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What is a Langmuir probe ?

A Langmuir probe is a cylindrical or spherical metallic measurement
device used to study plasmas.

It grabs the electrons of the plasma and registers electric current.

This permits to determine the density, the temperature and the
potential of the plasma.
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What is a Langmuir probe ?

One of two Langmuir probes from the Swedish Institute of Space Physics in Uppsala

on board ESA’s space vehicle Rosetta (in Titanium).

Rosetta in orbit around the 67P/C–G comet (artist view)
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Modeling A Cylindrical
Langmuir probe
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Modeling a Cylindrical Langmuir probe

Main assumptions and simplifications:

The probe is an infinite cylinder of radius 1.

The plasma is 2-species and collisionless (Vlasov-Poisson equations).

The plasma has reached its permanent regime (steady equations).

Invariance and symmetries along the probe (polar coordinates).

Invariance by rotations (Radial Poisson equation).

Invariance by axial symmetry (No orthoradial macroscopic current).
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Modeling a Cylindrical Langmuir probe
An illustration of the cylindrical probe
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Figure: Sketch of a trajectory of a particle into a radial force field coming from
the outer ionizing source (plasma core) into the neigborhood of the probe (at
r = rb) with a velocity v.
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Modeling a Cylindrical Langmuir probe
The Vlasov-Poisson equations

Vlasov equation for the ionic density fi (r , vr , vθ):

vr ∂r fi −
vrvθ
r

∂vθ fi +

(
v2
θ

r
− ∂rϕ

)
∂vr fi = 0.

Vlasov equation for the electronic density fe(r , vr , vθ):

vr ∂r fe −
vrvθ
r

∂vθ fe +

(
v2
θ

r
+ ∂rϕ

)
∂vr fe = 0.

Poisson equation for the macroscopic electric potential ϕ:

−1

r

d

dr

(
r
dϕ

dr

)
(r) = ni (r)− ne(r),

where ni and ne are the ions and electrons macroscopic charge densities:

ni (r) = q

∫
R2

fi (r , vr , vθ) dvr dvθ, ne(r) = q

∫
R2

fe(r , vr , vθ) dvr dvθ.
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Modeling a Cylindrical Langmuir probe
Boundary conditions

Incoming particles from the plasma core:

∀ vr ≤ 0, fi (rb, vr , vθ) = f bi (vr , vθ), fe(rb, vr , vθ) = f be (vr , vθ),

where (vr , vθ) 7→ f bi (vr , vθ) and (vr , vθ) 7→ f be (vr , vθ) are given functions.

Non-emitting Langmuir probe:

∀ vr ≥ 0, fi (1, vr , vθ) = 0, fe(1, vr , vθ) = 0.

Boundary datum for the Poison equation:

ϕ(1) = ϕp ∈ R, ϕ(rb) = 0.
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Modeling a Cylindrical Langmuir probe
Main result

Theorem (M. Badsi, L.G-C. 2022)

Assume that the incoming particle distributions f bi and f be are in L1 and satisfy
the following integrability conditions (0 < γ < 1) :

∥vr f ∥L1vθ (L∞vr ) :=

∫
R
sup
vr∈R

∣∣vr f (vr , vθ)∣∣ dvθ < +∞,

∥f ∥L1vr (L∞vθ ; dvr/|vr |γ ) :=
∫
R
sup
vθ∈R

∣∣f (vr , vθ)∣∣ dvr
|vr |γ

< +∞.

Then there exists a weak-strong solution (for Vlasov: fi,e ∈ C0
r (L

1
vr ,vθ ) and for

Poisson: ϕ ∈ C2,α).

Moreover, the solutions to the Vlasov equations are given by an explicit formula
depending on ϕ and f bi , f

b
e .

Sufficient condition for the integrability conditions:

∀ (vr , vθ) ∈ R2, |f (vr , vθ)| ≤
1

|vr |+ |vθ|2 + 1
.

Condition satisfied by the Maxwellian distributions.
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Explicit resolution of the
Vlasov equation.
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Explicit resolution of the Vlasov equation
ionic phase diagram and characteristics

For this part, we fix the electric potential ϕ to be any function in W 2,∞.

The characteristics for ionic Vlasov equation are given by:

d

dt
r(t) = vr (t),

d

dt
vr (t) =

vθ(t)
2

r(t)
−

dϕ

dr
(r(t)),

d

dt
vθ(t) = −

vr (t) vθ(t)

r(t)
.

Constants of motion: the total energy and the angular momentum.

d

dt

(
v2
r (t) + v2

θ (t)

2
+ ϕ(r(t))

)
= 0,

d

dt

(
r(t)vθ(t)

)
= 0.

The characteristics are contained in the level sets defined for L ∈ R and e ∈ R by

CL,e :=
{
(r , vr , vθ) ∈ (1, rb)× R2 : rvθ = L and

v2
r + v2

θ

2
+ ϕ(r) = e

}
.
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Explicit resolution of the Vlasov equation
ionic phase diagram and characteristics

The characteristics are contained in the level sets defined for L ∈ R and e ∈ R by

CL,e :=
{
(r , vr , vθ) ∈ (1, rb)× R2 : rvθ = L and

v2
r + v2

θ

2
+ ϕ(r) = e

}
.

For fixed L ∈ R the effective potential is defined by:

∀r ∈ [1, rb] UL(r) :=
L2

2r2
+ ϕ(r).

Its maximum value is denoted :

UL := max
r∈[1,rb ]

UL(r).

The maximal value UL defines a global potential barrier that separates trajectories
that collapse with the Langmuir probe with others.
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Explicit resolution of the Vlasov equation
ionic phase diagram and characteristics

Effective potential, potential barrier position and phase diagram for the particles dynamics.

Position of the potential barrier when e ≤ UL:

ri (L, e) := min{a ∈ [1, rb] : UL(s) ≤ e , ∀s ∈ [a, rb]}.

The quantities UL and ri (L, e) are non-local with respect to ϕ.
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Explicit resolution of the Vlasov equation

Decomposition of the phase space:

Db,1
i (L) =

{
(r , vr ) ∈ (1, rb)× R : vr < −

√
2(UL − UL(r))

}
,

Db,2
i (L) =

{
(r , vr ) ∈ (1, rb)× R :

v2
r

2
+ UL(r)︸ ︷︷ ︸
=:e

< UL and r > ri (L, e)

}
.

Lemma

For every point (r , vr ) ∈ Db
i there exists a unique characteristics curves that passes

through (r , vr ) and originates from r = rb with a negative velocity.

The solutions of the Vlasov equation are constant on the characteristics. It is
natural to define:

fi (r , vr , vθ) :=

{
f bi

(
−
√

v2
r + 2(UL(r)− UL(rb));

rvθ
rb

)
if (r , vr ) ∈ Db

i (L) with L = rvθ.

0 otherwise.

Proposition

The function fi is a weak solution of the ionic Vlasov equation with macroscopic
electric potential ϕ and with incoming fluxes f bi ∈ L1loc at radius r = rb.

For the electrons: replace ϕ by −ϕ (define VL := L2/2r2 − ϕ).
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Explicit resolution of the Vlasov equation
computation of the macroscopic densities

Define:

ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.

We check that ri (L, e) = ρ̃[UL](e), and re(L, e) = ρ̃[VL](e).

Define also

β : R× [1, rb]× R −→ R

(ν, r , L) 7−→ 2ν + L2
(

1

r2
−

1

r2b

)
.

Γ : R× [1, rb]× R× R −→ R

(ν, r , v , L) 7−→


(v)−√

v2 − β(ν, r , L)
if v2 > β(ν, r , L),

0 otherwise.

Proposition

ni (r) =
1

r

∫
R2

Γ
(
ϕ(r), r , v , L

)
f bi

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1
r≥ρ̃[UL]

(
v2

2
+ L2

2r2
b

) dv dL.

Analogous formula for electrons with −ϕ.

16/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



Explicit resolution of the Vlasov equation
computation of the macroscopic densities

Define:

ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.

We check that ri (L, e) = ρ̃[UL](e), and re(L, e) = ρ̃[VL](e).

Define also

β : R× [1, rb]× R −→ R

(ν, r , L) 7−→ 2ν + L2
(

1

r2
−

1

r2b

)
.

Γ : R× [1, rb]× R× R −→ R

(ν, r , v , L) 7−→


(v)−√

v2 − β(ν, r , L)
if v2 > β(ν, r , L),

0 otherwise.

Proposition

ni (r) =
1

r

∫
R2

Γ
(
ϕ(r), r , v , L

)
f bi

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1
r≥ρ̃[UL]

(
v2

2
+ L2

2r2
b

) dv dL.

Analogous formula for electrons with −ϕ.

16/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



Explicit resolution of the Vlasov equation
computation of the macroscopic densities

Define:

ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.

We check that ri (L, e) = ρ̃[UL](e), and re(L, e) = ρ̃[VL](e).

Define also

β : R× [1, rb]× R −→ R

(ν, r , L) 7−→ 2ν + L2
(

1

r2
−

1

r2b

)
.

Γ : R× [1, rb]× R× R −→ R

(ν, r , v , L) 7−→


(v)−√

v2 − β(ν, r , L)
if v2 > β(ν, r , L),

0 otherwise.

Proposition

ni (r) =
1

r

∫
R2

Γ
(
ϕ(r), r , v , L

)
f bi

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1
r≥ρ̃[UL]

(
v2

2
+ L2

2r2
b

) dv dL.

Analogous formula for electrons with −ϕ.

16/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



Explicit resolution of the Vlasov equation
computation of the macroscopic densities

Define:

ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.

We check that ri (L, e) = ρ̃[UL](e), and re(L, e) = ρ̃[VL](e).

Define also

β : R× [1, rb]× R −→ R

(ν, r , L) 7−→ 2ν + L2
(

1

r2
−

1

r2b

)
.

Γ : R× [1, rb]× R× R −→ R

(ν, r , v , L) 7−→


(v)−√

v2 − β(ν, r , L)
if v2 > β(ν, r , L),

0 otherwise.

Proposition

ni (r) =
1

r

∫
R2

Γ
(
ϕ(r), r , v , L

)
f bi

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1
r≥ρ̃[UL]

(
v2

2
+ L2

2r2
b

) dv dL.

Analogous formula for electrons with −ϕ.

16/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



Explicit resolution of the Vlasov equation
computation of the macroscopic densities

Define:

ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.

We check that ri (L, e) = ρ̃[UL](e), and re(L, e) = ρ̃[VL](e).

Define also

β : R× [1, rb]× R −→ R

(ν, r , L) 7−→ 2ν + L2
(

1

r2
−

1

r2b

)
.

Γ : R× [1, rb]× R× R −→ R

(ν, r , v , L) 7−→


(v)−√

v2 − β(ν, r , L)
if v2 > β(ν, r , L),

0 otherwise.

Proposition

ni (r) =
1

r

∫
R2

Γ
(
ϕ(r), r , v , L

)
f bi

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1
r≥ρ̃[UL]

(
v2

2
+ L2

2r2
b

) dv dL.

Analogous formula for electrons with −ϕ.

16/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



Explicit resolution of the Vlasov equation
computation of the macroscopic densities

Define:

ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.

We check that ri (L, e) = ρ̃[UL](e), and re(L, e) = ρ̃[VL](e).

Define also

β : R× [1, rb]× R −→ R

(ν, r , L) 7−→ 2ν + L2
(

1

r2
−

1

r2b

)
.

Γ : R× [1, rb]× R× R −→ R

(ν, r , v , L) 7−→


(v)−√

v2 − β(ν, r , L)
if v2 > β(ν, r , L),

0 otherwise.

Proposition

ni (r) =
1

r

∫
R2

Γ
(
ϕ(r), r , v , L

)
f bi

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1
r≥ρ̃[UL]

(
v2

2
+ L2

2r2
b

) dv dL.

Analogous formula for electrons with −ϕ.

16/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



Explicit resolution of the Vlasov equation
computation of the macroscopic densities

Define:

ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.

We check that ri (L, e) = ρ̃[UL](e), and re(L, e) = ρ̃[VL](e).

Define also

β : R× [1, rb]× R −→ R

(ν, r , L) 7−→ 2ν + L2
(

1

r2
−

1

r2b

)
.

Γ : R× [1, rb]× R× R −→ R

(ν, r , v , L) 7−→


(v)−√

v2 − β(ν, r , L)
if v2 > β(ν, r , L),

0 otherwise.

Proposition

ni (r) =
1

r

∫
R2

Γ
(
ϕ(r), r , v , L

)
f bi

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1
r≥ρ̃[UL]

(
v2

2
+ L2

2r2
b

) dv dL.

Analogous formula for electrons with −ϕ.
16/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



Existence of solution for the
Poisson equation
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Existence of solution for the Poisson equation

We are interested in solving the following 1D elliptic equation:−
d

dr

(
r
dϕ

dr

)
(r) = r(ni − ne)(r),

ϕ(1) = ϕp ϕ(rb) = 0,

with

r ni (r) =

∫
R2

Γ
(
ϕ(r), r , v , L

)
f bi

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1
r≥ρ̃[UL]

(
v2

2
+ L2

2r2
b

) dv dL.

r ne(r) =
1

r

∫
R2

Γ
(
− ϕ(r), r , v , L

)
f be

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2VL

)
1
r≥ρ̃[VL]

(
v2

2
+ L2

2r2
b

) dv dL.

Recall that:

UL(r) =
L2

2r2
+ ϕ(r), VL(r) =

L2

2r2
− ϕ(r), ψ = max

r∈[1,rb ]
ψ(r),

and

ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.
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r∈[1,rb ]
ψ(r),

and

ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.
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Existence of solution for the Poisson equation

Natural strategy:

Replace the non-local terms by parameters.

Solve the associated local elliptic problem.

Adjust the parameters via an iterated fixed-point procedure.

Pass to the limit to conclude.

The iterated fixed-point procedure. Assume that ϕn is well-defined and then set:

Rn+1
i (v , L) := ρ̃

[
ϕn +

L2

2 · 2

]( v2

2
+

L2

2 r2b

)
,

Rn+1
e (v , L) := ρ̃

[
− ϕn +

L2

2 · 2

]( v2

2
+

L2

2 r2b

)
,

Un+1
L := max

r∈[1,rb ]
ϕn(r) +

L2

2 r2
, Vn+1

L := max
r∈[1,rb ]

−ϕn(r) +
L2

2 r2
.

Iterated potentials:

Define ϕn+1 : [1, rb] → R as being a solution of the studied non-linear elliptic equation,
BUT the non-local terms are replaced by Rn+1

i (v , L), Rn+1
e (v , L), Un+1

L , and Vn+1
L .
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Existence of solution for the Poisson equation

Lemma (Bound on the right-hand side)

Let f : R2 → R+ in L1 s.t. ∥vf ∥
L1
L
(L∞v )

< +∞. Let p ∈ [1, 2). Then, ∀ν ∈ R and r ∈ [1, rb ],

∫ +∞

−∞

∫ +∞

−∞

|v |p f (v , L)∣∣v2 − L2
(

1
r2

− 1

r2
b

)
− 2ν

∣∣ p2 dv dL ≤ 2∥f ∥L1 +
4

2 − p
∥vf ∥

L1
L
(L∞v )

.

We get then that the sequence (ϕn) is bounded in W 2,∞. This implies compactness by Rellich -
Kondrachov theorem.

Lemma (Hölder regularity for the right-hand side)

Let f : R2 → R+ in L1 ∩ L1
v (L

∞
L ; dv

|v|γ ) with 0 < γ < 1 and s.t. ∥vf ∥
L1
L
(L∞v )

< +∞. Define

g(ν, r) :=

∫
R2

Γ
(
ν, r , v , L

)
f

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1r≥R(v,L) dv dL.

Then we have for all ν, ν′ ∈ R such that |ν′ − ν| ≤ 1 and for all r ∈ [1, rb),

∣∣g(ν′
, r) − g(ν, r)

∣∣ ≤
C

γ(1 − γ)
|ν′ − ν|

γ
2(γ+1) ,

where C is a function of r and of ∥f ∥L1 , ∥vf ∥L1
L
(L∞v )

∥f ∥
L1v (L

∞
L

; dv
|v|γ )

.

This gives the continuity property required to pass to the limit in the right-hand side.
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< +∞. Let p ∈ [1, 2). Then, ∀ν ∈ R and r ∈ [1, rb ],

∫ +∞

−∞

∫ +∞

−∞

|v |p f (v , L)∣∣v2 − L2
(

1
r2

− 1

r2
b

)
− 2ν

∣∣ p2 dv dL ≤ 2∥f ∥L1 +
4

2 − p
∥vf ∥

L1
L
(L∞v )

.

We get then that the sequence (ϕn) is bounded in W 2,∞. This implies compactness by Rellich -
Kondrachov theorem.

Lemma (Hölder regularity for the right-hand side)

Let f : R2 → R+ in L1 ∩ L1
v (L

∞
L ; dv

|v|γ ) with 0 < γ < 1 and s.t. ∥vf ∥
L1
L
(L∞v )

< +∞. Define

g(ν, r) :=

∫
R2

Γ
(
ν, r , v , L

)
f

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1r≥R(v,L) dv dL.

Then we have for all ν, ν′ ∈ R such that |ν′ − ν| ≤ 1 and for all r ∈ [1, rb),

∣∣g(ν′
, r) − g(ν, r)

∣∣ ≤
C

γ(1 − γ)
|ν′ − ν|

γ
2(γ+1) ,

where C is a function of r and of ∥f ∥L1 , ∥vf ∥L1
L
(L∞v )

∥f ∥
L1v (L

∞
L

; dv
|v|γ )

.

This gives the continuity property required to pass to the limit in the right-hand side.
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Existence of solution for the Poisson equation
Continuity of the barrier parameters

How to pass to the limit in the quantity:

ρ̃[ψ](e) := inf
{
a ∈ [1, rb ] : ∀ s ≥ a, ψ(s) ≤ e

}

It is in general not continuous with respect to
ψ for the L∞ or the W s,p topologies.

Lemma (Convergence property for ρ̃)

Let (ψn) be a sequence of continuous functions converging towards ψ in L∞.
Then for almost every e ∈ R,

ρ̃[ψn](e) −→ ρ̃[ψ](e).

Enough to conclude since ρ̃ only appears under an integral.
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Technical proofs

Proof of the bound on the right-hand side.

Proof of the Hölder regularity for the right-hand side.

Proof of the Convergence property for ρ̃.

Existence for the non-linear local elliptic equation.

Conclusion of the proof
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Technical proofs
Proof of the bound on the right-hand side.

Let p ∈ [1, 2) and let h ∈ (0, 1/2]. let L, ν ∈ R and let r ∈ [1, rb ]. We define the set

OL,ν
h,r :=

{
v ∈ R :

∣∣∣∣∣v2 − L2

(
1

r2
−

1

r2b

)
− 2ν

∣∣∣∣∣ ≤ h v2

}
.

By definition of OL,ν
b,r ,∫

R\OL,ν
b,r

|v |p∣∣v2 − L2
(

1
r2

− 1

r2
b

)
− 2ν

∣∣ p2 ∣∣f (v , L)∣∣ dv ≤
1

h
p
2

∫ +∞

−∞

∣∣f (v , L)∣∣ dv .
On the other hand, since h ≤ 1/2,

v ∈ OL,ν
h,r ⇐⇒ (h − 1)v2 ≤ L2( 1

r2
−

1

r2b

)
+ 2ν ≤ (h + 1)v2

⇐⇒
L2
(

1
r2

− 1

r2
b

)
+ 2ν

1 + h
≤ v2 ≤

L2
(

1
r2

− 1

r2
b

)
+ 2ν

1 − h
.

The set OL,ν
h,r is non-empty if and only if L2(1/r2 − 1/r2b ) + 2ν ≥ 0. In this case we can define

λ ≥ 0 such that λ2 = L2(1/r2 − 1/r2b ) + 2ν.
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Technical proofs
Proof of the bound on the right-hand side.

For λ a positive number, direct computation gives

∫ λ

λ√
1+h

|v |p−1dv∣∣v2 − λ2
∣∣ p2 ≤

1

1 − p
2

and

∫ λ√
1−h

λ

|v |p−1dv∣∣v2 − λ2
∣∣ p2 ≤

1

1 − p
2

.

Then, ∫
OL,ν

h,r

|v |p∣∣v2 − L2
(

1
r2

− 1

r2
b

)
− 2ν

∣∣ p2 ∣∣f (v , L)∣∣ dv
≤
(
sup
v

|v |
∣∣f (v , L)∣∣) ∫

OL,ν
h,r

|v |p−1∣∣v2 − L2
(

1
r2

− 1

r2
b

)
− 2ν

∣∣ p2 dv

≤
2

1 − p
2

(
sup
v

|v |
∣∣f (v , L)∣∣).

Integrate now for the variable L and gather the two obtained estimates:∫ +∞

−∞

∫ +∞

−∞

|v |p∣∣v2 − L2
(

1
r2

− 1

r2
b

)
− 2ν

∣∣ p2 ∣∣f (v , L)∣∣ dv dL

≤ 2
p
2 ∥f ∥L1 +

2

1 − p
2

∫ +∞

−∞

(
sup
v

|v |
∣∣f (v , L)∣∣) dL.

This concludes the proof.
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Technical proofs
Proof of the Hölder regularity for the right-hand side.

Let ν′ < ν ∈ R such that ν − ν′ ≤ 1 and let r ∈ [1, rb). We consider the number 1 < p < 2
such that γ = (p − 1)/(3 − p). We define

P r,p

ν,ν′ :=

{
(v , L) ∈ R2 :

∣∣∣∣v2 − L2
(

1

r2
−

1

r2b

)
− 2ν′

∣∣∣∣ ≥ ν − ν′

|v |2
p−1
3−p

}
.

Step 1: Regularity property on P r,p

ν,ν′ . By convexity inequality,
1
√
a
−

1
√
a + h

≤
h

2
√
a3
. Thus,

I r,p
ν,ν′ :=

∫
Pr,p
ν,ν′

∣∣∣Γ(ν′
, r , v , L) − Γ(ν, r , v , L)

∣∣∣ ∣∣∣∣f bi (v , L

rb

)∣∣∣∣(1 + 1
v2+ L2

r2
b

<2UL

)
1r≥Ri (v,L)

dv dL

≤
∫
Pr,p
ν,ν′

|v | (ν − ν′)∣∣v2 − L2
(

1
r2

− 1

r2
b

)
− 2ν′

∣∣ 32
∣∣∣∣f bi (v , L

rb

)∣∣∣∣ dv dL

≤
∫
R2

|v |p (ν − ν′)
p−1
2∣∣v2 − L2

(
1
r2

− 1

r2
b

)
− 2ν′
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Proof of the Hölder regularity for the right-hand side.

Let ν′ < ν ∈ R such that ν − ν′ ≤ 1 and let r ∈ [1, rb). We consider the number 1 < p < 2
such that γ = (p − 1)/(3 − p). We define

P r,p

ν,ν′ :=

{
(v , L) ∈ R2 :

∣∣∣∣v2 − L2
(

1

r2
−

1

r2b

)
− 2ν′

∣∣∣∣ ≥ ν − ν′

|v |2
p−1
3−p

}
.

Step 1: Regularity property on P r,p

ν,ν′ . By convexity inequality,
1
√
a
−

1
√
a + h

≤
h

2
√
a3
. Thus,

I r,p
ν,ν′ :=

∫
Pr,p
ν,ν′

∣∣∣Γ(ν′
, r , v , L) − Γ(ν, r , v , L)

∣∣∣ ∣∣∣∣f bi (v , L

rb

)∣∣∣∣(1 + 1
v2+ L2

r2
b

<2UL

)
1r≥Ri (v,L)

dv dL

≤
∫
Pr,p
ν,ν′

|v | (ν − ν′)∣∣v2 − L2
(

1
r2

− 1

r2
b

)
− 2ν′

∣∣ 32
∣∣∣∣f bi (v , L

rb

)∣∣∣∣ dv dL

≤
∫
R2

|v |p (ν − ν′)
p−1
2∣∣v2 − L2

(
1
r2

− 1

r2
b

)
− 2ν′

∣∣ p2
∣∣∣∣f bi (v , L

rb

)∣∣∣∣ dv dL,

where for the last inequality we used the definition of P r,p

ν,ν′ .

The bound given by the previous lemma gives the conclusion.

26/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



Technical proofs
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Technical proofs
Proof of the Convergence property for ρ̃.

For ϕ : [1, rb ] → R be a continuous function, we define ϕ†(r) := max
r′∈[r,rb ]

ϕ(r ′).

The function ϕ† is the smallest non-increasing function such that ϕ† ≥ ϕ.

Lemma

Let e ∈ R and let ϕ : [1, rb ] → R be a continuous function. We have ρ̃[ϕ](e) = ρ̃[ϕ†](e).

Lemma (Application † is Lipschitz)

Let ϕ and ψ be two continuous functions on [1, rb ]. Then: ∥ϕ† − ψ†∥L∞ ≤ ∥ϕ− ψ∥L∞ .
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Lemma (Convergence property for ρ̃)

Let (ϕn) be a sequence of continuous functions that is uniformly converging towards ϕ. Then for
almost every e ∈ R,

ρ̃[ϕn](e) −→ ρ̃[ϕ](e).

ϕn → ϕ in L∞ implies ϕ†
n → ϕ† in L∞. If ϕ†(r) > e, then there exists δ > 0 such that

ϕ†
n (r) ≥ e + δ. By definition of ρ̃, we deduce that r ≤ ρ̃[ϕ†

n ](e) = ρ̃[ϕn](e). Thus,

ϕ
†(r) > e =⇒ r ≤ lim inf

n→+∞
ρ̃[ϕn](e).

Since ϕ† is continuous and non-increasing,

inf {r : ϕ†(r) = e} ≤ lim inf
n→+∞

ρ̃[ϕn](e), and sup {r : ϕ†(r) = e} ≥ lim sup
n→+∞

ρ̃[ϕn](e)

Using again ϕ† non-increasing: if meas
{
r ∈ [1, rb ] : ϕ

†(r) = e
}

= 0 then this set is a singleton.
In this case, we have convergence for ρ̃[ϕn](e).

General fact: if f : Rd → R is a measurable function, then the set of y ∈ R such that
meas{x ∈ Rd : f (x) = y} > 0 is a set of measure 0.

0 =

∫
Rd

0 dx =

∫
Rd

meas
{
y ∈ R : f (x) = y

}
dx

=

∫
Rd×R

1{(x,y)∈Rd×R : f (x)=y} dx dy

=

∫
R
meas

{
x ∈ Rd : f (x) = y

}
dy .
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Technical proofs
Existence for the non-linear local elliptic equation.

We study
−∆ϕ(x) = g

(
ϕ(x), x

)
, ϕ(x) = 0 on ∂Ω.

It is equivalent to look for critical points on H1
0 (Ω) for the functional

J (ψ) :=

∫
Ω

(
1

2

∣∣∇ψ(x)∣∣2 − G
(
ψ(x), x

))
dx,

where G(ν, r) :=
∫ ν
0

g(s, r) ds.

Lemma (Bound on the energy)

The function J satisfy the following inequality:
1

2

∫ 1

0

∣∣∇ψ(x)∣∣2 dx ≤ CΩ

(
J (ψ) + ∥g∥2

L∞
)
.

∫
Ω

∣∣∣G(ψ(x), x)∣∣∣ dx =

∫
Ω

∣∣∣∣ ∫ ψ(x)

0

g
(
ν, x

)
dν

∣∣∣∣ dx ≤ ∥g∥L∞(R×[0,1]) ∥ψ∥L1([0,1]) ≤ CΩ∥g∥L∞∥ψ∥L2

We now bound J from below using the Young inequality and the Poincaré inequality :

J (ψ) ≥
1

2

∫
Ω

∣∣∇ψ(x)∣∣2 dx − CΩ∥g∥L∞∥ψ∥L2

≥
1

2

∫
Ω

∣∣∇ψ(x)(x)∣∣2 dx −
CΩ

4ε
∥g∥2

L∞ − εCΩ ∥ψ∥2
L2

≥
(

1

2
− εCΩ

)∫
Ω

∣∣∇ψ(x)(x)∣∣2 dx −
CΩ

4ε
∥g∥2

L∞ .
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Existence for the non-linear local elliptic equation.

Lemma (Existence of a minimizer)

The functional J admits a minimizer and then the equation admits a solution.

Consider a sequence (ψn) in H1
0 (Ω) that is minimizing J . By the previous lemma, ∇ψ is a

bounded sequence in L2. Therefore, by compact embedding (up to an omitted extraction),

ψn −→ ψ
⋆
, strongly in L2

.

Using now the Lebesgue dominated convergence theorem,

∫ 1

0

G
(
ψn(x), x

)
dx −→

∫ 1

0

G
(
ψ
⋆(x), x

)
dx, as n → +∞.

Moreover, since ψ 7→
∫
Ω
|∇ψ|2 is convex on H1

0 (Ω), by properties of the weak convergence:

∫ 1

0

∣∣∇ψ⋆(x)∣∣2dx ≤ lim inf
n→+∞

∫ 1

0

∣∣∇ψn(x)
∣∣2dx.

These two facts together imply, since ψn is a minimizing sequence for J ,

J (ψ⋆) ≤ inf
ψ∈H1

0
([0,1])

J (ψ),

which eventually gives the existence of a minimizer for J .
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Conclusion of the first part:

The theorem is proved.

The proof opens on the question of numerical analysis (next part).

Is this strategy working only with simple geometries ?

What happens if the plasma has collisions (Fokker-Planck, Landau,
Boltzmann...) ?

The mass of the electron is small in comparison with the mass of ions. Is
it possible to do an asymptotic expansion ?

Describing the obtained solution with calculus of variations techniques
(partial results).
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Radial solutions
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Analysis of radial solutions

We are interested in solving the following 1D elliptic equation:

−
λ2

r

d

dr

(
r
dϕ

dr

)
(r) = (ni − ne)(r), ϕ(1) = ϕp ϕ(rb) = 0,

with

r ni (r) =

∫
R2

Γ
(
ϕ(r), r , v , L

)
f bi

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2UL

)
1
r≥ρ̃[UL]

(
v2

2
+ L2

2r2
b

) dv dL.

r ne(r) =

∫
R2

Γ
(
− ϕ(r), r , v , L

)
f be

(
v ,

L

rb

)(
1 + 1

v2+ L2

r2
b

<2VL

)
1
r≥ρ̃[VL]

(
v2

2
+ L2

2r2
b

) dv dL.

Recall that: UL(r) =
L2

2r2
+ ϕ(r), VL(r) =

L2

2r2
− ϕ(r), ψ = max

r∈[1,rb ]
ψ(r),

and ρ̃[ψ](e) := inf
{
a ∈ [1, rb] : for a.e s ∈ [a, rb], ψ(s) ≤ e

}
.

Parameter λ > 0 is the Debye length (width of the sheath).

We focus on the radial case : f b(v , L) = gb(v) δL=0.
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Theorem (M. Badsi, L.G-C., 2022)

Let gb
i : R∗

− −→ R+ and gb
e : R∗

− −→ R+ two incoming distribution functions having
the property:

sup
v∈R

∣∣v gb(v)
∣∣ < +∞, and

∫
R
gb(v) dv < +∞.

Then there exists a solution ϕ ∈ C2[1, rb] to the non-linear Poisson problem, and
(gi , ge , ϕ) a measure valued solution to the original Vlasov-Poisson equation.

The proof is similar to the non-radial case.

Can we identify a solution that is better than the other ones ? Id est : a
solution that have a good physical meaning...

YES : under physical and technical assumptions.
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Theorem (M. Badsi, L.G-C., 2022)

Let gb
i , g

b
e in W 2,1(R) and let ϕp < 0. Assumptions:

- Maxwellian decay assumptions on gb and (gb)′.

- Electric neutrality of the plasma core.

- A Bohm condition:

∫ 0

−∞
gb
i (v)

dv

v2
<

gb
e

(
−
√

−2ϕp
)

√
−2ϕp

+

∫ √
−ϕp

−∞
(gb

e )
′(v)

dv

|v |
.

Then, the Poisson problem admits a solution ϕλ ∈ C2 s.t.

(i) r 7→ ϕλ(r) is increasing strongly concave on [1; rb].

(ii) As λ→ 0 we have ϕλ → 0 loc. uniformly in (1, rb].Moreover,

λ2

2

∫ rb

1

∣∣∣∣dϕλdr
(r)

∣∣∣∣2r dr + α

2

∫ rb

1
|ϕλ(r)|2dr = O(λ),

For some explicit constant α(gb
i , g

b
e ) > 0. Quasi-neutral limit: ∥rni − rne∥L1 → 0.
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Numerical investigations
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The numerical method

Define the Energy associated to this Dirichlet Problem:

E [ψ](ϕ) :=
1

2

∫ rb

1

∣∣∣∣ ddr ϕ(r)
∣∣∣∣2 r dr + N[ψ](ϕ(r), r).

The function ψ is the parameters for the non-local terms.The natural function space is:

X :=
{
ϕ : [1, rb] → R :

dϕ

dr
∈ L2, ϕ(1) = ϕp , ϕ(rb) = 0

}
.

A function ϕ ∈ X is a solution of the parametric critical value problem (Pψ)
associated to parameter ψ if:

∇ϕ E [ψ](ϕ) = 0. (Pψ)

A function ϕ ∈ X is a solution to the initial problem if it is a solution to the
parametric problem (Pψ) with ψ = ϕ.

We use a gradient descent approach:

ϕn+1 := ϕn − ρ ∇E [ϕn](ϕn).

38/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



The numerical method

Define the Energy associated to this Dirichlet Problem:

E [ψ](ϕ) :=
1

2

∫ rb

1

∣∣∣∣ ddr ϕ(r)
∣∣∣∣2 r dr + N[ψ](ϕ(r), r).

The function ψ is the parameters for the non-local terms.The natural function space is:

X :=
{
ϕ : [1, rb] → R :

dϕ

dr
∈ L2, ϕ(1) = ϕp , ϕ(rb) = 0

}
.

A function ϕ ∈ X is a solution of the parametric critical value problem (Pψ)
associated to parameter ψ if:

∇ϕ E [ψ](ϕ) = 0. (Pψ)

A function ϕ ∈ X is a solution to the initial problem if it is a solution to the
parametric problem (Pψ) with ψ = ϕ.

We use a gradient descent approach:

ϕn+1 := ϕn − ρ ∇E [ϕn](ϕn).

38/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



The numerical method

Define the Energy associated to this Dirichlet Problem:

E [ψ](ϕ) :=
1

2

∫ rb

1

∣∣∣∣ ddr ϕ(r)
∣∣∣∣2 r dr + N[ψ](ϕ(r), r).

The function ψ is the parameters for the non-local terms.The natural function space is:

X :=
{
ϕ : [1, rb] → R :

dϕ

dr
∈ L2, ϕ(1) = ϕp , ϕ(rb) = 0

}
.

A function ϕ ∈ X is a solution of the parametric critical value problem (Pψ)
associated to parameter ψ if:

∇ϕ E [ψ](ϕ) = 0. (Pψ)

A function ϕ ∈ X is a solution to the initial problem if it is a solution to the
parametric problem (Pψ) with ψ = ϕ.

We use a gradient descent approach:

ϕn+1 := ϕn − ρ ∇E [ϕn](ϕn).

38/48 Ludovic Godard-Cadillac Bi-species kinetic model for a cylindrical Langmuir probe.



The numerical method

We work in Xm, the subspace of piece-wise linear functions on the uniform mesh of
m ∈ N elements.

Computation of the integral with standard approximation methods.

Fast computation of the non-local terms exploiting monotony properties.

Main drawback : It is not a gradient descent algorithm... Not always convergent !

Strategy :

→ Solve the radial problem (fully local) with boundary datum gb(v) δL=0.

→ Solve the quasi-radial problem with boundary datum gb(v)Mε(L), where :

Mε(L) :=
1

√
2πε2

exp
(
−

L2

2ε2

)
.

Take the result of the previous step as initialization of the descent algorithm.

→ Similarly : Solve the problem with boundary datum gb(v)M(k+1) ε(L), using the

result associated to gb(v)Mk ε(L) as initialization.

→ Solve the problem with a boundary datum f b(v , L) close to gb(v)Mk ε(L), with
the associated solution as initialization.

We are able to converge as long as ε > 0 and k ∈ N are not too large.
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The numerical method

We work in Xm, the subspace of piece-wise linear functions on the uniform mesh of
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Numerical results
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Radial case with satisfied Bohm condition: potential ϕ(r) (left) and density difference
rni (r)− rne(r) (right) for ϕp varying from −0.6 to −3. y-log scale.
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Thank-you for your attention !
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