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Polyatomic Gases

Degrees of Freedom
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Post-Collisonal Variables
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Borgnakke-Larsen Model

The Borgnakke-Larsen Procedure!

e Equivalent Formulation of Conservation Equations

/ !/
miv + mjv, = mjv. + mjv,

“2’7( — V)P = %(v’ VP =E

e Partition of total energy by the variable R € [0, 1]

qu (vV'—v.)> = RE
I'+1=(1-R)E
e Partition of internal energy by the variable r € [0, 1]
I'=r(1-R)E
I, =(1-r)(1-R)E

!Borgnakke, Larsen (1975)
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Borgnakke-Larsen Procedure

o Post-Collisional Velocities

, MV 4 mjv, mj 2RE
v = o
m; + m; m; + m;j ij
, m;v + mjv, m; 2RE
v, = — o,
m; + m;j m; + m; Wij
with o € 52
e Post-Collisional Internal Energies
I'=r(1-R)E

I!=(1-r)(1-R)E
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Internal Energy

References

e Continuous internal energy
@ Borgnakke, Larsen (1975).
@ Bourgat, Desvillettes, Le Tallec, Perthame (1994)
© Desvillettes, Monaco, Salvarani (2005)
@ Baranger, Bisi, Brull, Desvillettes (2018)
© Park, Yun (2019)
@ Gamba, Pavi¢-Coli¢ (2020)
@ Duan, Li (2023)

@ Discrete internal energy
o Giovangigli, Multi-component Flow Modeling (1999)

e Undifferentiated
e Bisi, Borsoni, Groppi (2022)
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Polyatomic Boltzmann Equation (Monospecies)

e Distribution function: f(t,x,v,/)

@ Boltzmann equation:

[0if + v.V.f = Q(F, 1)

@ Boltzmann Collision Operator?:

QUF, (v, 1) = / ((/f/’})“ _ (/Zi)“) (IL)°B
(r(1 = r))*(1 — R)**(1 — R)RY2dRdrdodl,dv,,

_ D-5
o o= 5

@ D : degrees of freedom

2Bourgat, Desvillettes, Le Tallec, Perthame (1994)
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Polyatomic Boltzmann Equation (Mixtures)

@ Boltzmann Equation:

j=1

Ocf; + v.Vifi =) Q;(fi, )

@ Boltzmann Collision Operator:

Qi(Fi F)(v.1) = / (
R3xR; x52x(0,1)2

it

roi(1 — r)%(1 — R)>ei % [V (1

/ .
i /*O‘J

fifjs
— Ja.> XB,'J'X
e [

— R)RY? dRdrdodl, dv,,

k:%’ k=1,---n

° «
o fi = fi(vi, k), f="£f(V,I"), and f = fi(v;, 1))
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The Collision Cross-Section

@ Micro-reversibility conditions:

Bij(v, v, I, L, r, R, 0) = Bji(vi, v, I, [, 1 — r, R, 0)
Bij(va Vi, I: I*7 r, R7U) = Bij(vl? V>s,<7 Ilv Ii’ rla Rlaal)a

@ Bounds
» ~; >0 (hard potential/ Maxwell like)3

®;(r,R) EVi/2 < Bj(v,vi, I, L, r, R, o) < Wy(r, R)EY/?

> —1 <, <0 (soft like potential)

BU(V7 V*, I, /*,I’, R’ O') S WU(r7 R) E’Y/_//2

3Gamba, Pavi¢-Colié: On the Cauchy problem for Boltzmann equation modelling a
polyatomic gas
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Properties of the Cross-section

@ Symmetry
] CD,-J-(r, R) = q)u(l - r, R),

° \Il,-j(r, R) = WU(]' - r, R)
@ Boundedness
° llli-(r, R)reitei=1=7i(1 — r)u=1(1 — R)™*24=%R € [1((0,1)?)

o W2(r,R)roi=1(1 — r)2 ==t (1 = R)* 24~ R € L1((0,1)?)

4Gamba, Pavi¢-Coli¢: On the Cauchy problem for Boltzmann equation modelling a
polyatomic gas
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Properties of the Cross-section

@ Symmetry
o ®;(r,R) = ®;(1—-r,R),

° \Il,-j(r, R) = WU(]' - r, R)
@ Boundedness
° llli-(n R)reitei=1=7i(1 — r)u=1(1 — R)™*24=%R € [1((0,1)?)

o W3(r, R)r =} (1 — )=l (1~ R)H2-0R € 1((0,1)?)

MODEL*: Vi < o + o, > 0, and aj > 0

B = %Iv — v il 2

4Gamba, Pavi¢-Coli¢: On the Cauchy problem for Boltzmann equation modelling a
polyatomic gas
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Linearization

@ Global Maxwellian function:

3
mi)2 Ia/e—%vz—l

vy
Miv. 1) (27)3T (v + 1)

@ Perturbation: | fi(t,x, v, ) = M(v,I)+ M,.1/2(v, Ngi(t,x,v, 1)

@ Linearized Boltzmann operator:

o1 1
[Leli =D M; 2 [Qy(M;, M7 g)) + Qy(M;"*gi, My)]
j=1

° g:(g17"'7gn)
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Linearized Boltzmann Operator

@ Linearized Boltzmann Operator:

&

n 1 3 % .
Lgli= S [ MZM'3 (,L) (%)2 gi(v., 1))B; drdRdadl,dv,
= '

)

n 1 ~
3 [ M2M2gi(v., ) BjdrdRdod/,dv.
j=1

Qi

n 1
3 S MMz () (4
=] ‘

N

g(v', 1B drdRdodl.dv. = Kl

n ~
— S [ Migi(v, )Bj drdRdodl.dv. }: ”
J=1

o Write Le(v, 1) = \]g/ g(v, 1) — v(v,l) g(v,1)

Perturbation operator Collision Frequency
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Part [: | |
Fredholm Property of the Linearized

Operator

[d S. Brull, M. Shahine, P. Thieullen (2022). Fredholm Property of the Linearized
Boltzmann Operator for a Mixture of Polyatomic Gases. preprint.

@ S. Brull, M. Shahine, P. Thieullen (2022). Fredholm Property of the Linearized

Boltzmann Operator for a Single Polyatomic Gas. to appear in Kinetic and Related
Models.

@ S. Brull, M. Shahine, P. Thieullen (2022). Compactness Property of the Linearized
Boltzmann Operator for a Single Diatomic Gas. Networks and Heterogeneous
Media, 17, 847-861.
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K 2%

Compact Coercive

J:K.v

Fredholm
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8 v

Compact Coercive

Hilbert Schmidt
Operator l =K.V

Fredholm

Extracting the kernel

Proving square integrability
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Kernel of g

@ Integral form of K

agh(va) =3 [ g ) K (v v L),
_/:1 R3XR+

o Kernel of g

.. 1
ki = / Mz M2 B;jr(1 — r)%(1 — R)* %+ 1RY2drdRdo
(0,1)2x 52

@ Assumption on Bjj ~ ki is L? integrable
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Kernel of IC,

@ Explicit expression of Ko

YN
[’ng]i— /MzM,2 (,,) </4> Bjj
m;v 4+ mjvy mi 2R ij 5
. _ — Vy |+ 1
gj( m; + mj (m;+mj)\//zu(2(v V) i

_ Al Hic, — 2
(1= R - N[y~ w1+ 4])
drdRdodv.dl.

@ Could we express K5 as follows ?

Kog — / g(x. y)ka(v, I, x, y) Jdydx
H
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Kernel of IC,

@ Define the change of variable:

h:R3xR, — h(R*xR,) cR3 xR,

= mivimve  m; \/25’ (%(v—v*)z%—l—l—/*)o'

mj+m (mi+m;) \| wij
(Vie, ) 11—
Y= ﬂ—RXLJﬂ%@—wV+I+q
@ Jacobian:
B 0v, 0l B (m,-—l—mj>3 1
| ox0y | mj 1-rN1-R)
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_ mivtmive  m \/2"? [%(v —v)? 41+ /*} o

mj+m; (mi+mj) \| pij

(Ve )~
y= (= RY(1-N)[H (v~ v + 1+ 1]
_ _ i 2
dl, = dE Ef7(v—v*) + 1+ 1
_ miv+mjvy ; 2R

m,'+ITJIj - (mi’imj) TUEU

(s, E) ~~

y=(1-R)-rE
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Kernel of IC,

@ Integral form of K

n

feogl(ve ) =>- [ g (xoy) K (v x. )y

J:]- R3 XR+

o Kernel

ij ik (!
ki(v,l,x,y) = M2 M'2 7

o Kernel of ICp in L2(R3xR, xR3xR )?

S o
L\ 72 5 _
(/’> Bjj| oh(x, y)drdRdo

*
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L? integrability of kernel

» [2 norm:
.12 ..
‘kg :/ Ki2(x, y, v, I)dydxdldv
L2 R6x R2

. (o)
Qj

< [ [kt (1)) 5

» Move backwards to (vi, k) (C.OV: (x,y) = (v, L))

oh(x, y) PdrdRdodydxdldv

> C.O.V: (I,v)— (E,V):
E=5((v-w)2+I+]

/ m,-v+mjv* m; 2R
vV = E
mit+m;—  (mitm) \/ g
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n

agl(ve) =3 [ &) (v lox,y)dye

le R3 XR+

@ Change of variables :

R3 xR, 1— R3x R,
(v, b)) 1 — (V1)

- (min_:jmj)3r(11—R)

Jacobian
ov,. 0l

/= ov'olr

@ Final requirement:

[ W R 21 RS TR GRR < oo
(0,1)2
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Properties

‘ Collision frequency v ‘

o v Id is Coercive with bounds
v(v,1) > c(|v]"+IZ + 1)

@ Collision cross section monotonic ~~ Collision frequency monotonic.
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‘ Collision frequency v ‘

o v Id is Coercive with bounds

v(v, 1) > c(|v]'+1% +1)

Collision cross section monotonic ~» Collision frequency monotonic.

Linearized operator £

Compactness of K & Coercivity of v ~ Fredholm alternative of £

e L is a self-adjoint unbounded operator

Dom(L) = Dom(vld) = {f € [>(R® xR,) : vf € L?}

(University of Bordeaux) Methods for kinetic and relation models October 9, 2023 24 /36



Monatomic Gases?

n
[Kagli= Z //]1&3 s2 M;1/2M1*1/2gj (Vi) Bjj (o, v, vs) dodv,
j=1 7 TR

@ Change of variable

h:R3— R3
m;v + mjv; m; v — v
Vi = X = -
m,-—l—mj m,-—l—mj 2
@ Jacobian:
2 i 712
i t= S lo =7

(University of Bordeaux)
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@ Single monoatomic gas

o Grad (1963): Hard Potentials
e Drange (1975): Soft Potentials

@ Mixture of monoatomic gases

e Boudin, Grec, Pavic, Salvarani (2014)
e Bernhoff (2022)

@ Single polyatomic gas

Brull, S., Thieullen (2022): diatomic gases

Brull, S., Thieullen (to appear): polyatomic gases
Bernhoff (2022): polyatomic gases

Borsoni, Boudin, Salvarani (2022): resonant model

@ Mixture of polyatomic gases

e Brull, S., Thieullen (2022): continuous Internal Energy
o Bernhoff (2022): discrete Internal Energy
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Part II: Application
Macroscopic Equations derived
from the Boltzmann Equation
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Hydrodynamic Limits

Scaled Boltzmann equation

1
sﬁtfs T V.va:g = gQ(ﬁ-:a ﬁ:‘)

Incompressible Navier-Stokes equations

Oru+ (u-Vy)u+ Vip =vAu,
00 4+ u - V0 = kAD,
VX-UZO, VX(p+9):O
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Navier stokes equations

@ Scaled Boltzmann equation

1
et + v.V f. = gQ(fa, fz)

@ Perturbation near equilibrium:

£(v.1) = M(v, 1) +eM(v,Dg-(v, )]

o Linearized equation:

1
63th +v.Vyg = g»c(gs) + r(gsags)

o Kernel:

1
ker £ = M/? span{1, vi, v, v3, §|v\2+l}
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Main result

Assume g. converges a.e. to a function g ase — 0. Then

1 5
g=p+ u.v+0(§v2+l—a— 5)’

such that
Vxu=0, Vi(p+80)=0,

O+ u-Vyu+ VP =vAu,
0:0 + u- V0 = kA,

where v : viscosity, k : thermal conductivity.

.
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|dea of the proof:

1
£0:ge + v.Vxge = gﬁ(ga) + (g, 8:)

1 5
e multiply by ¢, then e — 0 = g:p+v.u+<2v2+l—a—2>0

e multiply by M and Mv and integrate over (v, /)

e0: (g=) + Vi (vg:) = 0,
€0¢ (vge) + Vx (v ® vge) =0

e—0
Vx(vg) =0, Vx(vevg) =0

V()0

Incompressibility Boussinesq

expression of g
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|dea of the proof:

@ Deriving the limiting momentum equation

£0; <Vg6> + Vi <V ® Vge> =0

1 1
€0t (vge) + Vx <(v ® v—3v2l)g6> + Vi <3v2lg€> =0
—_— —_———
A(v) P.

1
Ot (vge) + ng (A(v)ge) + VxP- =0

le—=0

) 1
Oru + alm ng (A(v)g:) + VxP =0
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|dea of the proof:

Fredholm self-adjoint
lim 1<A(v)g ) £ lim E <£/~\(v g > i lim 1<AN(V Lg >
e—=0¢ c e—=0 ¢ ’ € e—0 € ) €/

= <Z\(v, /)V.ng> - <i\(v, /)F(g,g)>

Galilean Invariance of £ : 3 a such that A(v, 1) = a(|v|, 1)A(v)

° </Z\V.VXg> = % (/ a(v|,l)v4l\/ldvdl> (vxu+v1u— %divxul>

()
S
!
—~
<
-
—
=
)
A
0q
—
\/
Il

L (A(v.NL(g?)) = 3(A(V)g?) = uw u = §|uf
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Transport Coefficients

o Viscosity
1 4
V=1g (/ a(|vl], v Mdvdl>

@ Thermal conductivity

K= ((H/b v, 1|B(v, )[*M(v, I)dvdI

@ Sonine polynomial
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@ Fredholm Property of the Linearized Boltzmann Operator:
Improving assumptions+ mono-poly mixture

@ Spectral Gap Estimates:
Use the monotony property of v

@ Incompressible Navier-Stokes Equations:
Mixture of polyatomic gases
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