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Context

Objectives: development of models and numerical methods

> robust
> fast

» accurate

— plasma physics applications (Inertial Confinement Fusion context)

< enable to study long time regimes (hydrodynamics scales)
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Introduction

Plasma: set of atoms totally ionized. Electronic transport, fixed ions

Kinetic description: electron distribution function f(t, x, v),

— Resolution of the Vlasov or Fokker-Planck-Landau equation:

% T V.Vkf + %(E + v x B).Vuf = Coo(f, f) + Coi(F),

advection term force term

collisional ~ terms

Ce.e : electron/electron collision operator,

)

> C.,;: electron/ion collision operator.

— Accurate but numerically expensive
Hydrodynamic description: cheap but less accurate for far equilibrium regimes.

— Intermediate description, angular moment models.
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Electronic M; model

< Angular moments extraction: v = ( Q with ¢ = |v|.

f(¢) = ¢ /5 f(v)dQ, fi(¢)=¢? . f(VQQ, H(¢) =¢ . f(v)Q ® QdQ.

Vx

Set of realisable states

A= ((h, ) ERXR, 20, |l <h)U(0x0p).

Vz

Collisionless electronic M; model

Befoy + V. (CR) + %ag(flf) —0,

Vy

Oefi + Vi (CH) + %ag(ng) - mic(foE — hHE) - %(ﬂ AB)=o0.
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Closure

Different closures:

The Py model : projection on Legendre polynomials.

Example: the P1 model

f = Ao(C) + A(€).2, Ao(¢) = fo(€)

4’

) =389,

The positivity of the distribution function is not ensured.
— Positive closure: Py positive model

< My model: entropy minimisation problem?

'Hauck, McLarreen, 2010
2G.N. Minerbo, J. Quant. Spectrosc. Radiat. Transfer, 1978.
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The M; model

Determination of £ as a function of f and fi: Entropy minimisation problem®:*.

min{ #(F) / WCeR", ¢ [ F9.0d2=6(0. ¢ [ f@.0000=4()}

with H(f):/ (f In f — FdQ.
S2
Entropy minimisation principle °:
F(Q2,¢) = exp(a0(Q) +a1(¢) Q) 20, a(Q) R’ a(¢) ER.

Expression of f:
o (LX) P A fy

2 2 |A| A
with

2 4

3G.N. Minerbo, J. Quant. Spectrosc. Radiat. Transfer, 1978.
4D. Levermore, Moment Closure Hierarchies for Kinetic Theories, 1996.
5B. Dubroca and J.L. Feugeas. C. R. Acad. Sci. Paris Ser. |, 1999.
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Limit of the M; model

< Accurate for isotropic configurations or configurations with one dominant
direction®.

of the M1 model for kinetic plasma studies?
Investigation of: particle beams interaction, Landau damping and laser-plasma
absorption.
— Limit of the My and M, models for collisionless regimes’
— Application to inertial confinement fusion

— collisional plasmas

5Dubroca, Feugeas and Frank. The European Phys. Journal 2010.
7Guisset, Moreau, Nuter, Brull, d’'Humigres, Dubroca, Tikhonchuk. J. Phys. A:
Math. Theor. (2015).
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Collisional operators
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Collisional operators

The Fokker-Planck-Landau equation
of

3¢ FV-Ukf + %(E v x B).Vf = Coolf, ) + Coi(F),

Ceelf,f) = aeedivv( /

v/ ER3

S(v — V)V F(V)F(V) — f(v)va(v’)]dv'),

Calf) = adiv [S()V.F(v)], S(u) = ﬁ(|u|2ld —umu).

< Cee non-linear: complex angular moment extraction

Simplification

Cee(f7 f) ~ Qee(fb) = Cee(ﬂh fO)Bg
Admissibility requirement

Cee(f7 f) ~ Qee(f) = Cee(fy ﬁ))g

8Berezin, Khudick and Pekker (1987), Buet and Cordier (1998).
9J. Mallet, S. Brull and B. Dubroca. Kinetic and Related Models (2015).
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Collisional operators

Not admissible M; model:
E
0ufo + V() +0c (T h) = Qu(h),

9E (f—£) = Quf).

E
Behy + Vi (CR) + ag(%ﬁ) - Z:g

Collisions operators

Qo(fo) = creec (¢2A(<)a<(i;) — <B(<)fo), Qu(h) = —ae;%';l,
AQ) = /000 m"”(cl 3)# fo(p)dp, / min % Mi 3&(%)@;,

Modification: M, model*®

Oefo + Vo (CR) + ag(qE ) = Qulh),

e+ Vo (CH) + ac(%fz) qi(fo — ) = Quf) + Qulf).

10). Mallet, S. Brull and B. Dubroca. Kinetic and Related Models (2015).
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Collisional operators

Fundamental properties of the M, collisional operators!?:
> admissibility
» H-theorem (entropy dissipation)
> conservation properties
>

caracterisation of the equilibrium states

— Long time behavior: derivation of the plasma transport coefficients.

Boltzmann — Chapman-Enskog expansion: Navier-Stokes

Fokker-Planck-Landau — Spitzer-Harm approximation: Electron collisional
hydrodynamics

Electronic My model — Spitzer-Harm approximation: Electron collisional
hydrodynamics.

— different plasma transport coefficients

). Mallet, S. Brull and B. Dubroca. Kinetic and Related Models (2015)
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Electron collisional hydrodynamics
Strongly collisional fully ionised hot plasma:

f(t,%,¢, Q) = Fo(C, Te(t, %), ne(t, X)) + Fi(t, %, ¢).Q

where
Me 3/2 meC?
FolGs T, 6. 2) = (6.9 () P (= Y,
o(C, Te(t, X), ne(t, X)) = ne(t,X) ) Pl amen
Density, momentum and energy conservation laws:
88": + Vs.(nelie) = 0,
argtue + V)?(neﬁe ® ﬁe + %Td) = 0,
oT. 2 . 2 ~ 2 2o
e VX Te *Te x-\Ue ~—— Vx. = E
8t+uV( )+3 V(u)+3neV (9) 3neJ
where
- - 4re L2 oo
j=—ende=-=7 | RGde, d=T | F(me® -5T)CdC.
0 0

< Closure: derivation of F;
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Plasma transport coefficients

Long time behavior

meC2
Te

S

57 V(T

—5)|=—

eE*
= i
o€ T. +
with . .
E*=E+ (1/en.)Vz(neTe).
< Solve an integro-differential equation.!?

13,14

— Expansion of l?l on the generalised Laguerre polynomials

Closure . = .
J=0E +aViT,, G=—aT.E*—VsT,

2|, Spitzer and R. Harm. Phys. Rev. (1953).
13S.I. Braginskii. Reviews of Plasma Physics (1965).
14S. Chapman. Phil. Trans. Roy. Soc. (1916).
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Plasma transport coefficients®®
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15Guisset, Brull, Dubroca, d’Humigres, Tikhonchuck: Classical transport theory for
the collisional electronic M1 model. Submitted.
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Asymptotic limits and numerical
schemes
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Asymptotic limits and numerical schemes

— Study of the numerical schemes behaviors in long time regimes
— Severe constraints apply on classical schemes

Can not capture the asymptotic limit under acceptable conditions

Objectives: derivation of numerical methods which capture the correct
asymptotic limit

< Asymptotic-Preserving (AP) schemes
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Long time behavior and singular limit

» Different scales:
)\Deque << ey Tl << L, T

Quasi-neutral limit (t* >> 75)

g TRV v %(E v X B).V,f = Coolf, f) + Coi(F),
9F _ _J
ot~ o2

with o = 7 /™.

Diffusive limit (t* >> 7o)

Of v %(E +vxB)V,f= éce,e(f, f) + éCe,,-(f),

ot
9E _ J
ot e3a?

with &% = Tei /1"

< Constraints on the numerical schemes
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Quasi-neutral limit
As o — 0, impossibility to compute E"*.

< Reformulation®® of the M;-Maxwell model®’

Time semi-discretisation

f].”-*—1 — fln n n+1 n En+1 n n n n
Ae -t VACE) (BT + S (R~ ) = QolE) + Q).
Electri : oo
ectric current: j" _ 7/ ﬂ"{d(j,
0
jn+1 —j" _ Bl(fbn f.ln)En+1 + ﬁZ(fbn fln) aZE" . J-n
At : M AP +0(R A7) + 1
En+1 _E" B _jn+1 - az o .
N —xp P A

If o — 0 we can obtain E™™, At is not constrained by o (asymptotic stability).

< Realistic collision operators
— Application to Fokker-Planck-Landau

6Degond et al. (2012)
17Guisset, Brull, d’'Humigres, Dubroca, Karpov, Potapenko. To appear CICP.
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Diffusive limit!®

Diffusive scaling: f=1t/t*, X=x/x* V=v/vm
such that 7/t = €2, Aei/x" = €.
Dimensionless system
{ €0efo + (Oxh + EOcfi = 0,
E 20 fi
fi+ COb + EOch— —(f— h) = —2 1L
€0tfi + COxfh + EOc o C(o 2) &

Hilbert expansion
fOE — fE)O +5f£)1 + ()(2,_:2)7 f-le _ flO +€f]_1 + 0(52).

Limit equation £ =0,
4
atfo"+gax(_6%axfg° & By el C )+E6<(_ia fy— C o”'cfo 3C fo) =0.

— Mixed x and ( derivatives.

18Collaboration with R. Turpault
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Derivation of the scheme: problem setting

» Simplified case: no electric field

Model and diffusive limit

£0ify + COf7 =0,

ot 4 ot - _2?(3,% a2t x)—gax(%&)axﬁ?(t,x)) —o.
Limit of the HLL scheme:

G B BRES

L L RN T AT 1)

. . . C A
— HLL numerical scheme: Unphysical numerical viscosity in O(—X)
€
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Harten Lax and van Leer formalism

Riemann problem for hyperbolic system of conservation laws
o:U + 0F(U) =0,

with U € R",x € R, t > 0. Initial conditions

U( t—O)— U if x<0,
CEEY T Y Uk i x>o.

< Self-similarity of the exact Riemann solution U(x/t, UL, Ur)
Approximate Riemann solver ¢
. A1 Al Al
U=U. if x/t<),

URP(X/t, UL, UR) = Ue Iif M1 < X/t < Ak

UL Ur

U/+1 =Ugr If X/t > N\

V %
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Harten Lax and van Leer formalism

Consistency with the integral form of the hyperbolic system
& At
/ (8:U + 04 F(U))dxdt = 0,
Ax
-2

— F( F(UL Z)\k(UkJrl )

Godunov-type scheme
Ut — = /’“/2 UP (x, £ V)dx.

Xi—1/2

U(x, t" + At) = URP(X — Xiy1/2

m, U[7 Ui+1) If X € [X[,X,'+1].

Conservative form

At
n+1 n__ 2t n _Fn
Ui = U; AX(FH'% Fi—%)?
F,-l% = F(U!, Ulya),
I
. 1
with F(UL, U) = 5 [F(UL) + F(Ug) — ; Il (Ui — Uk)].
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Derivation of the scheme

Source terms: approximate Riemann solvers which own a stationnary

discontinuity'®*® (0-contact discontinuity).

t
—ax A ax
Ut if x/t < —ax
Unl/2) U™ if —a,<x/t<0 Ui Ur
R(X/t) =
UR" if 0 < x/t < ay
UR if ac < x/t U Ur
X

< Two intermediate states U"*= ()", f*) and U™*= *(£}*, £7).

CFL condition At < g

— 2ay
Numerical scheme

Ut — axAt | g 2a, At

ayAt

Ax Ui+ (1 - Wi+

Ax

19F. Bouchut, Frontiers in Mathematics series (2004).

20] . Gosse, Math. Mod. Meth. Apl. Sci. (2001)
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Derivation of f*

Consistency condition for f*

£ = i+ A L(Cf'? — () — /aXAt /At o(x)h(x, t)dtdx
T2 23,2 2 C32aAt soae o we '

Approximation

ax At At
ZaXAt /a At/O o(x)f(x, t)dtdx ~ G At & = o(0).

Definition of £*> 2!
* 2a,(° i+ A7 1 R L
= ——(hH —<C¢hH)]|.
b 24,03 + 25 Ax [ 2 2ay (Ch = ¢h )]

21C. Berthon and R.Turpault. Num. Meth. PDE. (2011).
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Derivation of f* and £**

Consistency condition for fy

i+ R+ 1 R i
5 == _E[Cﬂ - Cf]
Definition of f-* and f*
fi'=Hh-T, . R 1
OR :) fO: 0 5 0 —27[§f1R—<flL]
for =fh+T. &

The Rankine-Hugoniot conditions gives I

A A (o} ) i
¢ =S5 —f = (A =26 + A7),
i =f' — (A =) )

Admissibility conditions: modification of fr* and £*

{fOL*:?O_re’ ?O_lfl*‘

0 = min(d,1).
i = F+ 0. =
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Asymptotic-preserving property

Theorem (AP Property)

When ¢ tends to zero, the unknown f5;"*°

satisfies the discrete equation

f 0~ ¢ ¢ 0 ¢ 0 0
; L CEMOY| — £0 _ ¢ =
At Ax |:66',‘+1/2AX |:(< 0'+1 0' )] 65','_1/2AX |:(C ® C 0'_1)]]
Key ideas
e . urtt —ur 2ay
Diffusive scaling?: E'T U:+1/2 Aax U+ U, 1/2-
Intermediate state i
. 2a,(3 it + R 1 R L
P [ — = (CFF — ¢k ]
YT 23,03+ 250x/e L 2 2ax (A" = Ch)

< No limitation is required § = 1.

22C. Berthon, P. Charrier and B. Dubroca. J. Sci. Comput. (2007).
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Homogeneous case with electric field

Model
Oty + EOhL = 0,
Bfi + Eagfz—g(fo _f)= —22’36.
Diffusive limit
0.8(6.0)  Eoc (EC 0006, - E (e 0) = 0

— Limit of the relaxation approach

Intermediate state

. _ 2ac¢’ [flL +

f A
VT 223+ 20A0 L 2

1 R L
2a§ (Ef2 Ef2 ) + 28{ SL’R:| ’

with Sur=3[E& - )+ E(B 1)

— Asymptotic-preserving property?®

23Guisset, Brull, d’'Humigres, Dubroca. Asymptotic-preserving well-balanced scheme
for the electronic M1 model in the diffusive limit: particular cases. Submited
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Well-balanced property

Equilibrium solution

3f1_ . 2 +
E—ac_o, {fo_Kq, KeR
on E _ 20f =0
E?C_f(ﬁ_é)_ s

Property: The numerical scheme preserves the equibrium solution.

Key ideas
e 226 (-~
a<C3 + 20 AC 3a¢

o ACEK
since (Ck — ¢7) = (Cr + C)(Cr — C1) = (Cr + CL)AC.

(EKG: — EKCD) + 55 T (G + Q)] =0

The equilibrium condition implies § = 1 (Rankine-Hugoniot).

= ' = K¢ and £ =0.
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General model

Model cOufy + COLfy + EOcfy = 0,

E 20 fi
cOufi + COs + EQchh— —(fh— h) = — 2

¢ e
Diffusive limit
4 3 2 4 3 2
0 _ S 0 EC, 0, EC o S 0 EC 0 EC 0y
3tfo+C8x( 608Xf0 6o Ocfo+ 30 fo)—i_EaC( 6Gaxf0 60 Ocfo + 30 fo) -
. Uit = Uj a g 2ac . 2axAt, .
Consider J At J EU,'R_l/QJ' - EU, + TU,‘&,I/QJ
ac | R« 2ac 0 A L
tacUimve = fp Ui+ pp Ui

intermediate states

R R L fLx R £Rx L fiLx
Ui71/2j = <f0>'1<71/2j> ) Ui+1/2j = <f9i+1/21) ) U/j—l/2 = <f2u,1/2) ) Uij+1/2 = (o£+1/2> .
1i—1/2j

1i4+1/2f 1ij—1/2j 1ij+1/2
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General model

Mixed derivatives: Modification of the intermediate state f*

2 fivy +f; 1 0fy
fivijo) = Qig1/2 [%—g(Cjf2i+1j—Cjfzd)—ci+1/2j9u+1/2j(afc)i+1/2j(1 = Oéf+1/2j)]
« fijri+h; 1 _ ofy
flij+1/2 = /3U+1/2 [%—E(Eif2ij+1—Eif2ij)_Cij+1/2920'+1/2(a)ij+1/2(1 - 5U+1/2)]
2ax<—j3 2aCCJ§+1/2

with Qjy1/2j = rBij+1/2 =

28)({13 + (7','_*_1/2AX7 23(4}-3+1/2 + 0 AL

< ¢ and ¢ are fixed to obtain the correct limit equation

Eii12Ax _

_ - Gir1/2¢
Cit1/2j = T35 Ciji+1/2 = —F_—-

334
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General model

Upwinding: the sign of ci11/5; and Cjy1/> gives

_ ofy = foiv1j+1 — foij1 + foivry — foij
Cu+1/2(87)u+1/2 R Cjy1/2 N ,

foivyy — foit1j—1 + foij — foij—1

8)‘6 Ci+1/2j 2AC
Ci+1/2j(87C)f+1/2j ~

if ciy1/2j <O,

foit1j+1 — foivrj + foij+1 — foij
Cit1/2) YNG

if C,'+1/2j > 0.

— 0O1i41/2 and 0,11 /> fixed to ensure the admissibility conditions.

Theorem (Admissibility)

If for all (i,j) € N?, UJ; € A, then for all (i,j) € N, U,-C'fl € A as soon as the
CFL condition At < ACAx/(2axA{ + 2a;Ax) holds.
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Alternative: modified HLL scheme

A
Wrong behavior of the numerical viscosity in O(—X)
5

— Modification of the numerical viscosity 2*.

Introduction of a correction 6° in O(e)

ft = CRI AT Ca0° i — 26+

At € 2Ax € 2Ax =0

— Admissibility requirements?

Acceptable condition on the correction and the CFL condition.

24Collaboration with C. Chalons
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Numerical test cases
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Hot wall in the diffusive regime without electric field

Initial conditions

2 2
fo(x,¢,0) = \/g% exp ( -~ %(X)) fi(x,(,0) =0, Timi(x)=0.1.

Left boundary condition

2 2 2
fb(07<7 t) = \/;TextEX)S/Q exp (_2Teit(x))7 f1(07<7 t) =0 TEXf(X) = 17 0= 104

— Initial condition
L t=1
(L — AP t=1 ||
08 --- diffusiont=1 08

0,61 - 06 —

0.4 B 0.4

02~ - 02

0 0,5

" L L . [ L
1.5 2 0 0,5 1 1.5 2

Figure: Temperature for AP scheme, HLL and diffusion at time t=1 and 10.
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Numerical test cases: diffusive regime

Periodical boundary conditions and ¢ = 10*. Initial conditions

1if x<L/3,
fo(x,¢,0) =< 0 if L/3<x<2L/3, fi(x,¢,0) = 0.
1if L/3< x,
1 ‘ \
0.8 |
0.6 |
< — gﬁgl condition
04 — AP
L —— diffusion
02 |
0 |
-10 5 0 5 10
X

Figure: diffusive regime: fy profile at time t=200.
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Numerical test cases: diffusive regime
Initial conditions

fo(t =0,x,¢) = ¢* exp(—x") exp(2(¢ — 3)%),
i(t=0,x,{) =0.

Periodical boundary conditions, ¢ = 10* and E = 1.

-5 0 5
X

Figure: fy profile at the initial time.
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Numerical test cases: diffusive regime

-5 0 5
X

5 0 5
X

5 0 5
X

1
5 0.8
4
0.6
P 0.4
0.2
-5 0 5 0
X
-5 0 5
M
1
0.8
0.6
0.4
0.2
-5 0 5 0
X

Figure: fy profile at time t=1 (top), t=50 (middle), t=100 (bottom), for the HLL
scheme (left), the AP scheme (middle) and the diffusion equation (right), (o = 10%).

03

5]
4

s 3

2|
1

2|
1
5

0
X

-5
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Numerical test cases: Electron beams interaction

VI
Relevance for laser-plasma

interaction

V2 e

Initial conditions:

f(t=0,x,v) = %(1 + Acos(kx)) exp(—(v + v1)?)

+ %(1 — Acos(kx)) exp(—(v + )3),
E(0,x) = 0.

v
@5kt vo e oo o

0 5 10 15 20
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Numerical test cases: two beams interaction

Initial conditions

f(t=0,x,v)=0.5[(1+ Acos(kx))M.,,(v) + (1 — Acos(kx))M_,,(v)],

with M+, (v) = exp ( — %) va =4 and A=10"3.

F ‘ ]
O I
25) L
%0 — AP
) ..
= -101- --- kinetic
220 | |
0 10 20 30
Figure: Temporal evolution of the electrostatic energy.
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Numerical test cases: non-constant collisional parameter

Linear profile o(x) = ax + b:  o(Xmin = —40) = 5.10° and o(xmax = 40) = 10°

Self-consistent electric field: E=-0.T
4 ‘ ‘
L — Initial condition
--- Diffusion
3
2
1
0 1 1 1
-40 -20 0 20 40
Figure: Temperature profile at time t=5000.
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Conclusion

» Limit of the M; and M, model for collisionless plasma applications.
» Study of the collisional operators for the electronic M; model.

» Reformulation of the Maxwell-Ampere equation in the quasi-neutral
regime.

» Study of numerical resolution of the electronic M; model in the diffusive
limit.
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Perspectives

» Coupling with the Maxwell equations in the quasi-neutral and diffusive
regimes.

» Asymptotic-Preserving extension for the electron-electron collisional
operator

» Multidimensional extension and magnetic fields

> Consider the motion of ions (collaboration with D. Aregba).
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Perspective: M; moments model in a moving frame

The basis (1, s Q) is not galilean invariant %.

v
— Model not galilean invariant

. L . v—u
Galilean invariance of the moving frame (1, v _dl =Q).
v—u

Kinetic equation in a moving frame
Oef + divi (v + u)f) — div, [(Deu + Dru(v + u))f] = C(f).
Angular moments extraction
— M; model in a moving frame

— Analysis and numerical scheme

25D. Levermore. Moment closure hierarchies for kinetic theories. J. Statist. Phys.
(1996).

Sébastien GUISSET Electronic M7 model October 2015

44 / 45



Thank you
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