dissipative approximation for the Boussinesq equations by 
                                                         (WL model) modelling dispersive waves in channels of arbitrary section,  
using a combination of    

• reformulation as section averaged hyperbolic SWE with a point source satisfying an elliptic PDE 

•entropy conservative FV for the section averaged SWEs  
  based on a generalization of Tadmor’s shuffle conservation condition   

• FE treatment of the elliptic operator 

Jouy et al Appl.Math.Mod 2024

Winckler and Liu J. Fluid.Mech.  2015
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     Numerics vs physics Example: short term, no friction

SGN EC

SGN ES

WL - Diss

For short term propagation there is no 
visible impact of numerical dissipation 
for fixed/comparable order/mesh size

Jouy et al,   Appl.Math.Mod. 2024
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     Numerics vs physics Example: long term, no friction

SGN EC O2

SGN ES O2

WL Diss vs no Diss (EC) 

For long term propagation there is a 
strong impact of numerical dissipation 
on amplitudes and phase !

Jouy, 2024



     Numerics vs physics Example: long term, no friction

WL Diss vs no Diss (EC) 

SGN EC O4

SGN ES O4

For long term propagation there is a 
strong impact of numerical dissipation 
on amplitudes and phase ! 

also for high orders …
28

Jouy, 2024



     Numerics vs physics Example: long term, no friction

SGN EC O2 SGN EC O4

29

SGN ES O2 SGN ES O4

For very long term numerical dissipation 
stabilizes undular bores with  
MESH DEPENDENT amplitude and  
MESH DEPENDENT phase …

WL Diss vs no Diss (EC) 

Jouy et al,   Appl.Math.Mod. 2024



     Numerics vs physics Example: very long term, no friction

SGN EC O2

SGN ES O2

For very long term numerical dissipation 
stabilizes undular bores with  
MESH DEPENDENT amplitude and  
MESH DEPENDENT phase …

29

WL Diss vs no Diss (EC) 

Jouy et al,   Appl.Math.Mod. 2024



     Numerics vs physics Example: long term, with friction

30

WL Diss vs no Diss (EC), with friction 

Trapezoidal section Trapezoidal section

Jouy et al,   Appl.Math.Mod. 2024



     Numerics vs physics Example: long term, with friction

30

WL Diss vs no Diss (EC), with friction 
EC costs "roughly" as  much as Roe-O2

Rectangular section Trapezoidal section

Jouy,  2024



Part I: the study of Favre waves has revealed importance of “transverse" dispersion 

• “Transverse" dispersion is related to the geometry of the bathymetry  

• “Transverse" dispersion is hydrostatic, and is  well approximated by the SW equations 

• Model for vertical AND horizontal dispersive processes in 1D ? What is the transition mechanism ?  

Part II:  long time simulations revealed (not surprisingly) the impact of numerical dissipation  

• Short times reveal no real impact (unless extremely coarse meshes are used) 

• Long times: numerical dissipation stabilises mesh depended waves  (also in presence of real dissipation) 

• Long times: energy conservative/non-dissipative approaches allow to work on coarse meshes  

• What notion of stability ? How to concile the two without increasing the computational cost ?  

Conclusions and perspectives
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Some take away messages
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