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ABSTRACT. Unlike the single species gases, the transport coefficients such as Fick,
Soret, Dufour coefficients arise in the hydrodynamic limit of multi-species gas mix-
tures. To the best of the authors’ knowledge, no multi-component relaxational mod-
els is reported that produces all these values correctly. In this paper, we establish the
existence of unique stationary mild solutions to the BGK models for gas mixtures
which produces the correct Fick coefficients in the Navier-Stokes limit for inert gases
[14], and for reactive gases [15] in a unified manner.

1. INTRODUCTION

The BGK model [7, 48] is a relaxation model of the original Boltzmann equation.
It reproduces many crucial properties of the Boltzmann equation, such as conservation
laws and H-theorem, at a much lower computational cost. But, the original BGK model
has a well-known drawback. Since the viscosity and heat conductivity derived from
the BGK model do not match with the Boltzmann data in the Navier-Stokes limit, it
produces an incorrect Prandtl number, which is defined as the ratio between the viscosity
and the thermal conductivity. In view of ensuring the reliability of theoretical analyzes
and numerical simulations based on model equations, it is important to reproduce the
correct transport coefficients. ES-BGK model [32, 2, 12, 13] and Shakov model [44] are
the extended models of the original BGK model developed to overcome this drawback.

In the context of gas mixtures, extending the original BGK model is not straight-
forward. In the early stage of constructing the mixture BGK models, various models
have been proposed by physicists [20, 21, 22, 23, 30, 39, 45]. All these models have
the relaxation operators that consist of a sum of BGK-type operators, as in the case
of the Boltzmann equation. None of these models, however, satisfy all the fundamental
properties of the Boltzmann equation, such as conservation laws, H-theorem, state of
equilibrium, indifferentiability, positivity of densities and temperatures. This was over-
come by Andries, Aoki, and Perthame [1] by modeling the mixture BGK model using
only a single relaxation operator per each species. It was the first mixture BGK model
that was shown to satisfy all the above fundamental properties rigorously. Due to its con-
sistency and simplicity, this model was widely employed by many researchers to derive
mixture BGK models (1) that account for diverse physical scenarios [8, 9, 10, 15, 25, 26,
27, 28, 33, 40], or (2) that reproduce the right transport coefficients in the Navier-Stokes
limit [14, 15, 16, 24, 27, 28, 46]. We also refer to a recent series of consistent BGK-
type models [11, 29, 36], which readopted the initial approach, namely, the approach
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that use both the inter-species and intra-species relaxation operators. Unlike the earlier
works, all the three models were proved to satisfy the fundamental properties, including
the conservation laws, H-theorem, state of equilibrium, and positivity of densities and
temperatures.

Unlike the single species gases, the Navier-Stokes limits give rise to various transport
coeflicients such as the viscosity, the thermal conductivity, as well as the Fick, Soret,
and Dufour coefficients. These coefficients are fundamentally related to how the mass,
momentum, and energy fluxes of the fluid system depend on the gradients in density,
momentum, or temperature. Specifically, the Fick coefficient is the coefficient associated
with the gradient of the density in the mass flux, while the Soret coefficient corresponds
to the gradient of the temperature in the mass flux, and the Dufour coefficient is related
to the gradient of the density in the energy flux. As in the case of single species gases,
reproducing the right transport coefficients is one of the main issues in modeling of
kinetic equations for gas mixtures. However, to the best of the authors’ knowledge, there
is no BGK-type relaxation model for inert and reactive gas mixtures that reproduce all
the transport coefficients completely. For inert gas mixtures, this particular issue was
partially addressed in [14, 16, 17, 24, 46]. The model [14] gives the exact Fick and Newton
coefficients. The model [16] recovers the exact Fourier and Newton coefficients. The
model in [24] gives the correct Fick and Newton coefficients. In [46], the authors derived
BGK-type models that reproduce the correct Fick, Newton, and Fourier coefficients, but
only two species gases are covered.

For the reactive BGK models, the issue of the transport coefficients for gas mixtures
was first treated in [15] by considering the mechanical collisions and reactive collisions
separately. In [15], the authors suggested the BGK-type model where the total relaxation
operators are given by the sum of the reactive operator of [25] and the inert BGK model
presented in [14]. Since all transport coefficients depend only on the mechanical operator
in the slow reaction regime, the model [15] reproduces the right Fick coefficient, similar
to the inert BGK model [14].

In this paper, we consider the following two stationary problems of BGK models for
gas mixtures designed to yield the correct Fick coefficients in the Navier-Stokes limit:

e BGK model for inert gas mixture [14]:
6fz VM
ox
subject to the boundary data:
fi(0,v) = fiL(v) on vy >0, fi(1,v) = fir(v) on vy <O,
e BGK model for reactive gas mixture [15]:
af; vM v
U1 O - (Mz_fz)+
subject to the boundary data:
fi(0,v) = fiL(v) on vy >0, fi(1,v) = f; r(v) on vy <0.

Note that, in (1.2), the number of species in the gases is restricted to 4. The velocity dis-
tribution function f;(x,v) represents the number density of ith molecule at the position
x € [0, 1] with velocity v = (v1,vs,v3) € R® and 7 is the Knudsen number defined by the

(11) V1

(1.2) (Ci — f;) on [0,1] x R? (i=1,..,4)

i i
T T
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ratio of the mean free path and the characteristic length. The mechanical Maxwellian
M, is defined by

M— Pl =T
LT (2nkT fmy)32 P kT )

and the chemical Maxwellian C; reads as

?77/2‘ ( mi|v - U|2>
Ci == =, XP| =/
(27kT /m;)3/2 2kT
where k is the Boltzmann constant.
Here, m; represents the mass for each species i and the parameters in the two Maxwellians
M; and C; are defined in the following manner. (In the following, N is an arbitrary
positive integer for (1.1) , but restricted to N =4 for (1.2) )
First, we define the traditional macroscopic quantities:

(a) Single component macroscopic fields:

P =min i =my; [ fidv,
R3

pIUD = m, v fidv,
R3

3kpDT® = mzz/ lv — UD 2 f;dv.
R3

(b) Global macroscopic fields:
N

N N
i i 1 i)
n:Zn()7 pzzp(), U:,Zp()U()’
i=1 i=1 P
N 1
nkT = n@ET@ 4 = O(UuD)2 —|U).
> 5 PO - )
Then, in order to define the parameters U; and T* in the mechanical Maxwellian M,
we consider the mass flux for ith species J; which can be obtained from the Boltzmann
equation using the Chapman-Enskog approach:

N
— 1 1
J;, = L;;V L; VI =
Y r¥( ) v (1)
where p; is the chemical potential of the species i in the mixture:

b @y _ 3y (27T
T k(ln(n ) 2111( o .

Or equivalently, the mass flux can be written by using the phenomenological point of
view as

N
Ji = ZDan(J) + Di7N+1VT
j=1
where D;; and D; y11 are called the Fick and Soret coefficients, respectively, which can
be measured from experiments. We mention that the matrix L = (L;;) is symmetric
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and non-positive (so-called Onsager relation ([14])) and there is the trivial one-to-one
correspondence between L;; and D;;. The link between these two formulations has been
shown by Kurochkin, Makarenko, and Tirskii ([37]). The Fick coefficients can be written
as

nk:BL”

nim; ’

With these right transport coefficient L;; (or the Fick coefficient D;;), we define the
non-positive symmetric matrix L* whose elements are given by

Ly
(1.3) A —

Y pip T
The matrix L* is always diagonalizable with an orthogonal matrix W (see Lemma 5 in

[14]):

Dij =

L* = WTK*W.
Let k) be the diagonal components of K*. Then, up to some permutation, we have £
being nonzero for r =1,..., N — 1 but zero for r = N. We set

A= —ktforr=1,...,N and Ay =0.
Using this, we define U; and T™ as below:

1 _
U:=(Uy,....,Un)T =U4+NWT (1 — VMA> WN(U - U),
2
1

T =T —
3nk

)

2

where U = (U,...,U)T, U = (UW,...,UM)T N = diag(,/p1,...,/pn), and A =
diag(A1,...,An). This definition of M; gives that the model reproduces the right Fick
coefﬁc1ents through the Chapman Enskog expansion [14].

WTI—LAWNUU
( )N - v)

Then, the parameters i;, U, and T of the reactive Maxwellian C; are defined through
the following procedure. First, we define 17 as the unique root of the equation:
(1.4)

3
v§uv§ vC e n® + v (A —nM)] exp (_ AFE ) _ le :
VoS WO — (i — i fnd — o — )] P\ hr G ) = )

where F' is given by
S ven® [ (U2 = [O2) + 3670 ] + ABE (y - nV)

F( ) i=1"1
Yy) = )
Sk Zz 1 v n(L)
and AFE represents the energy threshold for chemical reactions. We mention that the
solution 7; was sought under the following constraints [25]:

C C C
>0, i >n® 2@ 5 cn® B0 ) cp® @)
vy vy v
" wm_ 1 (i) ) 3 (i)
L >n AEZV n [ ml(|U 7U|)+ —kT ]
vy
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Since the left-hand-side of (1.4) is a strictly increasing function of 2! with its range
(0, o0), the root of (1.4) always exists uniquely (see [25]). With such 71, we define
U,ng,n3,ng and T through the following relations:

7 (i) - Wy
;i =n —&—)\iy—c(nl—n ), 1=2,3,4,

i

4 4
T = Z l/icmin(i)U(i)/ Z Vicmm(i),
i=1 i=1
T := F(i).

Finally, the mechanical collision frequency »™ and the chemical collision frequency 1/

are defined by
( ,max A )
2

3 AE 2 (3 AE
i (2) C 34 (1)
NeT F(z’ kT)” . 12,ﬁr(2 kT)n ’

2 3 AF H12 AFE

C 34 Hi2 (4)

S 1/12\/%1“(2, kT)<M34>exp(kT>n ’
2 3 AF H12 AFE

C _ 34 B Hi12 (3)
= —7T — —

= V12\/27T <2’ kT)<M34>CXp(k‘T)n ’

where 7 is the shear viscosity and v} is the microscopic chemical collision frequency. In
this work, we assume that 71 is a positive continuous function of macroscopic densities
and temperatures and 135 is a fixed constant.

C_ 34
vy Vi2

We note that although they may seem excessively simplified, boundary value problems
of gas in a slab facilitate the introduction of diverse flow regimes encountered in rarefied
gas dynamics [19], and are crucial in the analytical study of the Knudsen layer [43].

‘We check the literature on the existence theory of BGK models. We start with a review
of BGK models for single-species gases. For the original BGK model, the existence of
weak solutions was obtained in [41]. The result [42] showed the uniqueness and existence
of mild solutions in a weighted L® space. The author of [53] proved the existence of L?
solutions. The solutions near equilibrium was studied in [49]. Recently, large amplitude
problem of the BGK models was considered in [5]. For results on the ES-BGK model,
we refer to [50, 51, 52]. The results on the Shakhov model can be found in [3, 38]. The
stationary problem of BGK models in a slab can be found in [6, 18, 47]. Then, we also
review a few existence results of the BGK models for gas mixtures. The existence of a
unique mild solutions in a weighted L space to the models [1, 36] were established in
[35]. The classical solution of the model [36] near global equilibrium was studied in [4].
Recently, in [34], the existence of stationary BGK models for chemical reacting gases
[26, 25] was proved. The result of [34] also covers the inert mixture BGK model [1].

To the best of our knowledge, there is no existence theory of BGK models for inert
or reactive gas mixtures that reproduce the correct Fick coefficients, which is the main
motivation of the current paper. The main line of the proof of the current paper is based
on the argument developed in [34]. However, the auxiliary parameters have the compli-
cated structures involving W7 AW. The matrix W7 AW arises to reproduce the correct
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Fick coefficients. Due to such complicated structure, several novel difficulties arise. For
example, it is quite tricky to get Lipschitz continuity of the auxiliary parameters. For
this, we rewrite WT AW as a rational function of each components of L*. Then, we show
that the denominator of the rational function is a multiplication of non-zero eigenvalues
of L*. This reformulation, together with restricting their domain to a compact set, yields
the desired Lipschitz continuity of the auxiliary parameters.

We remark that the two models treated in this paper give incorrect Soret and Dufour
coefficients. In [14], the authors mention that the model (1.1) gives zero cross kinetic
coefficients. And so does the model (1.2), because the two models share the same me-
chanical operator, as pointed out in [15].

The paper is organized as follows: In section 2, we define some notations used through-
out this paper and present our main result. In Section 3, we define our solution space
and estimate the macroscopic parameters on the space. Section 4 is devoted to proving
that our solution operator maps the solution space into itself. Finally, in Section 5, we
show that our solution map is contractive on the solution map, which completes the our
main result.

2. MAIN RESULT

In this section, we present our main result. We first need to introduce notations and
norms and set conventions:

e Every constant denoted by C will be generically defined. The values of C' may
differ line by line but are computable in principle.

o We use Cyp,... to denote a positive constant depending on a,b,---. However,
we fix Cy,, to denote constants depending only on quanitities in (2.1),(2.2), and
(2.3).

We define the norm ||HL5 by

£y = [ | 1£G o)l + o)

For an arbitrary m x n matrix A, we define

m n 1/2
a1 = (X @?) . 1l = sup sl

i=1 j=1

|zl =1, z € R"}.

e Throughout this paper, we use the abbreviate notation:

fi,tr = fi,plv,>0 + fi,r1v, <0

e We define the following quantities for brevity (i = 1, ..., N)

iy = 2/ fi7LRdU, Ciu = 2/ fi,LR|U|2dU7
R3 R3

1 1
ai,s:/ 7fi,LRdU7 ci,s:/ 7fi,LR|U|2dU~
gs |v1] R V1]
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o We define
1 1
Qi1 = SQiuy,  Cil = 5Ciu,
(2.2) 8 8

Qy = m?x{ai,u}, a; = miin{aiyl}, Cy = rniax~{ci7u}7 = miin{ci,l}.

e We also define the following quantity which will serve as a lower bound for the
temperature:
1 .
(2.3) Vil = ( fi,L|U1|dU) < fi,R|'U1|d'U>7 Y = min{v;,}.
16 v1>0 v1<0 g

We now define our mild solutions to (1.2):

Definition 2.1. A pair of functions F = (fi, fa, f3, f1) € (L>°([0,1],; L3(R3)))* is said
to be a mild solution for (1.2) if f; satisfies the following equations: for each i = 1,2,3,4

fi(ma U)
- (eTLi Jemdn g, (o) +

1 r ——— [ T,(2)dz
/ e~ o1 Jy Ti(2)d (yM./\/li—l—ijCi)dy)vao
lv1] Jo

1

7|1

1 I Y.
+ (6_711’1 f:(‘ Vi(y)dyfi7R(v) + / 6_#1‘ fa‘ Vz(z)dZ(VMMi + VZCCz)dy) 1’U1<07

where we used the notation 7; = v™ +v¢.
Now we are ready to state our main result.

Theorem 2.2. Assume the inflow data f; r satisfies
1
fiLr, — fiLr € L3(R?)
|vs ]
and

/R2 fi’L’Ujd’UQdU;J, = /Rz fi)R’Ujd’l)QdUg = 0,

for j =2,3. Then there exists a constant L > 0, depending only on the constants defined
in (2.1), (2.2), and (2.3), such that if T > L, then there exists unique mild solution

F= (flaf?vf?nf4) fOT (12) satzsfymg

aig < / filz,v)dv < @iy, cig < / 0|2 fi(w,v)dv < ¢4
R3 R3

(/R fm) </R |U|2fz‘dv) _ (/R Ulfidv>2 -

Remark 2.3. In this result, there are no restrictions on the microscopic chemical collision
frequencies v#3. The model (1.2) can be reduced to the one presented in [14] by setting
v = 0. Thus, our result implies the existence of the solution to the boundary value
problem for the stationary BGK model of an inert gas mixture [14] with four gas species,
and the analysis in the setting 1§53 = 0 can be trivially extended to the case for an

arbitrary number of gas species.

and
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In the proof, the assumption that the Knudsen number 7 is sufficiently large is used
to show the contractivity of the solution operator in the Banach fixed point framework.
Developing an analytical argument valid for small 7 is left for future work, which is
physically relevant since in the BGK model, the distribution function does not deviate
too far from a Maxwellian. Another interesting future direction is to set the matrix L*
to be 7-dependent and consistent with the fact that diffusion and velocity disappear in
the Euler limit.

3. FIXED POINT SET-UP

In this section, we define our solution space by
Q= {F = (f1,-+, f1) € (L>([0,1]4; L3 (R3)))? | F satisfies (A), (B), (C)}

with the metric d(F,G) = 2?21 sup ||f; — gillLy, where (A), (B), and (C) denote
z€[0,1]
e (A) f; are non-negative,
e (B) The macroscopic quantities satisfy the followings:

a;; < / filz,v)dv < ajn, cig < / [v|? fi (@, v)dv < ¢y,
R3 R3

e (C) The following lower bounds hold:

() (o) = ([ vfidv)Q >

Consequently, we define our solution map ® : Q@ — ®(Q) by ®(F) = (¢1,...,Pa).
Here, ¢; is defined as follows :

1 e 1 1 vy )ds
di(r,v) = ( IR Oy / ety T <uMMl-+uf’ci>dy)1m>o
0

1 ig I N Ty
b (T ) ¢ [ T O MM, )y s
(%1 T

7|

For simplicity, we denote ¢; = ¢;r + ¢, by

——— [T7, 1 T T U (2)dz
¢;r(m7v) :<e T\i,;\ S5 1,(y)dyfi’L(v) + 7-|,U1‘ / e 7ot [, 7i(z)d (I/MMZ' +VZ-CC2')dy) 1y, 50,
0
1 f1g 1 Vo s e
¢; (x,v) :<€ Aot S z(y)dyfi,R(v) + o] / e~ Tt J 7= MM, + l/icci)dy> Ly, <0-

We note that a fixed point of the solution map is the mild solution to (1.2). In the
following sections, we will show that the solution operator ® has a unique fixed point in
Q) by using the Banach fixed point argument. For this, we show (1) ®(2) = Q and (2)
® is contractive on ). Before proving it, we first estimate the macroscopic parameters
and the auxiliary parameters of the velocity distributions F' = (f1, fa, f3, f4) € Q.
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3.1. Actual single component parameters and global parameters. We recall
some elementary estimates of the actual macroscopic parameters.

Lemma 3.1 ([6, 34]). For F = (f1, fa, f3, fa) € Q, the single component parameters
satisfy the following inequalities:

. ;o + C;
U(Z) < 7,U T,U
U] < e
and
miMi (i) « MiCiu
3ka?, — =~ 3ka;;

i
Proof. For [U®|, we have

pIUD] | fpa vfrdv]

U9 = 1 —
I | p(l) f]RS fzdv

Here, the Young’s inequality gives

‘ / v fidv
R3

< f]RS fqd’l) + ng |’U‘2fid1)
- 2

Qi + Ciu
= #7

which implies
; Qi + C
U(z) < 1,U 1,U ]
U] < e

For 7). we obtain

(BknO T 4+ p@ U@ 12) — | pO U@ 12 (p))—1
3kn(®

_ m; f]R3 |U|2fidv - mz\ fRz Ufid7)|2|(fRs fidﬂ)_l
3k fR?’ fzdv '

7@ —

For the lower bound, we have
mi(Jgs fidv) (Jps [0 fidv) — mil Jo vfidvl® _ miyy
3k( fps fidv)? = Bkaiu'
Finally, the upper bound is obtained as follows:
m; flR3 [v|? fidv — my| fw vfidv|2|(fR3 fidv)™t _ fR3 |v|? fidv < MiCin
3k [gs fidv = 3k [y fidv  ~ 3kai;
O

7@ —

7@ —

Then, we also obtain some estimates of the global macroscopic parameters.

Lemma 3.2 ([6, 34]). For F = (f1, fa, f3, fa) € Q, the global macroscopic parameters U
and T satisfy

Qi+ C
U| < max { ow %
1<i<4 2a;
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and

4
. m;vi Cy
<T<
115134{ 3/@@3“} =7 Dok ; "

We will denote this lower bound as Ty and this upper bound as Ty,.

Proof. For the bound of U, we have

< 2)|77(2) < (3) < ai,u+ci,u .
U] p;p Ul < max [UO] < max =5 ===

For the lower bound of T, we observe

4
S P (UWP - U Zp< (U —UP) >0
1=1

which implies

T>Z T()> min 7 > mln{mi%},

1<i<4 1<i<4 | 3ka?
iU

The upper bound of T is obtalned by

4 4 4
1 ) . 1 c
T < T(z oo~ L Z/ 2 u
Z 3nk ;p | | 3nk ;m R3 [ol*fudv < 12ka; <

O

3.2. Auxiliary parameters for mechanical and reactive Maxwellians. Using the
previous lemmas for the actual parameters, we estimate the auxiliary parameters for
mechanical and reactive Maxwellians.

Lemma 3.3. For F = (f1, fa, f3, f1) € Q, the auziliary velocity U of the Mechanical
Mazwellian M satisfies the following inequality:

Ay +Ci7u
U, <C m?x{mu}'

Proof. By the definition of U, we easily have

— 1 _
I, < IO, +|[NW7 (1 A )WN(D - 0)

2

<|[U[l, + max

o
1= i([o-v]
Z/M‘ 2

Qi+ C
<C max{wzvu}.
(2

2aiyl

|
Lemma 3.4. For F = (f1, fo, f3, f1) € Q, the auxiliary temperature T* of the Mechan-
ical Mazwellian M; satisfies the following inequality:

T <T* <T,
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where Ty and Ty, are given in Lemma 3.2.

Proof. The upper bound is trivial by the definition of T%:
T <T<Ty,.

Using the orthogonality of W, we get

) 2
T =T — —
3nk

Wﬂ(I—JVA)NNQL—U)

2

T 1 1 A 2Nﬁ U2
N A _ _
- 3nk max( VM) H ( )Hz
1 min A, \ — 2
>7-—(1- T‘h - H.
3n ( vM > (U-0) 2

By the definition of v, we know ™ > max ), so that

1 _ 2
T>T——WNU—UH>T— ’NU UH
- 3nk ( ) 2 =

3nk‘
where we used the fact || - [|2 < || - [|[r. We recall N = diag(,/p1, .. .,+/pa) to obtain

4

1 o
T >T _ _—_ O1y@ _ 72
ST S -]

n(i)T(i)/n

I\ I
S

O

Corresponding estimations for the auxiliary parameters n;, U, and U in the reactive
Maxwellian C; can be found in [34]. We recall the following lemma.

Lemma 3.5 ([34]). There exist positive lower and upper bounds for 1, T and upper
bound for U depending only on the quantities given in (2.1), (2.2), and (2.3). Addition-
ally, the value of v™ is bounded below and above by some positive values depending only
on the quantities given in (2.1), (2.2), and (2.3).

To simplify the presentation, we denote the lower and upper bounds for 1, T as 1y,
i Ty, and T, respectively, and the upper bound for U as U,. Similarly, we represent

the lower and upper bounds for v as 1/}/[ and M| respectively. These notations will

u 0
be used consistently throughout the rest of the paper.
3.3. Collision frequencies. We note that the collision frequency v consists of \, and

v. Here, the values A, are the inverses of the eigenvalues of L*. To estimate them, we
introduce the following lemma on eigenvalues of symmetric matrices.

Lemma 3.6. (Hoffman and Wielandt [31]) For every symmetric matriz A, let n,.(A) be
r-th largest eigenvalue of A. Then the following Lipschitz continuity holds:

1-(A) = n-(B)| <A = Bl -
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From Lemma 3.6, we have the following estimates for A,.

Lemma 3.7. There exist positive lower and upper bounds for X\, depending only on the
quantities given in (2.1), (2.2), and (2.3) .

Proof. Since L* is continuous with respect to the macroscopic parameters, Lemma 3.6
implies that A, is also continuous with respect to the macroscopic parameters with
range (0,00). By the assumption, a; < n < a,, and Lemma 3.1, we have the desired
result. |

We also denote such lower bound and upper bound as A, and A, respectively.

Lemma 3.8. The shear viscosity n is bounded below and above by positive constants
depending only on the quantities given in (2.1), (2.2) and (2.3).

Proof. We recall that in this paper 7 is assumed to be a positive continuous function of
macroscopic densities and temperature. Thus, the same argument used in Lemma 3.7
gives the desired result. O

We denote such lower bound and upper bound as 7, and n;s, respectively. We then
have a positve lower bound and a positve upper bound of collision frequency v .

Lemma 3.9. The relazation coefficient v™ satisfies the following inequality:
1/% <vM < VAJ% ,

where we used

da kT, da, kT,
V,J\f = C:]ZM l, and 1/% :max( ¢ ,)\M>.

For the chemical collision frequency v<, it also holds that

uf;; < uic < VJ((;,
where we used

I/,,Cr; _uf;‘\/%l“<2,kTu> mln{l, <M34 exp VT, ap ¢,

2 3 AFE H12 AFE
C 34
=T, — |max{1, [ == — ay ;.
Vnr 1/12\/? (2’/{ l) ax{ ,( o exp kl a

Proof. By Lemma 3.2, 3.7, and 3.8, we have for

4a kT, kT 4a, kT,
it SZ/M := max <n,max/\r> Smax( Qu u,)\M>.
nm n m

We can also obtain the desired inequality for v directly from Lemma 3.2. O

4. & MAPS ) INTO ITSELF

In this section, we show that for any F' € Q, ®(F) satisfies the conditions (A), (B)
and (C).

Lemma 4.1. Let F' € Q. it holds that
@i > 0.
Thus, ®(F') satisfies (A).
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Proof. By Lemma 3.3 and 3.4, we have

3/2 2
M _ mafv = Ui*
Mi=n <27rkT*> eXp( 2KT™

>a m; 3/2 o mi|v — le|2
i, Xp | — ——5m—
= Y\ 97k, p KT

> 0.

Similarly, by Lemma 3.5, we also have

3/2 12
¢, — n® (M> exp ( _ mv—UI)
2wkT 2T

() o (-5 )
> ai; ~ exp | — ——=—
“\ 27k T, T

> 0.

Hence, we have

¢i > efﬁl\ J m(y)dyfi,L(U)]-v1>0 + 67#1‘ I gi(y)dyfi,R('U)lv1<O > 0.

v|2>.
Proof. By Lemma 3.3 and 3.4, we have

3/2 2
M =n <2k7rT*> P ( oKT™

—m;|U — []z 2
< Cy exp <2|kT*|)

m;|U; [? —m;|v|?
< Cruexp { e | &P\ —i7

< Cpuexp < - Ce,u|1’2>~

Lemma 4.2. Let ' € Q). We have

Mi(L+ [0]?), Gl + [o]2) < Cru exp ( —Ch

For |[v]2M;, we know

[v|*M; < Cy .y exp (— CZ,u|U|2) v]?.

< C&u €xXp ( - Cl,u|v|2)

2

where we use 22~ < C for some C > 0. The proof for C; is similar. We omit it.

Lemma 4.3. For f; 1, fi r € L3(R3), if 7 is sufficiently large, then we have

1 1
1 qep 1

/ e~ Jo VW g ) | oy dvzi/ fip(@) | |v] | dv

v1>0 v1 >0

0] 0]

13

O
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and
1 flﬁ'( )d ]- 1 ].
/ e Tl Ja VW g b (v) | | dvzf/ fir() | [o1] ] dv.
o2 A oi<o o2

Proof. We choose sufficiently small r > 0 such that

Fnlwydo > 3 [ ol

v1>T v1>0

By Lemma 3.9, we obtain that

__1 z o Clu
/ e 7Tl 5 Vl(y)dyfiyL(U)d'U > e / fipdv
v1>0 v1>T

1
Z - / fi,Ldva
4 v1>0

for sufficiently large 7. The second inequality can be proved by the same argument. We
omit it. |

Lemma 4.4. Assume F € Q and f; 1, fi.r € L3(R2). Then we have

(4.1) a;; < ¢; dv, ¢y S/ [v|2¢; dv.
R3 R3

Further, if T > 0 is sufficiently large, then we have

(4.2) Didv < @y, / [v2pidv < ¢ -
R3 R3
Therefore, ®(f) satisfies (B).
Proof. We know
1 ey 1 i
¢ > e 7ot Jo W £, () 1oy0 + e 7o fa W £, 7 (0)1y, <o.

This, together with Lemma 4.3, directly gives (4.1). Then, in order to obtain (4.2), we
consider

/ (bjdv :/ 6_#1' foz Di(y)dyfi7[/<v)dv
R3 v1>0

A I e
+/ / e oy ”1(Z)dz(z/MMi+inCi)dydv
v1>0J0 7[v1]

=I+1I.

For I, we easily know

(43) / eiﬁll Iy Di(y)dyf@[,(’u)dv < / fi,L(’U)d’U < %
v1>0

v1>0
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We compute the upper bound of IT as like:

T 1 T .
/ / € orT Jy 7 (z)dz(l/MMi + inCi)dv
v1>0J0

7|1

<Cru / / L om@piriorl o= Cealel gy gy
v1>0J0

7[v1]

<Cgu</$/ L eDm(wy)/T|v1eC'e,u|v12dv1dy)
(4.4) T o Juso Tlua

« (/ e—Cz,u(|v2|2+v3|2)dv2dv3>
R2

x
SCZ,u/ / 1 e—ﬁm(x—y)/rlvlIe—Cz,u\vllzdvldy
0 Ju>o Tlu1]

SCZ,uﬁ~

where 7, = v + 1S and we used Lemma 3.9. To estimate 17, we divide the domain of
integration into there subsets:

([t f o [ e
0 Jo<wv<t 0 Lcui<r 0 Jr<vy 7—|U1|

=A+B+C.

For A, we have

xT
A= / / Leﬂm(m*y)/ﬂvl\E*Ce,u|v1|2dydvl
0<vi<i Jo T|U1‘

_ L (1 _ e—umw/ﬂvu)e—ce,ulvl2dv1

Um O<v1 < %

1

< — 1 dvy
Um 0<’U1<%
1

< —

Um

where we used 1 — e_"%l <1 and e—Ceulvr]? < 1. For B, it holds that

1 = 2
B< — 1 — g~ Pma/T|v1] | o= Ce,ulvil dv;
Vm %<v1<~r

1
o la
Lov<r 7—|Ul|

T

=—InT.
.
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where we used 1 — e~* < z. For C, we obtain

x
CS/ / L =vnta=s)/rlonl g=Cooulor? gy
T<vy JO 7-|U1|

1 _ 2
— [ Ceulvil” gy,
T JR

1
,,uﬁ~

IA

IA
Q

We sum all the estimates for A, B and C' to obtain
1 1 1 1 1
(4.5) che,u{+”+2}gcg,u{ nrTr }
T T T T
which, together with (4.3), gives

; 1 1
oFdv < ‘”+cm{ are }
R3 2 T

Similarly, we have

i 1 1
¢7dv < Lt 4 cg,u{ nT }
R3 2 T
By choosing sufficiently large 7 > 0, we obtain the desired result (4.2).

Lemma 4.5. Let F € Q and fi 1, fir € L3(R3). Assume that

/}R2 fi,Lvjdvadvs = /R2 fi,rvjdvadus = 0.

‘ / d)i'l}j dv
R3

Proof. We integrate qﬁj with respect to vadvadus:

Then, for j = 2,3, we have

< Cf)u<1n7+1>'

T

/ ¢; vadvadug = e~ Jo ﬁi(y)dy/ fi,(v)vadvadus
R2 R2

1 T T vi(z)dz
(4.6) + 7/ e~ 7ot Jy il2)d </ (MM, + VfCi)vgdvgdv3>dy
T‘Ull 0 R2

1 o1 T Ui(z)dz
:7/ ¢~ ot Jy 7i(2)d (/ (VMMi—&—VfCi)vgdvgdvg)dy.
vl Jo R2

where we used our assumption on f; ;. By the similar way in (4.4), we have

2 2 2
/ (WM M, + vEC)vadvadus < Cp e Conlvl / e~ Cenlv2l™+1vs) 1, | v dug
R? R?

<y uefce,u\ﬂlf_
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Substituting this in (4.6) and then integrating on v; > 0, we get

xT
1 __1 ey 2
sfuat<Cu [ [ o€ T e dudy
R3 0 v1>0 1

lnT—i—l}

S Cf,u{

where we obtain the last inequality from (4.4) and (4.5). Likewise, we have

/ 67 vadv < c@,u{lm +1 }
R3 T

Lemma 4.6. Let F € Q and fi 1, fir € L3(R3). Assume that

/R2 fi’L’l}jd’UQdU;g = /R2 fi’R’l}jd’UQdU;; =0.

Then, for sufficiently large T > 0, we have

([ o) ([ eopav) -

which means ®(f) satisfies (C).

2
>,

/ ¢;vdv
R3

Proof. The Cauchy-Schwarz inequality gives

([ o) ([ ookar) -
R3 R3
2
> </ qﬁivdv) —‘/ o;vdv
R3 R3
2
> (/ ¢ivl|dv) —’/ o;vdv
R3 R3
Decomposing the last term in the last line, we have
2
(/ ¢¢|U1|dv> —‘/ pivdv
R3 R3
2 2
= </ ¢i|v1|dv) — </ ¢1"U1d’0> 7R,
R3 R3

where R = | [ ¢;vadv|* 4 | [ ¢;v3dv|®. Here, Lemma 4.5 gives

2

/ ¢;vdv
]RS

2

2

2

R< Cz,u(lnT+1>.
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(/R ¢i|’01|d11>2 — ( g ¢iv1dv>2
= (/Rz ¢i(|v1] +U1)dv> (/R3 oi([va —U1)dv)
:4(/vl>0¢i|v1|dv>(/Ul<0¢i|vl|dv>’

where the last term can be estimated by Lemma 4.3 as follows:

4( ¢i|v1|dv> < ¢Z‘|'U1|d’l)>

v1>0 v1<0

> 4(/ ) Vi(y)dyfi,L(Uﬂmdv) (/ e~ 7t fe Vi(y)dyfi,R(v)UﬂdU)
v1>0 v1<0

>

B % (/v1>0 fi’L(U”vl'dU) ( <0 fi,R(“)U1|dv>

= 4’)/1.

Also, we know

Summarizing all the above estimates, we obtain that for sufficiently large 7 > 0

2
(/R3 (/ﬁldv) (/RS oi|v] dv) ‘/W ¢;vdv
>4y — Ce,u<ln7+ 1)

> M-

Combining Lemmas 4.1, 4.4, and 4.6, we have the following proposition.

Proposition 4.1. Let F € Q and f; 1, fi,r € L3(R?). Assume that

fi,pvjdvadvs = / fi,rvjdvadvz = 0,
R? R?

and T > 0 is sufficiently large. Then, under the assumption of Theorem 2.2, we have

o(Q) C Q.

5. ® IS CONTRACTIVE IN )

In this section, we show the map ® :  — ) is a contraction map. Throughout this
section, we assume that the inflow boundary data satisfies

fin, fir € L%(Rfﬁ%

and
fz'vL’UdeQd’Ug == / fi,Rvdedeg =0.
R2 R2

We start with proving that the actual macroscopic parameters have the Lipschitz conti-
nuity.
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Lemma 5.1. For any F = (f1, fa, f3, f4), G = (91, 92,93, 94) € Q, the single component
macroscopic parameters satisfy:

@ —n@[ U - U1 - TS| < Cr sup. [1fi = gl
xze|0,

Furthermore, we have for global macroscopic parameters,

Inp —ng|,|Ur —Ugl, [Tr — Tg| < Cyud(F,G)

Proof. We can easily get
) —nlf = [ 1fi=aldo< s i~ gl
R3 z€[0,1]
For the bulk velocity U, we see

0l - ) <

1 7 7 7
- RO — pl UG)|+ - \pF —p@ Uy
@ o0

m; m;|U,
< e [ oo+ "0 [ g
PR JR3 Pr R3

< Ceru sup ||fi —gillLs
x€[0,1]

where we used p(i) > m;a;, in the second line. For T, we split it into two parts:

i i i (D) (e LEG : /
P
np
m; 2 ( mi|TC(v‘i)|
5 [ st =088 = o - v+ L [ g g
3kn) ng) Jw
:I+II.

We compute I as

A

filv = U2 = gilo —UY?

< [ U= adlo = URP +gillo = U — o = UG?) | dv
/‘fl gi)lv = URP + gi(20 = U = UG UR ~ UG)|dv

< oo [ 1= g1+ o) + gL+ [oDIUE — U o
R

< Cy sup ] 1fi — gillzss

z€[0,1

which, together with Lemma 5.1 and the fact ng) > a;,, implies that

IT < Cru sup ||fi — gillLs-
z€[0,1]
The estimates for the global macroscopic parameters can be obtained directly from above
estimates. We omit it. O
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Then, we also need the Lipschitz continuity for the auxiliary parameters and the collision
frequencies. As we mentioned in Section 1, the auxiliary parameters for mechanical
Maxwellians include WTAW that arises to fit the correct Fick coefficients. By the
definition, WTAW can be seen as the pseudo-inverse of the matrix —L*. But, it is
known that the operation of pseudo-inverse is not continuous generally. To overcome
this problem, we show that WTAW can be rewritten as a rational function of each
components of L* with a non-zero denominator.

Lemma 5.2. Each component of WTAW can be written as a rational function of the
components of L*. Also , all their denominators are equal to (A A2)3)2.

Proof. By the definitions of W and A, we know WTAW is the pseudo-inverse of —L*.
Using the well-known property of the pseudo-inverse, we have
WTAW = (=L*)"
:_1 L* TL* 171 L*T
(L)L +61) 71 (L")
05 (L* )T
= —lim
510 det ((L*)TL* + 61)

where Cj is a adjoint matrix of (L*)T L*+41I. Since A4 = 0 and hence det ((L*)TL*) = 0,
we obtain for the denominator that

det (L*)"L* + 1) = [[ (A} 4 6) = p(L*)d + O(5?)

i=1

where p(L*) is a polynomial on the each component of L* and is equal to AJA3\3. Denote
each ij— component of C5LT by

g6’ (L7) + i’ (L*)6 + - + ¢, (L*)6"!
where q,ij (L*) are polynomials on the each component of L*. Then, we get

(L) + ¢ (L¥)6 + -+ ¢ (L*)on!
TAW).: — —1i g0 ( 1 n—1
(WEAW); = —lim p(L*)6 + 0(52)

Since the limit exists, qéj (L*) = 0 and we have the desire result. ]

Using this, we obtain the Lipschitz continuity of WTAW. Consequently, we also
obtain the Lipschitz continuity of U;, T and vM.

Lemma 5.3. For F,G € Q, if 7 > 0 is sufficiently large, then the following inequality
holds:

HW;AFWF - WgAGWGHF < Cpod(F,G).
Hence, we have
|UF,2' - UG,i" |T; - T;| < CZ,ud(Fa G)a
and

M — v < O d(F,G).



MIXTURE BGK MODEL WITH THE CORRECT FICK COEFFICIENTS 21

Proof. Consider the matrix W; ApWp — Wg AcWe componentwisely. We have from
Lemma 3.7 and 5.2 that

¢/ (Ly)  af (LE)

p(Ly)  p(Ly)

@’ (Lyp)p(Lg) — ¢f (Lg)p(Ly)
p(Li)p(LE)

3 0/ (Lp)p(Le) — ¢ (Lg)p(Ly)

- 12
A

(Wi ApWe — Wo AcWe)i;

(5.1) =

By the definition (1.3) of L* and Lemma 3.1, we obtain that every component of L}, and
Ly, is bounded below and above by constants depending only on the quantities defined
in (2.1), (2.2) and (2.3). Thus, we have

¢’ (Ly)p(LE) — Qij(LE)p(L*F)‘ <|g (Ly)p(Le) — ¢ (Li)p(Ly)
g (Li)p(L) — 4 (LE)p(Ly)
0 (Lp)| |p(LE) — p(Li)| + |p(L)]
<CrullLy = L& 5 -

+

¢ (L) — 4 (LE)

This, together with (5.1), gives
Ci,u

(Wp ApWr = WG AcWe)i| < S35 L3 — Ll
4 . .
< G (1n) ol + 17 ~ e
=1
< Cf,ud<Fa G)a

where we used the definition of L*, (1.3), and Lemma 5.1. Consequently, we obtain

_ 1 —
IUr = ol < [Up ~ Usle + |Ng'WE (1= e )W (T

F
_ 1 —
—Up) - Ng'We <I - VMAG) WeNg(Ug — Ug)
G F
< 2|[Up - gl +||Ur - Ug||

1 — 1 _
+ V—MNFlngFWFNF(UF — Up) — V—MNlegAngNG(UG ~Ug)|| .

F G F

where we recall that
U=(U,..U)",
T=(WO,..,uMT,
N = diag(\/p1, -, v/PN)-
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From Lemma 5.1, we know that all U, U, and N have the Lipschitz continuity. Also, it
follows from Lemma 3.1 and 3.2 that

O] 101 < G

’ )

A

’WTAW

1
oM

With the above facts, it follows from the elementary and tedious computations that

IUr — Ugllp < Crud(F,G).

M

The proof for T* is almost same. We omit it. Then, for v we have from Lemma 5.1

TLF]CTF nGkTG
nr yle:
< Cpy sup Hf] — ngL1 + |max Ap, —max Ag ,|.

z€[0,1] 2

i —vg | <

| + |max Ap, — max Ag,,|

Here, Lemma 3.6 gives

2
| max Ap, — max Ag,,|? < “WEAFWF — WgAGWGHF < Cpa sup ]Hfj ~ gill,, »
z€[0,1

which completes the proof. O

For the auxiliary parameters for reactive Maxwellian, we recall the following lemma
in [34].

Lemma 5.4. Let F,G € Q. Assume that 7 > 0 is sufficiently large. Then we have
\ips — g, |Ur — Ugl, |Tr — Ta| < Coud(F,G),
and
i — v& .l < Coud(F,G).
Proof. See the reference [34]. O
We obtain the Lipschitz continuity of both the Maxwellians.

Lemma 5.5. Let F,G € Q. Assume 7 > 0 is sufficiently large. Then the following
inequalities hold:

IMpi — Mgl < Cpud(F,G),
and

ICri — Caq.il, < Crud(F,G).

Proof. For simplicity, we only consider the first inequality. By Taylor expansion, we can
write Mp; — Mg, as

; o [FOM(
Mp; = Ma; =(nf)) —n?) / 5 ©) 4o
0 n
LoM(0)
+ (Up;i — Ug / do
(Ur @) , U

LoM(9)
+ (Th =T / do
(T -T8) | =57

—A+B+C,
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where we used the notation

ng 3/2 mi|v — U )?
9 = — R S AL
MO) = 5T P ( 2T,

and

OM(0)  OM(0)
axX  ax

(mi7 ng, Ui,ea T9)

with (ng, U, Tp) = (1 — 0)(n\), Uy, Tp) + 00, Ug s, T2). For A, we sece

OM(0) 1
o neM(9)7
to obtain
OM(0)

2
“ < Cz7u67C1{"‘|vl .

For B, we have

and hence,

OM(0)
< 1
2552 < Cat+ bhme)
S CZ ue_ci,u‘vl2.
Finally, for C', we know

oOM(0) 3 mi|v — Up|?
oT { E+ 2kT7 M(©),

which gives

2

’ OM(6)

p— 2 p—
| < ol o)l < 0yt

Thus, we obtain

7 A * * — v|?
(Mpi— M| < ce,u{m;) — 0| + |Upy — Ug + T — TG|}e Ceulvl?

which, together with Lemma 5.1 and Lemma 5.3, gives [Mp; — Mq ;| < Cp,d(F,G).

23

O

Proposition 5.1. Let F,G € Q. If T is sufficiently large, then there exist a o € (0,1)

such that

d(B(F), ®(G)) < ad(F,G).
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Proof. We only compute |¢;C,i - ¢JC§Z| because ¢ ; — ¢ ;| can be considered by the same
argument. First, we split (b} i ¢ai into three terms as

QS;,i _ ‘1’25,1 — {eﬂi” Sy ori(y)dy B*ﬁ Jo UG’i(y)dy}fi,L(v)
1 T rrn (Ve
T|v1] (/0 e Ly P2 VJ{L/I(y)MF,idy

z 1 T =
—/ e~ ot Jy ”G"i(z)dzyé\;/[(y)/\/lc,idy)
0

1 T v (2)de
(/ e~ 7Tt Jy Pri(2)d ygi(y)Cp,idy
0

T|v1 |
_ / e Iy VGﬂ(Z”ZvS,i(y)CGvidy)
0
=T+ II+1III.

By the mean value theorem, there exists 0 < 6 < 1 such that

, :{e—will Jo ey _ =gy I ”F”'(y)dy}fi,L(U)

| |(;ﬁ f:(179>ap,i<y>+evc,i<y)dy/ (Traly) — 764 (9)) dy fin ().
T|U1 0

Lemma 5.3 and 5.4 give that
|VFi — Vgl < d(F,G),

and hence, we have

1 -1 _rzg r _ _
1] < (@ #ort Jo mdy/ |up,i—VG7i|dy)fi,L(U)

T|’l)1| 0

Clu —tm
(5.2) < e TP f Ld(F,G)

Tlvy |

Cou

< —Hf Ld(F,G).
Tlvy |

We rewrite I1 as the following three terms:

1 o1 T o i(2)dz T T va.i(z)dz
7ol /0 e 7ot Jy Pra2)d Vfl”(y)MF,idy_/o ¢ Tty PO () M sy
1 o * Pa i(z)dz
(53) + T|U1‘ /O (& 7‘|v1| Iy G,I( )d |V§7\4(y) —_ ]/éw(y”MFde
1 o1 T e i(2)dz
+ v | / e 7t Jy et DB M (A (M — M) dy.
0
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For the first term of (5.3), we use the same argument for I to obtain

(5.4)
1 v ¢
/ e T‘Ul‘ f vp,i(z)dz M( )Mdey / e T‘v1| f Ug,i(z)dz M( )Mdey
7|1 0

<

<

<

1 ® 1 Ll T\ (2 e i (2)dz r _ _ _

o] / e T e / 7ri(2) = Pei(2)|dz Pri(y) Mr.idy
1 1 Y

Cou 1

—— e T\I’l\Mdey d(F, @)
T|U1‘ 7'|U1‘
Cru e—WMF,idy ~d(F,G)
T|vl‘

where we used that xe™® < C for some C' > 0. The second term of (5.3) is estimated as

bel

(5.5)

owW:
/ e T Iy PR () M ()| Mpidy
lvi| Jo
Cé,u ¢ — e (z—y)
S e Tlvy | MFde'd(F? G)
T‘v1|

For the third term of (5.3), Lemma 5.5 implies that

(5.6)

f VGZ(Z)dZ M
e T Mg, — Mgi)d
ey Y () (M — M)y
_ Cia

= 7|vy]

e_W(w_y)e_Cf’“|”‘2dy -d(F,G).

Combining (5.4), (5.5), and (5.6), we obtain

(5.7)

As

(5.8)

II < Cpy-d(F,G)- (T|’U1| / Gfﬁ(zfy)MF,idy
0

Um 2
e TrorT (@=Y) o= Ce ulv] dy>.

T|Ul‘

like I, a similar argument gives

1 * _Pm (p_
I1I < Cy, - d(F,G) - <T|U|/ e~ T (® y)CF,idy
1

/ e 7-\171\(m ) C[,urvl2dy)'
T|’U1|

Summing up (5.2),(5.7), and (5.8), we have

|¢;,z - ¢g)l| S C&u : d(F; G) : < | i, T"U1| / e_ﬂvll( MFz +CFz>d

1 x
+ / e_ﬁ(w_y)e_cmv‘ dy |.
loi] Jo
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Multiplying it by (1 + |v|?) and integrating over v; > 0 , we have

¢k — 0¢.illy < Co - d(F.G) - (/ / sz 1+ [v]*)dydv
v1>0

n / / ™A (M + Crg) (1 + v]2)dydo
v1>0 T|U1|

z 1 _Um (p
w [ e O 1 oy ).
V1>

We apply Lemma 4.2 to obtain

|
||¢>;1-¢g,i||L;§ce,u'd<F,G>-( [ [ e Py
v1>0J0 T|Ul|

+/ / 1 e_:m(w_y)e_ce“'”lzdydv).
v1>0J0 7|1

where we used the fact 22" < Ce~®"/2. A similar computation on I7 in Lemma 4.4,
together with the assumption that f; 1, /|v| € L3(R2), gives that

a; s+ Cis InT+1
|¢;i¢aiuésc@,ﬂ[ = ,+( . )}z(m)

By the same way, it can be obtained that

_ _ InT+1
67— 45, (

>d(F, Q).

Summarizing the above estimates and taking supremum over x € [0, 1] on the both sides,
we have

InT+1
T

AB(F), B(G)) < ce,u( >d(F, o)
Finally, if we choose 7 large enough so that Cy . (InT + 1)/7<1, then we get the desired
result. 0

Proposition 4.1 and 5.1 imply that we can apply the Banach fixed point theorem on
our solution map, which completes the proof of Theorem 2.2.
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