Two compressible immiscible fluids in porous
media: The case where the porosity depends on the
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Abstract

Consider a model of flow of two compressible or incompressible and
immiscible phases in a three dimensional porous media. The existence
of a weak solution is obtained for two compressible immiscible fluids
when the porosity depends on the global pressure and on the space
variable.
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1 Introduction and presentation of the model.

As a mathematical point of view, the study of the immiscible flow models
has been investigated in ([1], [2]). In ([2]), the study is performed by using
the global pressure. By this approach, the models are described with one
pressure variable and several saturation variables.

The case of two incompressible phases has been investigated in ([1], [2], [4],
[8]). In ([10]), the authors consider the case of a mixture of a compressible
phase and of a incompressible phase when the porosity is independant of the
global pressure. The case of two compressible phases had been performed
in ([11]) when the porosity is independent of the global pressure. In ([3]),
the authors proved the existence of a weak solution for two incompressible
immiscible fluids when the porosity depends on the global pressure. Here,



we obtain the existence of a solution in the situation of two compressible
fluids when the porosity depends on the global pressure and on the space
variable.

The equations describing the immiscible displacement of two compressible
fluids are given by

at(¢pi8i>(t,$) + dzv(plvl>(t7$) + PiSifP(ta $> = Pz‘Sz'IfI(t737)7 i = 1727 (11)

where ¢ is the porosity of the medium. p; and s; are respectively the density
and the saturation of the #*" fluid. The velocity V; of each fluid is given by
the Darcy law

k‘i(si(t, .CI}))

223

Vi(t,z) = —K(z) Vpi(t,x), i=1,2,

where K is the permeability tensor of the porous medium, k; the relative
permeability of the i*" phase, ji; the constant i-phase’s viscosity and p; the
i-phase’s pressure. The effect of the gravity is neglected. The functions f
and fp are respectively the injection and production terms. By definition
of saturations

si(t,x) + sa(t,x) = 1. (1.2)
Consider the capillary pressure pio defined by

pi2(si(t,x)) = p1(t, z) — pa(t, x). (1.3)

Denote that the function s — p12(s) is nondecreasing (%2 (s) > 0 for all
s € [0,1]).
Therefore the unknown of the problem are the saturation of the first specy
and the global pressure.
Consider now the i phase’s mobility, M;(s;), the total mobility M (s1) and
the total velocity by the expressions
Mi(s:) = ki(si) _ _
z<31> = T, M(Sl) —Ml(sl)—i-MQ(l—sl), V=Vi+W. (1.4)
7

As in [10, 11, 2], the total velocity can be expressed in terms of ps and pio
as follows

M1(81)
M (s1)

V(t,z) = —K(z)M (s1)(Vpa(t, ) + Vpia(s1)).



By defining a function p(sq) such that %(51) = 1\1\61((:11)) dgf (s1), the global
pressure p writes p = py + p. As in [2], V satisfies the relation

V(t7 l‘) = _K(ta x)M(Sl)Vp(t7 33‘)
So the expression of each phase velocity is given by
V,=-KM;(s;)Vp — Ka(s1)Vs;, (1.5)

where

M (s1)Ma(s1) dpi2
M(s1) ds

asy) = (s1) > 0.

The density depends on the pressure of the respective fluid and the porosity
depends on the space variable and on the pressure. Suppose that the density
and the porosity depend only on the global pressure p. This assumption is
valid if the capillary pressure pio is low compared to the pressure of the
gases p; and p2. So we can assume that p; = p;(p) and ¢ = ¢(x,p).

By taking (1.5) into account, the system (1.1, 1.5) can be transformed into

O (ppisi)(t,x) — div(Kp; M;(s;)Vp))(t,x) — div(Kpia(s1)Vs;) + pisifp(t, z)
:pisz’[ff(tax)v 1=1,2, (16)

with the condition (1.2).

Let T > 0 be fixed and Q be a bounded set of R? (d > 1). Consider the sets
Qr =]0,T[xQ and X7 =|0, T[x0f.

The solutions to (1.1) have to satisfy the following boundary conditions.
The boundary 09 writes as 90Q = I'y U I';,, with mes(I'y) > 0. Here I'y
denotes the injection boundary of the second phase and I';,;, the imprevious
one.

s(t,x) =0, p(t,z) =0on Ty,
KVp-n=Ka(s1) -n=0onT,, (1.7)
where n is the outward normal to the boundary I';;,,,. The pressure is kept

constant (shifted at zero) during the time on the region of injection.
The initial conditions for the pressure and the saturation are

p(0,z) = p°(z) in Q, (1.8)
51(0,2) = s{(z) in Q.



Next we shall perform the following assumptions on the system

(H1) The tensor K € (W5*°(Q))?*? and there are nonnegative constants
ko and ks such that

1K [(zoo()yixa < koo and  (K(z)E, &) > ko|£|? for all £ € R a.e z € Q.

(H2) The functions M; and My € C°([0,T];Ry), satisfy Mi(s; = 0) = 0
and Ms(sa = 0) = 0. Moreover, there is a nonegative constant mg such
that, for all s; € [0, 1],

Mi(s1) + Mi(1 — s1) > my.

(H3) (fp, f1) € (L2(Q)?%, fp, f1 > 0 ae (t,x) € Qr, sl >0 (i = 1,2) and

sl +sl=1aein (t,7) € Qr.

(H4) The densities p; (i = 1,2) and the porosity ¢ € C%(R), are non de-

creasing with respect to the variable x and there are p,, > 0, ppr >, dm > 0,

on > such that p,, < pi(p) < ppr for all p and ¢, < @(x,p) < ¢ps for all p

and x € 2. Moreover 0,(¢p1) and V(¢p1) are bounded.

(H5) The function a € C°([0,1];R,) and there is a constant 1 such that
a(r) > 1,

(H6) The functions k(p fo Vé(z,q)dg, ka(p fp ¢(x,q)dg and

ks(p) = [ Az, q)dq are bounded

fr and fp are respectively the injection and production term. Denote that
the assumption (H6) is not performed in ([10, 11]) because in those papers
the porosity ¢ does not depend on the p variable.

Define next

and the Sobolev space
H} (Q) ={ue H'(Q); u=0o0nT4},

together with the norm HuHH1 (@ = [Vl r2(0)d)-

Define g1(x,p) = [; ¢(x,q)p2(q)dq and ga(z,p) = [§ ¢(x,q)p1(q)dg. The
functions Hi(x,p) and Ha(z,p) defined by

Hy(p. x) = 1 (0)or ()B(p) — /0 " 6(0)2 1 (@)p2(a)da, (1.10)
Ha(p, z) = pa(p)g2(p)b(p) — /O " (0201 (@)p2(a)de, (1.11)
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and H; is bounded. Multiply (1.6) taken for i = 1 by ¢; and (1.6) taken for
i = 2 by g9, add the two equations and integrate on §2 lead to

d

d
7 QslHl(x,p)d$+dt/gsng(x,p)dx

+1épampxm¢u4»maca>+A@&a»Kvp-Vp¢n

+ [ KVp - (putis0) [ ot s~ padate) - [ .o a)prda)da
+/QK041(51)(01+P2)/0 Vo(x,q)p2dq - Vsy dx

+ /Q (p1(P)g1(p)s1 + p2(p)g2(p)se) frdx

:AW@M@M+W@%@%MM.

The main result of this paper is the following

Theorem 1.1. Let (H1) — (H6) hold. Let s?, p° be defined almost every-
where in Q. Then there exists (s1,p) satisfying

0 < si(t,x) < La.ein Qp, s; € L*(0,T; Hy,), ¢(p)pi(p)si € C°(0,T; L*(R)),i = 1,2,

the boundary conditions (1.7), the initial conditions (1.8, 1.9) and the weak
formulation for all ¢ € L*(0,T; H%l),

(Oc(ppisi), ) + / pi(p)Mi(s;)) K Vyp - Vo dzdt

T

+ Kpi(p)a(s1)Vs; - Vodrdt + / pi(p)sifp pdxdt
Qr Qr

:/ pi(p)sifrpdxdt. i=1,2. (1.12)
T

Remark 1. If one of the phase is compressible, Theorem 1.1 still holds and
constitutes a generalization of the results given in ([10]) in the case of one
compressible phase and one incompressible phase. This is mainly due to

Opp > 0.

Remark 2. Assumption (H5) avoids the degeneracies in 0 and in 1 for
a. By reasoning as in ([11]), the problem of degeneracies can also been
considered.



This paper gives a generalization of the strategies developped in [10, 11].
The method is extended to the situation where the porosity depends on
the global pressure p and on the space variable x. The situation when the
porosity depends on the global pressure has only been considered in [3] for
two incompressible flows. Denote that the case where ¢ depends only on p
can be solved by arguing as in [11] by changing p; and py into ¢p; and ¢ps.
This paper is organized as follows. The second section is devoted to the
resolution of an elliptic system which is a discretized version of (1.6). Section
3 deals with the passage to the limit in this discretized equation.

2 Study of a nonlinear elliptic system.

As in ([11]), consider the following equation which is discretized in time,

(¢pi)(x, p)s; — ¢*pf sy
h

— div(Kpi(p)Mi(s:)Vp) — div(Kpi(p)a(s1)Vsi)
+pi(p)sifr = pi(p)si fr,  i=1,2, (2.1)

together with the boundary conditions (1.7) and the initial conditions (1.8,
1.9) in the Hilbert space L?(f2). Let Py in L?(f2) be the projector on the
first IV eigenvectors of the operator

p— —div(KVp)

defined on Hy, (Q) for the boundary conditions (1.7). Let Z be defined by

0 for s <0,
Z(s) =X s forsel0,1],
1 fors>1.

For N > 0 and & > 0 fixed, consider (p™V, sjlv’e) solution to

(dp1)(z,p*)Z(57°) — ¢* pi st

h
. p1(z,p™Ve) N pe
*PNd“’<K(WM1(Sl )<V73N(/0 ¢p2(x,q)dq)

N,e

- /p Vé(z,q) p2(q)dq>
0

~div(Kpr (7Y 9)a(s1") V1)) + r (07) 2(17)
= p1(p™%)s1 11, (2.2)



N,e Ny s % %
(¢p2)(x7p )Zh(SQ ) ¢ p282 —d’“)<Kp2(pN’g)(M2 +6)va7€>

_dw<Kp1(pN’E)a(sjlv’E)VséV’€> + p2 (PN Z (55 %) fp

= p2(p™)sifr,  (2:3)

together with the boundary condition (1.7) and the initial conditions (1.8,
1.9). P% is the adjoint operator of Py for the scalar product of L?(Q).
First, the existence of solutions to (2.2, 2.3) is performed in the following
proposition where the dependence of solutions on parameters N and € is
omitted.

Proposition 1. Let ¢*pisi € L?. Then there exits (s1,p) € Hr,(Q) x
Hr, (), solution to (2.1) in the following weak sense

/ (d)Pl)(x,p)Z(sl) — ¢*p>{8>{ (’de
Q h

p1(p) ’
+/Q(¢/)2)(LP)M1(81)K[V$PN(/O (¢p2)($,q)dQ)

—/Op Vo(z,q) pz(q)dQ] - Pn(Ve)de

/Km o(s1)Vsy - Vsodzr+/ p1(p)Z(s1) frpdx

T

= / p1(p)si fredz, (2.4)

/Q(¢,02)(95 ,P)Z(s2) — ¢*P232§d +/ 2o(p)(M; + €)KV,p - VEdz

/Kpl a(s1)Vsg - V§d96+/ p2(p)Z(s2) fpédx

— /Q po(p)sh fréda, (2.5)

for all (,¢) € Hr, () x Hr, ().

Proof. (Proposition 1.) Consider s; solution to

(¢p1)(x,p)Z(51) — ¢"pisi
h

~piin (KLl 50) (VP [ opa) i) - [ V(o0 pnlala)

(¢p2)(z,p)
—div(Kp1(p)a(51Vs1)) + (D) Z(51) fp = pr(P)sif1. (2.6)

7



For s3 =1 — sq, let p be solution to

<¢p2><x,p>2f<fz> P i (Kpa() (Ma(52) + ) V)

—div(Kp1(p)ou(51)Vs1) + p2(D) Z(32) fp = p2(D)ss f1. (2.7)

The map 7 is well defined on L?(£2) by using succesively the Lax Milgram
theorem in (2.6) and in (2.7). O

Lemma 2.1. 7 is a continous and compact map from L? into itself.

Proof. (Lemma 2.1.) Consider a sequence (515, p,) bounded in
L*(Q) x L%(2). The sequence (s, py,) satisfies

/ (¢1) (2, Pn)Z(s1.0) — §*pis]
Q h

pdx

@ Pa) L
+/Q (¢pz)(x,pn)M1(1)K(vpr(/o (¢p2)(z, q)dq)

-/ Vo(x,q)p2(q)dq) - Pn(Ve)da

+/QK01(Pn)04(51,n)V81,n‘V¢d$+/ p1(D,)Z(s1) fpedz

T

- /Q pr(Bo)s! frode,  (2.8)

/ (9p2) (2, Pn) Z($2.n) — " P55
Q

A Edx + / p2(D,,)(My + €)KVp, - V&dx
0

+/ Kpl(ﬁn)a(sl)V@m . V§d$ +/ pg(ﬁn)Z(ng)fpfdx
Q Qr

— / pa(B,) sk frde,  (2.9)

T

for all (p,&) € Hr, () x Hr, ().
So by taking ¢ = s1,, € Hr, () in (2.8) and by using the assumptions (H5)
and (H6), it holds that

Pn
/Q (Vs1,02d2 < €+ Cllsinll2agy + CIVPN( /0 (6p2) (@)dall2 .



where C' is independent of n. So

IN

Pr
C| /0 oz, 0)p2()dd| 2

Cnpmdum Pyl 22

HPN (¢($7ﬁn)p2(ﬁn)vﬁn) HLQ(Q)

IN

So from the Poincarre inequality, (s1,,)nen is uniformly bounded in H%l (Q).
By taking £ = p,, in (2.9), it holds that

e [ 19paPde < OO+ [0
Q
By using the Poincarre inequality, (p)nen is bounded in H%I(Q) Hence 7
is a compact map in L?(2) x L*(Q). O

Lemma 2.2. There exists r > 0 such that if (s1,p) = A7 (s1,p)
with A €]0,1[, then

[(s1: )| L2(@)xL2() < T

Proof. (Lemma 3.8.) Assume (s1,p) = A7 (s1,p). Then (s1,p) satisfies

(¢p1)(x,p)Z(51) — ¢ pisi
)\/Q . pdx

p1(p)
) /Q S MUK (P ((692) () V)

P
- /0 V¢($aQ)P2(Q)dQ> - Vo Pndx

/Km a(s1)Vsy - V<Pd$+/ p1(p)Z(s1) frpds

T

.\ / i (p)s! frode,
T

A/ (¢p2)(z.)2 ( 2) = ¢*p282£dx+/p2(p)(M2+5)KVp'V§dx
Q

/ K pr (p)a(s1) Vs - Véda + A /Q pa(p) 2 (52) fréda

= A : pa(p)sh fr&dz,  (2.10)

for all (p,&) € HFI(Q) X le(Q)
By setting ¢ = ¢1(z, p) fo x,q)p2(q)dq € H%l (Q) and



&= ga(z,p) fo x,q)p1(q)dq € H%l (©) and by adding the two quantities,
it holds that

3 [ (000)2(61) = 0615001 0) + (992 (0)Z(52) — 6" B555)02(0) )

“/Q <£§§f<)p> M (s1)KPy ((6p2)(p) VD) - P ((6p2)(p) Vp)da

# [ o wn(ekPa( [ ot pia) - 9.Pu( [ e pitain)a
+ [ Ka(s)¥sn - ([ Votwn)ala) ~ m)de) ) da

+ [ k) (e + )| VpPda

+/ p2(p) (M2 +e)KVp- </0p V(z, Q)m(q)dq)dx

/ Kpi(p)a(s1)Vsi - Vedz + / (p1(P)Z(51)91(p) + p2(P)Z(52)92(p)) fPdx

Qr

= [ (0 010) + pa(p)shfrsntr)

So we get the estimate
[ IVelds < | [ Kpupas () V- ([ Votaa)oala) - mla)ida)]

p1(p) P P
“‘/Q (qbpzl)(x,p)Ml(Sl)K( /O vm(x,p)pz(q)dq) - VP ( /O (¢p2)(q)dq)|dx

P
+| [ )0+ 290+ ([ Vol a)palaia)
selllfolagy + 1 F1l2ag + 6%01stl + 6% p3s30)- - (2.1)

Remark 3. Denote that € garantees that there is k > 0 such that
(M3 +¢) > k. My does not satisfy such an inequality because My(1) = 0.

From Green formula, it holds that

IS (<) >M1 51K / V(. p)pa(a)da) - VP /Op(¢02)(Q)dQ)dx

/de pl / Ved(x,p)pa(q )dq>77N(/p(¢p2)( )dq)

“am

de / Va.o(x,q)p2(q)dg PN/ o(x,q)p2(q)dq

10



with

/Q (qﬁ,il)(g,)Ml(sl)K div /Op(Vcb(w, Q)pZ(Q))dQ)PN(/Op é(x,q)p2()dg

— / (pl()Ml(Sl)K (pr V(b(l‘,p)pg p PN /pgb x’q pQ(q)dq

$p2)(z,p)
p1(p)
/Q(¢P2)(!L’,]9)M151 /Acbwqu quN/cbxqu()d

From Cauchy-Schwartz inequality and assumption (H6), it holds that for
any 7 > 0,

P P
\/ ¢p2 ) 31)K(/0 qu(:c,p)pz(q)dq) .VPN(/O (¢p2)(q)dq)dz|
<C+ T(vaH%Q(Q) + HVSH%Q(Q))

From the Cauchy-Schwartz inequality, it holds that for any 7 > 0,

[ Koo Vi ([ Fotea)eata) - pr(a)in)

~ 4
< 7| Vsi1]2 + ) / Vé(z, q)dall
0

[ oo+ 250+ ([ Vot apalaia)aal

~ P
< 7|Vpl? + &) /0 Vé(a, q)dall.

A / m Doy MasKP (602)(9)Vp) - P / V(. p)pa(a)da) da
< Ar||Vp|)? +C||/ Vo(x, q)dg|*.
0

Hence (2.11) leads to

~ P
/Q Vpl2dz < & /0 V(@ q)da|]? + ]| Vs |

el fplBagy + 1 rl2aq + 1670355l + 16 p3s3ll). (2.12)

11



Hence by taking £ = —s; in (2.10), we get

/ Kp1(p)a(s1)|Vsl|2da: _ )\/ (¢P2)(p)2(22) - ¢*p58381dx
Q Q

+/ p2(p)(My + e)KVp - Vsidzr + )\/ p2(p)Z(s2) fpsidz
Q Qr

+A pQ(p)Séf181dl'.
Qr

From the Cauchy-Schwartz inequality, we get for any 7 > 0,
| 2®)(0z + K- Tsada < 7V + C .
Q

So by chosing 7 small enough, it holds that
IVs1]? < C+ OVl
So by using the inequality (2.14), we get

IVsil* < O+ 7| Vsy|?

T+ CUFP gy + 11l + 167 pisill + 19 p3s3 ).
Hence, by chosing 7 small enough we obtain
with C independent of A and the result follows from (2.14). O

Proof. (Proposition 1.) So the Leray-Schauder fixed point ([12]) theorem
can be applied. This proves the existence of a solution to the system (2.4,
2.5). Then Proposition 1 is shown. O

By arguing as previously with A = 1, we can prove as for (2.14) that
[Vsillz2@) < Ch

with (1 independant of N. Then reasonning like for the proof of 2.14, we
can prove that p satisfies

— P
/Q Vpl2de < & /0 Vé(z, q)da|l® + ]| Vs

+ el fpl2a@) + 111220 + 167 pisTl + 1675531, (2.14)

12



with ¢; independant of V.

Therefore (s1 n,pn) converge to (s, p) weakly in H%l(Q), strongly in L?(Q)
and a.e in . By arguing as in ([11]), we can pass to the limit with respect
to the N variable in the system (2.4, 2.5). Thus the following system is
obtained

/ (Pp1) (2, pe) Z(51,) = 9" pis
Q h

oo + / p1(p) M (1)K Vs - (Vip)da
9

+/ KPl(Ps)Oé(Sl,s)VSLE-Vsoder/ p1(pe)Z(s1,¢) frypdx
Q

T

:/ pl(ps)s{fjgadx, (2.15)

T

/ (9p2) (2, pe) Z(52.) — 9" P55
Q

! do+ [ palp)(Ma+ K Vap. - Véda
Q

‘|‘/ Kpl(ps)a(sl,e)VISQ,s : ngdx +/ Pz(ps)Z(52,s)fPfde
Q

T

:/ pg(pe)séfjgdx, (2.16)

for all (¢,&) € Hr,(2) x Hr, (£2).

In order to obtain compactness on the sequences p. and sq ., we shall use
the following lemma which furnishes uniform bounds on Vp, and Vs; . with
respect to €.

Lemma 2.3. There are nonnegative constant c¢i and ca independent of
such that

/IVPEIQd:cdt <e, (2.17)

Q

/ a(s1,.)|Vs1e|?dadt < ca. (2.18)
Q

Proof. (Lemma 2.3.) By taking ¢ = g1(p) € H%l(Q) in (2.15), £ = g2(p) €

13



H11‘1 (Q) in (2.16) and by summing these quantities, it holds that

1

h/Q ((((bm)(:v,psZ(SLs) — ¢*pist)g1(pe) + ((dp2) (2, pe) Z(s1,6) — ¢*p§8§)92(pe))dx

+/ p1(pe)p2(pe) (Mi(s1,2) + Ma(s2c) + €)KVp, - Vpoda
)

+ [ (020519010 + p2(p) Z(s2)02(02))

—/Q(pl(pa)S{gl(ps)+pz(pe)3§gz(ps)>f1d$-

By using assumption (H2), we have
Mi(s1,e) + Ma(1 = s1¢) +& > mg.

So there is C' > 0 independent of € such that
/Q (Ve < CIfp 122y + 111132y + 167075 2200y + 16703550220

Therefore the inequality (2.17) is shown.
By taking ¢ = —s1 . in (2.15), it holds that

Z s _ * *S*
/ Kp1(p.)a(s1.) Vst - Vsy oda — / (¢p2)(p) <h2> COI g
Q Q

+ [ o) 2+ KT Tsrdot [ o) Z(s0) o
Q

T

+/ pg(p)séf[sldx.
T

From assumptions (H1), (H4), (H5) and by using Cauchy-Schwartz inequal-
ity, it holds that

/Q Vs1e|?de < C + 01||Vp”%2(9) + CZ(HfPH%Z(Q) + ||ff||%2(§z))'

Then, by using (2.17), (2.18) follows. O

The passage to the limit with respect to € is performed in the following
proposition.

14



Proposition 2. Let sf > 0, pf > 0, ¢* > 0 such that sipi¢* € L*(Q).
Then there is (s1,p) € H%I(Q) X H%I(Q) such that 0 < s; < 1 a.e. in )
satisfying

/Q(<l5pl)( p)s1 — ¢ pi 9Oaggch/pl(p)Ml(sl)KVlD'(V<»0)d$

/Kpl a(s1)Vygst - VSDdﬂer/ p1(p)si1frydx

T

- / ()] frode,  (2.19)

/Q(éf)m)(m ,D)S2 — ¥ p5 s’ 2¢dy +/ 2 () Ma(s1)KVp - Veda

/ Kpi(palsn) Vs - Véde+ [ pa(p.)safreie

T

= / pa(p)sh fréda, (2.20)
fO’/’ all (90,5) S HFl (Q) X HF1 (Q)

The proof is analogous to the proof given in ([11]). O

3 End of the proof of Theorem 1.1.

In this section, the aim is to pass to the limit when A — 0 in order to get

the continous problem in time. Consider 7' > 0, N € N* and h = % Define

the sequence (s, pj,)nen by

0 0 0 0.
Ph=DP, Sin=25 in €.

Let (fp); ™ and (f;)} " be defined by

L1 (n+1)h L1 (n+1)h
Uit = [ aewan (Gt = [
nh nh
(n+1)h
(shyptt = © / sl (r)dr
h nh

15



For all n € [0, N —1], consider (s, p};) € L2(9) x L*(Q), with 0 < sip <1
and let (s Z‘Zl,pzﬂ) be solution to the system

(dp1) (o )sTHE = (0p1) (p)sT

,h . n n n
. — div (K (pr (o )M (55 1)V )
—div(Kpn (o)) Vast ) + pr (0 ) (e

= oY (D), (3

T n+1 Sn-l—l . "
(¢P2)( » Pp, ) th (‘Z’PZ)( 7ph) —d'l'l)(KpQ( n+1)(M2(Sg—]|—ll))vpn+l)

—Cl’LU(K,Ol( n+1)a( ;H};l)vSnJrl) +p2( n+1)571121(fp)2+1

= p2(p (D) ()R (3.2)

with the boundary conditions (1.7). Proposition 2 implies that the sequence
is well defined.

Lemma 3.1. There is C' independent of h such that

b [ IS Moo st + Mol SR~ M) )

< T/ (Vi Pde + CU(f)n 72 + 1R IE20), (3-3)

7 [ 0en DS R = @)t Pide + [ V517 e
< C(H(fP)zHHH + ||(f1)n+1||L2 ki HVPHHHH(Q))- (3.4)

Proof. (Lemma 3.1.) By reasonning as in ([11]), it holds that

[(p19)(z,p)s1 — (p19)(p*)s1]g1(p) + [(p20) ()52 — (p26)(P”)s5] g2(p)
> Hi(p)s1 — Hi(p*)s1 + Ha(x,p)sa — Ha(p”)ss. (3.5)

By multiplying (3.1) with g1(p}'*?), (3.2) with go(p}*') by adding the two

16



obtained equations and by using (3.5), it holds that

1
h/ﬂ (Hl(w Pt st = Hala, p)st, + Ha(z, pp ) sh it — H2($7Pﬁ)83,h>da?

[ MK [V

+ / (o1 (p st (™) + pa (o™ )s5 3 g2 (0 ) (P dae
/(pl(ph)(ﬁ)ﬁﬂgl@h )+ p2(pp) (D) g2 (0 ) de
+\/Kp1 n+1 )M (s n+1)vpn+1 /Opv¢(x,q)p2(q)dq>dm|
+| / Kpu ()M (sﬁl)vs?f'< /O pV¢(x,q)p2(q)dq>d$|
+| / Kpa(py ™) M: (SSZI)VP"“ /O pvcb(w,Q)m(Q)dq)d:rbigl
+\/Kp2 ) M, (s Vst (/Opng(a:,q)pl(q)dq)dx’.

By using the Cauchy-Schwartz inequality, for any 7 > 0 there is a nonnegtive
constant C, such that

D
| / K1 (pj )M (S?Zl)VP"“ /0 V¢($7Q)P2(Q)dQ)d$’

< C+lIve P,

[ Kot ez vst - ([ ot amada)al

<C+ THVS”“HQ

4
| / Kps(pp ™) M. (Sgﬁl)VP"“ /0 V¢($7Q)01(Q)dQ>d$|

< C+ 7|V P,

P
| etV ([ Vot g @da)ar

<C+ THVS”HHQ.

17



So (3.3) holds by chosing 7 small enough. In order to get inequality (3.4),
multiply (3.1) by (¢p1)(»}™") and integrate on €. So we get that

i [ (@Gt = @ h)sta) o) i) da
/ (Kpr (0 ) sy 1) Vit - V((0p) () s da
/ K o (p 1) M (575D Vit - Y ((6pn) (0 ) s ) d

+ [ SO AR o
< [ oo s DR (e

From the relation

V((dp1)(x,p ™) = Vé(z, p ™)1 (pp ) + 8o (a, pi ) Ve ey (pp )
+ ¢z, e (Ve

it holds that

1

o o (@)@ SR = [(0p) () Vst ) o

/K|p1 el ("H)a(s?#)ves’le-Vs?ﬁldw
< [ Koo @l g 0m G + My 6o (0 IVEL - T
+ [ Kol M) (0o R T P+ CER) I+ 131,

By using the assumptions (H1), (H4), (H5) the proof of Lemma 3.1 follows.
O

For any sequence (u})nen, denote

uh(o) = 07
N-1
t) = upXjunmrnn((t), vt €]0,T], (3.6)
n=0
N-1 " t
an(t) = Y (L+n—pyuh + ()0 Xpn eeon (0, VEE0,T). (3.7)
n=0

18



So,
LNl
Ogtiy, = 7 Z (UZH - UZ) Xjnh,(n0p((t), V¢ € [0, TN{UL_gnh}.

n=0
Let py and s;, be defined as in (3.6). In the same way we define 77", the
function such that ", = (¢p;)(p})s1,n and 7}, the associated function as in

(3.7).
Analogously we can define the functions fp; and f7} associated to f}ﬁ*,;l
and f77.

Lemma 3.2.

(pn)n is uniformly bounded in L*(0,T; Hr, (R)), (3.8)
(s1.1)n is uniformly bounded in L*(0,T; Hr,(Q)), (3.9)
(ri.n)n s uniformly bounded in LQ(O,T; Hr, (), i=1,2, (3.10)
(0¢Ti n)n is uniformly bounded in LQ(O,T; (Hr,(Q))), i=1,2. (3.11)

Proof. (Lemma 3.2.) Multiply by (3.3) by h and sum from n = 0 to n =
N -1,

[ (P onT) 51(D) + Haon(T)) so(T)) i+ [ Voo

T

</Q(H1(po) Sl,h(0)+H2(p0)32,h(0)>d5U

a1 [ [FsunPdadt+ CQ1 eIy + 11 e
T
By summing (3.4) from 0 to n = N — 1, it holds that

/Qfﬁlm(ph(T))sl,h(T)!?dx+/ Vs1p|*dadt

T

< /Q 6 1512(0) Pz + Ol fpl22i0p + I1f1lB2(0r)

+/ Vop|*dadt. (3.12)
T

So

izt < [ () s1.0) + Halpo) s01(0)) o

T

+ T/(Z)|81’h(0)’2d$+7'/ \Vp|2dadt
Q

Qr

+ CUPlT2(gr + I11IE2gp)-
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And the control of Vp follows by chosing 7 small enough. The control of
Vs1p is then given by (3.12). As

N-1
Vrin = Y (0p(dpi)sin Vo + (00:) (Pr) Vi) Xjnh,(nt1)h)-

n=0

(H4), (3.8) and (3.9) lead to (3.10).
For any ¢ € L?(0,T; H%l(Q)),

(OiTin, o) = — /Q pi(pr) Mi(si ) KV - Voddt
T

- / pi(pn)a(sin)KVsy )y, - Vodadt

T

- / Pi(ph)si,hfp,hcﬂdlfdt—/ pi(pr)sinf1ppdadt.

T T

So from the previous estimates, (3.11) is obtained. O
By arguing as in ([11]), we can show the following Propsition.

Lemma 3.3. For v;p, Tin, S1,h, Pn and M,y defined previously, it holds
that when h — 0

Tin — Tip — 0 strongly in LQ(QT),

s1,, — 81 weakly in L*(0,T; HE (Q)),
pn — p weakly in L*(0,T; H%l(Q)),
rin — T strongly in L3(Qr).

Proof. (Theorem 1.1) Consider the following weak formulation for any i €

{1.2},

(O by ) + / pi(pr) Mi(si ) KVep - Viodzdt

T

+/ Pz’(ph)a(si,h)Kvsl,h'v@dxdt“‘/ pi(pn) sin frnypdrdt
T

Qr

— / pi(pn) (sDn frnedrdt, (3.13)

T

where ¢ € L2(0,T; H*(Q)).
According to Proposition 3.3, we can pass to the limit into the equation
(3.13). So Theorem 1.1 is establised. O
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