DYNAMICAL ZETA FUNCTIONS FOR BILLIARDS

YANN CHAUBET AND VESSELIN PETKOV

ABSTRACT. Let D C R%, d > 2, be the union of a finite collection of pairwise disjoint
strictly convex compact obstacles. Let p; € C, Im u; > 0 be the resonances of the
Laplacian in the exterior of D with Neumann or Dirichlet boundary condition on
dD. For d odd, u(t) = 3, ¢/l is a distribution in D’(R \ {0}) and the Laplace
transforms of the leading singularities of u(¢) yield the dynamical zeta functions nx, np
for Neumann and Dirichlet boundary conditions, respectively. These zeta functions
play a crucial role in the analysis of the distribution of the resonances. Under a
non-eclipse condition, for d > 2 we show that nn and 7p admit a meromorphic
continuation in the whole complex plane. In the particular case when the boundary
0D is real analytic, by using a result of Fried [Fri95], we prove that the function
np cannot be entire. Following Tkawa [Tka88b], this implies the existence of a strip
{z € C: 0 <Imz < a} containing an infinite number of resonances p; for the
Dirichlet problem.

1. INTRODUCTION

Let Dy,...,D, C RY r >3, d > 2, be compact strictly convex disjoint obstacles
with smooth boundary and let D = U;:1 D;. Throughout this paper we suppose the
following non-eclipse condition

Dy, N convex hull (D; U D;) = 0, (1.1)

for any 1 <4, j, k < r such that # k and j # k. Under this condition all periodic rays
for the billiard flow in R\ D are ordinary reflecting ones without tangent segments to
the boundary of D. Notice that if (1.1) is not satisfied, for generic perturbations of 9D
all periodic reflecting rays in Rd\lo) have no segments tangent to 9D (see Theorem 6.3.1
in [PS17]). We consider the (non grazing) billiard flow (¢;)ier (see §2.2 for a precise
definition). For any periodic v, denote by P, its associated linearized Poincaré map
and by 7(7) its period. Let P be the set of all periodic rays. The counting function of
the lengths of periodic rays satisfies the bound

tH{yeP: 7(y) <7} <e”, 7>0,

for some a > 0. Moreover, for some constants C, by, by > 0 we have (see for instance
[Pet99])
O™ | det(ld — P,)| < ™0 4 e P.

By using these estimates, for Re( ) > 1 we define two Dirichlet series

(7) Tﬁ(,y)e—ST(’Y)
_ —1)m)
Z |det Id Py () 2_(=1) [det(Id — P72’
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where for any periodic 7, we denoted by 7#(v) its primitive period, and by m(vy) the
number of reflexions of v on the obstacles. Here the sums run over all oriented pe-
riodic rays. Notice that some periodic rays have only one orientation, while others
admits two ones (see §2.3). On the other hand, the length 7%(v), the period 7(7y) and
| det(Id — P,)|'/? are independent of the orientation of .

The series nx(s), np(s) are related to the resonances of the self-adjoint operators
—Ay,, b =N, D, acting on domains D}, C H = L*(R?\ D), with Neumann and Dirich-
let boundary conditions on 0D, respectively. To explain this relation, consider the
resolvents

Ru() = (A, — %) ",
which are analytic in {¢x € C : Imp < 0}. Then Ry(1) : Heomp — Dbioc has a
meromorphic continuation for u € C if d is odd, and in the logarithmic covering of
C\ {0} if d is even (see [LP89, Chapter 5] for d odd and [DZ19, Chapter 4]). The poles
i, Imp1; > 0, of these continuations are called resonances. Introduce the distribution
u € D'(R) given by the trace

u(t) = 2trp2 (g (cos(t —Ay) @0 — cos(t —AO)>,

where A is the free Laplacian in R? and cos(tv/—Ay) @ 0 acts as 0 on L?(D). Then
for d odd, [Mel82] (see also [BGR82| for a slightly weaker result) proved that we have,
in D'(R\ {0}),

u(t) = 3" mp;)el,

where m(p;) is the multiplicity of 41;. Here in the notations we omitted the dependence
on the boundary conditions. The series above converge in the sense of distributions
since we have the bound #{y; : |g;| < r} < Cr? for all 7 > 0 (see Section 4.3 in [DZ19)]).
The reader may also consult [Zwo97] and [DZ19] for a proof treating the singularity of
u(t) at t = 0. For d even, the situation is more complicated since the resonances are
defined in a logarithmic covering of C \ {0}. Let A = C\ ¢’2%" and for p > 0 let

A, ={peA: |Imp| <p|Repl|, 0 <argp; <}

Choose a function ¢ in C°(R; [0, 1]) equal to 1 in a neighborhood of 0 and denote by
on(A) the scattering phase related to —A;, (see [Zwo98] for the notation). Following
the work of Zworski (Theorem 1 in [Zwo98]), there exists a function v,,, € C*(R\ {0})
such that for even dimension d in the sense of distributions D'(R \ {0}) one has

u(t) = 37 mlp)e ™+ m(0)

ri €Ny

- (1.2)
+ 2/0 w()\)j—i()\) cos(tA)dA + v, 4 (1),

where m(0) is a constant. The reader may consult [Sj097] for a local trace formula
involving the resonances. Concerning the singularities of the distribution u(t), from
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[BGR&2] it follows that
sing supp u C {£7(y) : v € P}.

Under the condition (1.1), every periodic trajectory v is an ordinary reflecting ray
and the leading singularity of u(t) at t = T' was described by Guillemin and Melrose
[GM79]. More precisely, the singularity related to 7" has the form

Y (DO det(ld — P)|726(t — T) + Lige(R) (1.3)

~yeP,m(v)=T

(see for instance, Corollary 4.3.4 in [PS17]), where for the Neumann problem the factor
(—=1)™™ must be omitted. Taking the sum of the Laplace transforms of the leading
singularities of u(t)|g+ related to 7(7),y € P, we obtain the Dirichlet series nx(s), np(s).

The analytic singularities of nx(s) and np(s) are important for the analysis of the
distribution of the resonances (see [[ka88b, Tka90a, Tka90b, Tka92, Sto09, Pet08] and the
papers cited there). By using the Ruelle transfer operator and symbolic dynamics (see
[[ka90a, Pet99, Sto09, Mor91]), a meromorphic continuation of s — nx(s),np(s) has
been proved in a domain sy — € < Re s with a suitable € > 0, where sq is the abscissa
of absolute convergence of the Dirichlet series nx(s), np(s). Recently, a meromorphic
continuation on C of the series

e—s7(7)

Z|det Id - P))|’

has been proved by Kiister—Schiitte-Weich [KSW21] (see also [BSW21, Theorem 4.4]
for results concerning weighted zeta functions). On the other hand, a meromorphic
continuation in the whole complex plane of the semi-classical zeta function for contact
Anosov flows was established by Faure-Tsujii [FT17]. Their zeta function is similar
to the function (x(s) defined in (1.5) below. The meromorphic continuation of the
Ruelle zeta function [ .p(1 — e7M)~1 for general Anosov flows was established by
Giulietti-Liverani—Pollicott [GLP13] (see also the work of Dyatlov—Zworski [DZ16] for
another proof based on microlocal analysis). In this paper the series nx(s), np(s) are
simply called dynamical zeta functions following previous works [Pet99, Pet08] and we
refer to the book of Baladi [Ball8] for more references concerning zeta functions for
hyperbolic dynamical systems.

Re(s) > 1, (1.4)

Our main result is the following

Theorem 1. Let d > 2 and let the obstacles D;,j = 1,...,r, satisfy the condition
(1.1). Then the series nx(s) and np(s) admit a meromorphic continuation to the whole
complex plane with simple poles and integer residues.

One may also consider the zeta functions ¢, (s) associated to the boundary conditions
b = D, N, defined for Re s large enough by

e—s7(7)
o) = e <_ Z(_l)mmg(b)ﬂ(v)l det(Id — PW)IW) | o
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where (D) = 1, ¢(N) = 0 and 7(y) = u(y)7*(7); u(y) € N is the repetition number.
Notice that we have

Ch(s)

Cb(s)
In particular, since by the above theorem 7n;,(s) has simple poles with integer residues,
it follows by a classical argument of complex analysis that we have the following

=mn(s), b=D,N, Res> 1. (1.6)

Corollary 2. Under the assumptions of Theorem 1 for b = D, N, the function s
(b(s) extends meromorphically to the whole complex plane.

In fact, we will prove a slightly more general result. For ¢ € N, ¢ > 2, consider the
Dirichlet series

,  Re(s)>1,
| det(Id — P,)|'/?

Nq(8) =

~yeP, m(y)€qN

where the sum runs over all periodic rays v with m(y) € gN. We will show that 7,(s)
admits a meromorphic continuation to the whole complex plane, with simple poles and

residues valued in Z/q (see Theorem 4). In particular, considering the function (,(s)
defined by

e=s7()

Gl =exp = D i P )

veP, m(v)€qN

Res>1,

one gets ¢}/, = qng- Thus the function s +— (,(s)? extends meromorphically to
the whole complex plane since its logarithmic derivative is ¢n, and by Theorem 4
the function ¢n, has simple poles with integer residues. One reason for which it is
interesting to study these functions is the relation

__i o (a(s)®
) =g ()

" = 20(s) = nx(5), (17)

showing that np(s) for Res > 1 is expressed as the difference of two Dirichlet series
with positive coefficients. In particular, to show that 7p(s) has a meromorphic exten-
sion to C, it is sufficient to prove that both series nx(s) and 7(s) have this property.

The distribution of the resonances p; depends on the geometry of the obstacles and
for trapping obstacles it was conjectured that there exists o > 0 such that, for d odd,
Noo=t#{u; €C : 0 <Impy; < a} = occ. (1.8)

For d even we must count
Noow=t{p; €C : 0<Imp; <a, 0 <argz <7} (1.9)

since a meromorphic extension of Rp(u) is possible on the Riemann logarithmic surface
A ={—00 < argz < +oo}. This conjecture was introduced by Ikawa [[ka90a] for d odd
and it is known as the modified Lax-Phillips conjecture (MLPC). In this direction, for d
odd, Tkawa [[ka88b, Tka90a] proved that for strictly convex disjoint obstacles satisfying
(1.1) the existence of at least one singularity of nx(s) or np(s) implies the existence of
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a > 0 for which (1.8) holds for the Neumann or Dirichlet boundary problem. Notice
that the value @ > 0 in [Ika90a] is related to the singularity of np(s) and to some
dynamical characteristics. The proof in [[ka90a] can be modified to cover also the case
d even, applying the trace formula of Zworski (1.2) (see Appendix B). The existence of
a singularity of the dynamical zeta function trivially holds for the Neumann problem
since 7n(s) is a Dirichlet series with positive coefficients, and by a classical result, 7x(s)
must have a singularity at sqg € R, where Re s = s is the line of absolute convergence
of nn(s). Moreover, for d odd (see [Pet02]) there are constants ¢y > 0, €9 > 0 such that
for every 0 < € < g¢ it holds

C
t{umeCiocmpy <2yl <rf >0t

The situation for the Dirichlet problem is more complicated since np(s) is analytic
for Res > sg, so being the abscissa of absolute convergence [Pet99]. Moreover, for
d = 2 [Sto01] and for d > 3 under some conditions [Stol2] Stoyanov proved that
there exists ¢ > 0 such that np(s) is analytic for Res > sy — €. The reason of this
cancellation of singularities is related to the change of signs in the Dirichlet series
defining np(s), as it is emphasized by the relation (1.7). Despite many works in the
physical literature concerning the n-disk problem (see for example [CVW97, Wir99,
L702, PWB"12, BWP"13] and the references cited there), a rigorous proof of the
(MLPC) was established only for sufficiently small balls [Ika90b] and for obstacles
with sufficiently small diameters [Sto09]. In this direction we prove the following

Theorem 3. Under the assumptions of Theorem 1, if moreover the boundary 0D is
real analytic, then the function np has at least one pole and the (MLPC) is satisfied
for the Dirichlet problem, that is, there exists o > 0 such that (1.8) (resp. (1.9)) holds
if d is odd (resp. d is even).

Our paper relies heavily on the works [DG16, KSW21] and we provide specific ref-
erences in the text. For convenience of the reader we explain briefly the general idea
of the proofs of Theorems 1 and 3. First, in §2 we make some geometric preparations.
The non-grazing billiard flow (p;) acts on M = B/ ~, where

B = SR\ (x"{(D)UD,),

7 : SR? — R? is the natural projection, Dy = 7~ 1(dD) N TD is the grazing part
and (z,v) ~ (y,w) if and only if (z,v) = (y,w) or v = y € ID and w is equal to
the reflected direction of v at € dD. By using this factorization, the flow (¢;) be-
comes continuous in M. However, to apply the Dyatlov—Guillarmou theory [DG16]
in order to study the spectral properties of (¢;) which are related to the dynamical
zeta functions, we need to work with a smooth flow. For this reason we use a special
smooth structure near D with smooth charts introduced in the recent work of Kiister—
Schiitte-Weich [IKSW21] (see §2.2). In this smooth model, the flow (¢;) is smooth, and
it is uniformly hyperbolic when restricted to the compact trapped set K of ¢; (see
§2.4). The periodic points are dense in K and for any z € K the tangent space T, M
has the decomposition T,M = RX (2) ® E,(2) ® Es(z) with unstable and stable spaces
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E.(2), Es(z), where X is the generator of ¢;. A meromorphic continuation of the cut-
off resolvent y(X + s)~tx with xy € C°(M) supported near K has been established in
[DG16] in a general setting. As in [DZ16] and [DG16], the estimates on the wavefront
set of the resolvent y(X + s)~!x allow to define its flat trace which is related to the
series (1.4). This implies a meromorphic continuation of this series in C (see [KSW21]).

To prove a meromorphic continuation of the series 7y(s) which involves factors
|det(Id — P,)|/2 instead of |det(Id — P,)|™!, a natural approach would consist to
study the Lie derivative Lx acting on sections of the unstable bundle F,(z) (see for
example [F'T'17, pp. 6-8]). However, in general, £,(z) is not smooth with respect to z,
but only Holder continuous. Thus we are led to change the geometrical setting as in
the work of Faure-Tsujii [F'T'17] (notice that the Grassmann bundle introduced below
also appears in [BR75] and [GL08]). Consider the Grasmannian bundle 7 : G — V
over a neighborhood V' of K; for every z € V the fiber 7' (z) is formed by all (d — 1)-
dimensional planes of T, V. Define the trapping set K, = {(z,E.(2)) : z € K} C G
and introduce the natural lifted smooth flow (¢;) on G (see §2.5). Then according to
[BR75, Lemma A.3], the set K, is hyperbolic for ($;). We introduce the tautological
bundle & — G by setting

E={(w,v) ent(TV) : we G, ve w},

where [w] denotes the subspace of Tr )V that w € G represents, and 75 (TV) is the
pull-back of the tangent bundle TV — V by mg. Next, we define the vector bundle
F — G by

F={(w,W)eTG : dng(w)-W =0}
which is the “vertical subbundle” of the bundle TG — G. Finally, set
Ei=NEQNF, 0<k<d—1, 0<(<d®—d,

where £ is the dual bundle of £. One defines a suitable flow @} : & — £ as well
as a transfer operator (see §2.6 for the notations)

OB u(w) = PP u(@,(w)], u€ C®(G,Ey).

For a periodic orbit 7 of ¢y, this geometrical setting allows to express the term | det(Id—
P7)|_1/ 2 as a finite sum involving the traces tr(ag’e) related to the periodic orbit 7 =

{(v(t), Eu(y(t)) : t € [0,7(7)]} of the flow (&) (see §3.2 for the notation ag’g and
Lemma 3.1). This crucial argument explains the introduction of the bundles &, and
the related geometrical technical complications. In this context we may apply the
Dyatlov—Guillarmou theory (see Theorem 1 in [DG16]) for the generators

, ue COO(G, gk,é)

d
Pyou= — <‘I>Ii’f’*u)
t=0

of the transfer operators (D]if ™ (in fact, by using smooth connexion, we introduce a new
operator Qy ¢ which coincide with Py, near K, (see §2.8)). This leads to a meromophic
continuation of the the cut-off resolvent X(Qg, + s)~'X, where Y € C>(V,) is equal
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to 1 on K, (see 2.8 for the notations). By applying the Guillemin flat trace formula
[Gui77] (see [DZ16, Appendix B] and Section 3 in [BSW21]), concerning

tr’ (/ g(t)%(e_tQ’“""u)S{dt>, 0 € C(0,00),
0

we obtain the meromorphic continuation of ny. Finally, the meromorphic continuation
of 7, is obtained in a similar way, by considering in addition a certain g-reflezion bundle
R, — G on which the flow ¢, can be lifted (see §4.1).

The strategy to prove Theorem 3 is the following. First, the representation (1.7)
tells us that, if 7p can be extended to an entire function, then the function (%/(x has
neither zeros nor poles on the whole complex plane. For obstacles with real analytic
boundary we may use real analytic charts near 0D to define a real analytic structure
on M which makes (¢;) a real analytic flow. In this setting we may apply a result of
Fried [Fri95] to the non-grazing flow ¢ lifted to the Grassmannian bundle, and show
that the entier functions (, and (y have finite order. This crucial point implies that
the meromorphic function ¢3/(yx has also finite order. Finally, by using Hadamard’s
factorisation theorem, one concludes that we may write (5(s)%/(x(s) = e?®) for some
polynomial Q(s). This leads to np(s) = —Q'(s) and we obtain a contradiction. Notice
that this argument works as soon as the entier functions (, and (y have finite order.
The recent work of Bonthonneau—Jézéquel [BJ20] about Anosov flows suggests that
this should be satisfied for obstacles with Gevrey regular boundary dD. In particular,
the (MLPC) should be true for such obstacles. However in this paper we are not going
to study this generalization.

The paper is organised as follows. In §2 one introduces the geometric setting of the
billiard flow (¢;) and its smooth model. We define the Grasmann extension G and the
bundles &€, F, &, = A*E* @ A'F over G. Next, we discuss the setting for which we
apply the Dyatlov-Guillarmou theory [DG16] for some first order operator Qg ¢ leading
to a meromorphic continuation of the cut-off resolvent Ry (s) = ¥(Qxe + s)7'x. In
§3 we treat the flat trace of the resolvent R¥(s) = e =(Quet9)Ry, ,(s), € > 0, and we
obtain a meromorphic continuation of ny. In §4 we study the dynamical zeta functions
ny(s) for particular rays v having number of reflections m(y) € ¢N, ¢ > 2. Applying
the result for 79(s), we deduce the meromorphic continuation of 7p. Finally, in §5 we
treat the modified Lax-Phillips conjecture for obstacles with real analytic boundary.
In Appendix A we present a proof for d > 2 of the uniform hyperbolicity of the flow
¢, in the Euclidean metric in R?, while in Appendix B we discuss the modifications of
the proof of Theorem 2.1 in [[ka90a] for even dimensions.
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Thanks are also due to Colin Guillarmou for pointing us that we could use Fried’s
result for the proof of Theorem 3. The first author is supported from the European
Research Council (ERC) under the European Unions Horizon 2020 research and inno-
vation programme with agreement No. 725967.
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2. GEOMETRICAL SETTING

2.1. The billiard flow. Let Dy,..., D, C R be pairwise disjoint compact convex
obstacles, satisfying the condition (1.1), where r > 3. We denote by SR? the unit
tangent bundle of R? and by 7 : SR? — R? the natural projection. For x € dD;, we
denote by n;(z) the inward unit normal vector to 0D; at the point x pointing into D;.
Set D = J;_, D; and

D = {(x,v) € SR : z € 0D}

We will say that (x,v) € Typ,R? is incoming (resp. outgoing) if (v,n;(x)) > 0 (resp.
(v,nj(x)) < 0), and introduce

Din = {(z,v) € D : (z,v) is incoming},
Dout = {(z,v) € D : (x,v) is outgoing}.
We define the grazing set D, = T(0D) N D and one gets
D = D, U Dy, L Dous.

The billiard flow (¢¢)eer is the complete flow acting on SR\ 7~ (D) which is defined
as follows. For (z,v) € SR?\ 771(D) we set

T4(z,v) = xinf{t > 0:x+tv € 0D}

and for (2,v) € Diyjout/g We denote by v € Doyg/in/g the image of v by the reflexion
with respect to T,(0D) at x € 9D, that is

v =v—2(v,ni(z))n;(z), veSRY x€dD;

(see Figure 1). By convention, we have 74 (z,v) = =+oo, if the ray  + £tv has no

oe(y, w)

T,0D;

F1GURE 1. The billiard flow ¢,

common point with D for £t > 0. Then for (z,v) € (SR?\ 771(D)) U D, we define

Or(z,v) = (z +to,v), tE[r_(z,v), 7 (z,v)],
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while for (z,v) € Dinjous, We set
(x,v) € Dy, t € [0,7(x,v)],

e(w,v) = (z +tv,0) if {or (7,v) € Dous, t € [T_(,v),0],

and
2,0) € Dout, t €10, 74 (x,v)],
d(x,v) = (x+ o) if (#,0) ' 10,7+ (w,v)]
or (x,v) € Dy, t € [T_(x,v),0[.
Next we extend (¢;) to a complete flow (which we still denote by (¢;)) satisfying the
property
bros(z,0) = (¢ 0 ) (x,v), t,sER, (z,v)€ SR\ 7 1(D).
Strictly speaking, (¢;) is not a flow, since the above flow property does not hold in full
generality for (z,v) € Dinjout- However, we can arrange it by considering an appropriate
quotient space (see §2.2 below).

2.2. A smooth model for the non-grazing billiard flow. In this subsection, we
briefly recall the construction of [KSW21, Section 3] which allows to obtain a smooth
model for the non-grazing billiard flow. First, we define the non- grazing billiard table
M as
M=B/~, B=SR\ (ﬂ_l(D) uDg) ,
where (x,v) ~ (y,w) if and only if (z,v) = (y,w) or
r=yedD and w=1"
The set M is endowed with the quotient topology. We will change the notation and

pass from ¢, to the non-grazing flow ¢;, which is defined on M as follows. For (z,v) €
(SRY\ 771(D)) U Dy, we define

pu[(z,0)]) = @l 0)], T €]ri(z,v), 7E(, 0)[,
where [z] denotes the equivalence class of the vector z € B for the relation ~, and
T8 (z,v) = £sup{t > 0: p(z,v) € Dg}.
Clearly, we may have 7% (z,v) = too. Note that this formula indeed defines a flow on

M since each (z,v) € B has a unique representative in (SR%\ 7=2(D)UDy,. Thus ()

is continuous but not complete and for times t ¢ |75 (z,v), 75 (2, v)[, the flow is not
defined.

Following [[KSW21, Section 3|, we define smooth charts on M = B/ ~ as follows.
Introduce the surjection map 7y : B — M by my(z,v) = [(z,v)] and note that

1O T = T © Pt (2.1)
Set B := SR¢ \ 7~ Y(D). Then my : B — M is a homeomorphism onto its image
O. Let G = 7y (Din) be the gluing region. We consider the map 7/ : O — Basa
chart. Next we wish to define charts in an open neighborhood of G. For every point
2y = (T4, Ux) € Dy let
F, U, xU, — Dy
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be a local smooth parametrization of Dj,, where U,, is an open small neighborhood of
0 in R?!. For small £,, > 0, we may define the map

U, :]—e.,e.[xU, xU, - M
by
V., (t,y,w) = (ma 0 ¢y 0 FL, ) (y, w). (2.2)
Up to shrinking U,, and taking ., smaller, ¥, is a homeomorphism onto its image
0., C M, (see Corollary 4.3 in [KSW21]). Indeed, to see that ¥,, is injective, let
F, (yr,wr) = (g, vx) € Din, k = 1,2, and assume that myr¢y, (21,01) = Tarde, (T2, v9).
Since the vectors in D;, are transversal to 0D, we see that for each z € O,,, there is a
unique t € |—¢,,, €, [ such that ¢;(z) € G. In particular, we have ¢; = 0 if and only if
to = 0. In this case, (x1,v1) = (zg,v9) since my : Dy, — G is injective. If t; # 0,5 # 0,
then ¢; and t5 have the same sign and by the infectivity of mp, : B — M and the
definition of ¢;, we have
([E1 + tlvl, Ul) = ($2 + tg?}z, Uz) if Zf1, t2 > O,
{ (x1 4+ v}, v]) = (g + tovh,vh) if 11,2 <0,
where v}, is the reflexion of vj, with respect to T, 0D for k = 1,2. Thus one concludes
that (t1,x1,v1) = (t2, 9, v2). As mentioned above, the directions in D;, are transversal
to the boundary dD. This implies that the maps V., are open ones. In particular, ¥,
realises a homeomorphism onto its image O., and we declare the map V' : O, —
|—e..,e..[ X U,, x U, as a chart. Hence we obtain an open covering

gc | o..
2+ €Djn
Note that if O N O,, # 0 for any z,, clearly the map
(t7$’ U) — (7T]T/[1 © qu*)(t’ l',U) = (¢t © FZ*)($, U)
is smooth on ¥;1(O N O,,). On the other hand, assume that O,, N O, # 0 for some

2, 2y € Dy I mar(00(Fr, (2,0))) = mar(@s(Fay (y,w))) € O, N O, then as above this
yields t = s, F., (z,v) = F, (y,w), and we conclude that
(lIl,;*l © \Ile*)(t, Y, ’U}) = (‘I[,;*l O Ty O (bt o in) (y7 U))
= (V' omyogoF.,) ((FZ:1 o F.;)(y, w)) (2.3)
= (t, (FZ:l o F,)(y, w)) )
This shows that the change of coordinates \Ifz_*lo\lfzi is smooth on the set \Ifz_il (0.,Nn0,;),
and these charts endow M with a smooth structure. It is easy to see that with this
differential structure makes, the flow () is smooth on M. Indeed, this is obvious far

from the gluing region G. Now let z € G and z, € Dy, be such that 7y/(z,) = z. Then
for s,t € R, with [t| + |s| small, and (y,w) € U,, x U,,, we have

(\11;1 00 \Ifz*> (t,y,w) = (\Ifz_*l 0 (g O Ty O @y O FZ*) (ij)
- (\II;*I O L © Pris © Fz*) (y, w)
=(s+t,y,w).
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Consequently, the flow (¢;) is also smooth near G and we obtain a smooth non-complete
flow on M.

2.3. Oriented periodic rays. A periodic point of the billiard flow is a pair (z,v)
lying in SR?, together with a number 7 > 0, such that ¢, (x,v) = (z,v). The number
7 > 0 is called the period of the periodic point (z,v). A periodic trajectory of (¢), or
equivalently an oriented periodic ray, is by definition an equivalence class of periodic
points, where we identify two periodic points (x,v) and (y,w), if they have same the
period, and if there are 7, 75 € R such that ¢, (z,v) = ¢,,(y,w). Of course, the map
7y induces a bijection between oriented periodic rays and periodic orbits of the non-
grazing flow (¢;). For each periodic orbit v, we will denote by 7(7) its period. Also,
we will often identify a periodic orbit with a parametrization v : [0, 7(y)] — SR
Note that every oriented periodic ray is determined by a sequence

O~ = (il,...,ik),

where i; € {1,...,r}, with 44 # iy and i; # i;4, for j = 1,...,k — 1, such that v has
successive reflections on dD;,, ...,0D;, . The sequence a., is well defined modulo cyclic
permutation, and we say that the ray v has type a,. The non-eclipse condition (1.1)
implies that the reciprocal is true. More precisely, for any sequence oo = (iy,. .., i)
with i; # ;41 for j =1,...,k—1 and i # 41, there exists a unique periodic ray 7 such
that a, = a (see [PS17, Proposition 2.2.2 and Corollary 2.2.4]).

We conclude this paragraph by some remark on the oriented rays. For every oriented
periodic ray 7 generated by a periodic point (x,v) and period 7, one may consider the
reversed ray 7, generated by (x, —v) and 7. There are two possibilities. For most rays,
v and #4 give rise to different oriented periodic rays, even if theirs projections in R?
are the same. However it might happen that 4 coincides with ~. This is the case, for
example, if the ray v has type o = (1,2) (modulo permutation).

2.4. Uniform hyperbolicity of the flow ;. From now on, we will work exclusively
with the flow (¢;) defined on the smooth model described in §2.2. Let X be the gen-
erator of (¢;). The trapped set K of (¢;) is defined as the set of points z € M which
satisfy —72(2) = 75 (2) = +o00 and

sup A(z) = —inf A(z) = +o0, where A(z)={t€R : w(p(z)) € OD}.

By definition, ¢;(z) is defined for all ¢ € R whenever z € K. The flow (¢;) is called
uniformly hyperbolic on K, if for each z € K there exists a decomposition

T.M =RX(2) ® E,(2) ® Es(2), (2.4)

which is dg-invariant (in the sense that dp(Fe(2)) = Eo(p:(2)) for @ = u,s), with
dim E,(z) = dim E,(z) = d—1, such that for some constants C' > 0, v > 0, independent
of z € K, and some smooth norm || - || on T'M, we have

Ce o], we By(2),

(2.5)
Ce M|, ve E,(2),

[depe(2) - vl < {
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The spaces F(z) and E,(z) depend continuously on z.

We may define the trapping set K, for the flow (¢;) in the Euclidean metric. Then
K = my(K.). The uniform hyperbolicity on K, of the flow (¢;) in the Euclidean
metric can be defined by the splitting of the tangent space T,(R%) for = € BN K, (see
Definition 2.10 in [KSW21] and Appendix A). Following this definition, one avoids the
points (z,v) € K, N Dy,. Denote Dy, = {(x,v) : © € D, |v| = 1,(v,n(z)) > 0} and
define the billiard ball map

B : Dy, 3 (z,v) — (y, Ryw) € Dy,
where R, : S,R? — S,R? is the reflexion with respect to 7,0D and

(Y, w) = Or, (a0)(2,0), T (z,v) =inf{t >0 : 7(P(x,v)) € OD}.

This map B is called collision map in [CMOG], it is well defined near K. N Dy, and it
is smooth (see for instance, [[Kov88]). For (z,v) € K. N Dy, we can write d¢(x,v) as
a composition of the differentials of smooth maps (see [CMO06, §4.4] and Appendix A)
and this is useful for the estimates of ||d¢:(x,v)]].

The uniform hyperbolicity of (¢;) in the Euclidean metric implies the uniform hy-
perbolicity of (¢;) in the smooth model (see [KSW21, Proposition 3.8]). Thus, to
obtain (2.5), we may apply the uniform hyperbolcity of (¢;) in the Euclidean metric on
BN K, established for d = 2 in [Mor91] and [CMO06, §4.4]. For d > 3, the same could
perhaps be obtained by applying the results in [BCST03, §4]. The hyperbolicity at the
points z = (z,v) € K, which are not periodic must be justified and the stable/unstable
spaces Es(z)/E,(z) must be well determined; for d > 3 this seems to be not sufficiently
detailed in the literature. Since the hyperbolicity of (¢;) is crucial for our exposition,
and for the sake of completeness, we present in Appendix A a proof of the uniform
hyperbolicity as well as a construction of Fy(z) and E,(z) for all z € BNK,.

2.5. The Grassmann extension. In what follows, we will take a small neighborhood

V of K, with smooth boundary. We embed V' into a compact manifold without bound-

ary N. For example, we may take the double manifold N of the closure of V. This

means that N = V' x {0,1}/ ~ and (z,0) ~ (z,1) for all z € V. We arbitrarily extend

X to obtain a smooth vector field on N, which we still denote by X. The associated

flow is still denoted by (¢;) (however note that this new flow () is now complete).
For our exposition is important to introduce the (d — 1)-Grassmann bundle

g :G— N

over N. More precisely, for every z € N, the set 7;'(z) consists of all (d — 1)-
dimensional planes of T, N. Moreover, m;'(2) can be identified with the Grasmannian
Gq_1(R?¥1) which is isomorphic to O(2d —1)/(O(d — 1) x O(d)), O(k) being the space
of (k x k) orthogonal matrices with elements in R. The dimension of O(k) is k(k—1)/2,
hence the dimension of 7;'(2) is d(d — 1). Note that G is a smooth compact manifold.
We may lift the flow ¢; to a flow ¢, : G — G which is simply defined by

61?(2’ E) = (th(z)’dgpt(z)(E)% z € N> E C TzNa ngt(Z)(E) - Tapt(z)N~ (26)
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Introduce the set N
K,:={(2,E.2)) : z€ K} CG.
Clearly, K, is invariant under the action of @, since dgy(2)(Ey(2)) = Eu(¢i(2)). As

K is a hyperbolic set, it follows from [BR75, Lemma A.3] that the set K, will be
hyperbolic for ¢; and we have a decomposition

T,G = RX(w) @ Eyu(w) ® Ey(w), w € K,.

Here X is the generator of the flow (3;) and the spaces Fy(w) and E,(w) are defined
as follows. For small € > 0, let

Wi(z,e) = {2 € M : dist (py(2), p(2')) < € for every t > 0}

and
Wu(z,e) = {2 € M : dist (p_(2),_4(z") < e for every t > 0}

be the local stable and unstable manifolds at z of size ¢, where dist is any smooth
distance on M. For b = s, u, we define

Wy(z) = TWy(z,e) = {(¢, Ey(2)) : 2 € Wy(z,e)} CG.
Finally, for w = (z, B,(2)) € K., set
Ey(w) = Tu(Wa(2)),

and define Es(w) as the tangent space at w of the manifold

Wiioi(2) = {B € ng (Wi(z,2)) : dist(Eu(2), E) < <},
where dist is any smooth distance on the fibres of T'NV.
Lemma 2.1. For any w = (2, E) € G we have natural isomorphisms

Bulw) = Bu(),  By(w) = By(2) & ker dra(w).

Under these identifications, we have

Aot 5, ) = deilEa), Al () = detl By ) © dPtlker drgw)-

Proof. Note that if w = (2, ) € G, by (2.6) one has
drg(w) o dgy(w) = d(mg o @) (w) = d(p; 0 o) (w) = dipy(2) o dmg(w). (2.7)

This equality shows that dg; preserves ker dmg. Looking at the definitions of Wu(z)
and W,(z,¢), we see that

dﬂg(w)lﬁu(z) cEu(2) = Eu(2)

realises an isomorphism. Then by (2.7), it is clear that dmg(w) realises a conju-

|T Wau(z)
gation between dg:(w)|g, () and dei(2)|p,(»). Similarly, drel;, . () Tealises an isomor-
phism TWWS<(,U) ~ E,(z), which conjugates d¢y|z, () and dg|g,(:). Thus the lemma
will be proven if we show that we have the direct sum

Ey(2) = TuW,o1(2) = TuW,(2) & ker dmg(w).
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To see this, take a local trivialization sttot(z) — Wi(z,6)xGq_1(R?*1) sending w € G

on (z, Ey) for some Ey € Gy_1(R*~1) and such that W,(z) is sent to Wy(z, ) x {Ep}.
In these local coordinates one has the identifications

T, W,(2) ~ Ey(2) ® {0} and kerdmg(w) ~ {0} @ Tg,Ga_r (RZ1).
As Twws,mt(z) is identified with F(z) ® Tg,Gq_1(R?*¢1), the proof is complete. [
We conclude this paragraph by noting that for any w = (2, F) € K, we have
dim E, (w) + dim E,(w) = dim E,(z) + dim E,(z) 4 dim ker drg(w)

=dim M — 1 + dim 7' ()
=dimG — 1,

since dim G = dim M + dim 7' (2).

2.6. Vector bundles. We define the tautological vector bundle £ — G by

E={(w,u) € (TN) : weG, uc€wl},

where [w] = E denotes the (d — 1) dimensional subspace of 77 .)/V represented by
w = (z,F) and 75 (TN) is the pullback bundle of T'N. Also, we define the “vertical
bundle” F — G by

F={(w,W)eTG : dng(w)-W = 0}.
It is a subbundle of the bundle T'G — G. The dimensions of the fibres &, and F, of £
and F over w are given by
dimé&, =d—1, dimF, = dimkerdng(w) = dim7;'(z) = d* — d
for any w € G with mg(w) = 2. Finally, set
Eri=NEQNF, 0<k<d—1, 0<(<d®—d,

where £* is the dual bundle of £, that is, we replace the fibre &, by its dual space &*.
We consider £* and not & since the map dyy(ng(w)) @ & — Ep,(w) is expanding for

w € K, and t — 00, whereas de,(mg(w)) T : &5 — &%, 1s contracting. Here -7

w)N
denotes the inverse transpose. Indeed, for w = (2, F,(2)) € K, and v € E,(z)* (here
E.(z)* is the dual vector space of F,(z)) one has

(dee(2) ™ u,v) = (u,dp_e(@(2))v), v € der(2)Eu(2) = Bu(ee(2)) € Exyw),

(.,.) being the paring on &%, () and Ez1)w). Consequently, the map doy(ma(w)) ™" is

contracting on & when w € K., since dg_,(¢(2)) is contracting on Ey,(p;(z)). This
fact will be convenient later for the proof of Lemma 3.1 below.

In what follows we use the notation w = (z,7) € G and u® v € & 4|,. By using the
flow @, we introduce a flow @f’g : Ere — Exy by setting

o} (w.u @) = (Fuw), 1) - |(delre@) ™)™ () @ dE W) W)),  (28)
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where we set

bi(w) = | det dpy(m6(w)) [ - | det (AGi(w) kerang) |-

Here the determinants are taken with respect to any choice of smooth metrics gy on
N and the induced metrics gg on G, as follows. If w = (2, ) € G and t € R, then the
number |det dy;(2)],| is defined as the absolute value of the ratio

d—1

(dee(2)w)" - Hpwl
Hige(w)]
where fig) = €1 A -+ Aeami ) € AW (resp. iz ) € AT [Pe(w)]) is a volume
element given by any basis e [, . .., €q—1,1 Of [w] (resp. [@¢(w)]) which is orthonormal

with respect to the scalar product induced by gyl (resp. gn|i,(w))- The number
| det (d@y(w) |kerdre ) | 1s defined similarly. If we pass from one orthonormal basis to
another one, we multiply the terms by the determinant of a unitary matrix and the
absolute value of the above ratio is the same. On the other hand, for a periodic
point wy = $r(y)(wy) this number is simply |det dp.(,)(7Ta(ws))|-)|- Taking local
trivializations of £ and F, we see that the action of ®"* is smooth. Thus we have the
following diagram:

‘Pk,é
t
Ery — &y

Lo

G 2 @
TG lwa
N 25 N

Now, consider the transfer operator
Pt O%(G, Ery) — CF(G, Exy)
defined by
PHru(w) = O [u(@-o(w))], ue C™(G,Ey). (2.9)
Let Pry: C®(G, Ee) = C°(G, &) be the generator of @’i’f’*, which is defined by
. ue C®(G, Ey).

t=0

d
P]ﬁgu = — <<I>]i’f’*u>

Then we have the equality
Puo(fu) = (Xflu+ f(Prou), feCG), ueC®G, Ew) (2.10)

Fix any norm on & ; this fixes a scalar product on L?(G, Eke). We also consider the
transfer operator ®** as a strongly continuous semigroup e *F#¢ ¢ > 0 with generator
P}, with domain in L?(G, &). The exponential ground of the derivatives of ¢_; implies
an estimate

—tP
16754 | 20 )12 (Geng) < Ce™, t = Co >0,
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for some constants § > 0,Cy > 0. Next, we want to study the spectral properties of
the operator Py, applying the work of Dyatlov—Guillarmou [DG16]. For this purpose,

one needs to find a neighborhood ‘ZL of I?u such that the boundary 0V, has convexity

properties with respect to X (see the condition (2.11) below with Y replaced by X).
However, it is not clear that a such neighborhood exists, and one needs to modify

slightly X outside a neighborhood of K, to obtain the desired properties. This is done
in §2.7 below.

2.7. Isolating blocks. By [CET1, Theorem 1.5], there exists an arbitrarily small open
neighborhood V, of K, in G such that the following holds.
(i) The boundary dV,, of V, is smooth,
(ii) The set 8V, = {z € OV, : X(z) € T.(0V,)} is a smooth submanifold of
codimension 1 of 0Vu,
(iii) There is € > 0 such that for any z € AV, one has

X(2) €T.(0V,) = @l2) ¢closV,, te]—ee\{0},
where clos A denotes the closure of a set A.
In what follows we denote

To(X) = {2 €Va: Gul2) € Vi, Ft >0},

A function p € C*(clos Vu, R-) will be called a boundary defining function for V, if

we have OV = {z € clos V,, : j(z) = 0} and dj(z) # 0 for any z € V.
By [GMT21, Lemma 2.3] (see also [KSW21, Lemma 5.2]), we have the following
result.

Lemma 2.2. For any small neighborhood WO of 00V in clos Vu, we may find a vector
field Y on clos V,, which is arbitrarily close to X in the C>- topology, such that the
following holds.
(1) supp(¥ — X) C W, i
(2) To(X) = T (Y), where Fi(Y) is defined as T'+(X) by replacing the flow (@)
by the flow generated by Y, _
(3) For any defining function p of V,, and any w € 0V, we have
Yiw)=0 = Y?jw)<0. (2.11)

From now on, we will fix V,, W, and Y as above. By [DG16, Lemma 1.1] we may

find a smooth extension of Y on G (still denoted by Y') so that for every w € G and
t > 0, we have

w,G(w) eclos V, = &.(w) € clos V, for every 7 € [0,]. (2.12)

Let (¢1)ier be the flow generated by Y and let (wt) be the corresponding flow on G.
Set I'y = I'y (Y) for simplicity. The extended unstable/stable bundles EX C T*V, over
I'y are defined by

Ef(w)={Qe TV, : U (Q) =10 0},
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where W, is the symplectic lift of Jt, that is
Wi(w, ) = (G(w), dh(@) Q). (@, TG, tER,

and ~T denotes the inverse transpose. Then by [DG16, Lemma 1.10], the bundles

E% (w) depend continuously on w € I'y, and for any smooth norm | - | on T*G with
some constants C' > 0, 8 > 0 independent of w, Q) for t — Foo we have

WL ()] < CeMIQ), Qe By w),

2.8. Dyatlov—Guillarmou theory. Let V%! be any smooth connexion on & ;. Then
by (2.10) we have

Pro= Vo + Ay
for some Ay, € C*(G,End(&)). We define a new operator Qy, by setting

Qrr = V' + Apy : CF(G, Exp) = CF(G, Ery).

Note that Q¢ coincides with Py, near }N(u since Y coincides with X near IN(U Clearly,
we have

Qre(fu) = (YH)u+ f(Queu), feCG), ueC™G ). (2.13)

Next, consider the transfer operator e '@ : C®(G, &) — C®(G, Ex ) with generator
Qk,g, that iS,

ety = —Qk,ge’tQ’“vZu, ue C®G, &), t=0.
As above, for some constant C' > 0, we have
- c
le™ |28y ) r2(G ) < CeTM, T2 0.

Then for for Re(s) > C, the resolvent (Qy, + s)~' on L*(G, Exy) is given by
(Qre+s) ' = / e et qt - LG, Epy) — LH(G, ). (2.14)
0

Consider the operator
Rkj(s) = 1‘71L(Qk7£ -+ 8)_11‘7u, Re(s) > 1,

from C°(Vy, ) to D' (Vi, Eks), where D'(V,, ) denotes the space of & -valued dis-
tributions. Taking into account (2.11), (2.12) and (2.13), we see that the assumptions
(A1)-(A5) in [DG16, §0] are satisfied. We are in position to apply [DG16, Theorem 1]
in order to obtain a meromorphic extension of Ry ¢(s) to the whole plane C. Moreover,
according to [DG16, Theorem 2], for every pole sy € C in a small neighborhood of s
one has the representation

J(s0) i—1 i—17Tk,L
—1)I1(Qup + o) IR
Rii(s) = Rugre(s) + Z (=1) <(8k_£ 50)3'0) o (2.15)
j=1

where Ry (s) : Cé’o(vu, Epe) — D/(IZL, Eke) is a holomorphic family of operators near
s = s and II%4 © C2(V,, &) — D'(Vi, Ekye) is a finite rank projector. Denote by
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KRy, u(s) and Kpre the Schwartz kernels of the operators Ry (s) and TI%¢, respec-
vy SO

tively. Recall the definition of the twisted wavefront set

WEF'(A) ={(z, &y, —n) « (2,§,y,m) € WF(Ka)},
K 4 being the distributional kernel of the operator A. By [DG16, Lemma 3.5, we have

WEF' (KR, (5) C AT V,)UT, U (EL x E7). (2.16)
Here A(T*V,) is the diagonal in T*(V,, x V,,),

T, = {(¥(w,Q),w,Q) : (w,Q) €TV, t >0, (Y(w),Q) =0},
while the bundles Ei and flow U, are defined in §2.7. Finally, we have
supp(KHz;ée) cl, xT'_  and WF’(KH;SCE)@(S)) C Ei x E*. (2.17)

3. THE DYNAMICAL ZETA FUNCTION FOR THE NEUMANN PROBLEM

In this section we prove that the function ny admits a meromorphic continuation
to the whole complex plane, by relating nx(s) to the flat trace of the cut-off resolvent

Ru(s).

3.1. The flat trace. First, we recall the definition of the flat trace for operators acting
on vector bundles. Consider a manifold V', a vector bundle £ over V and a continuous
operator T : C°(V,E) — D'(V,€). Fix a smooth density p on V; this defines a pairing
() on C=(V,€) x C(V, €. Let
KreD(VxV,EREY
be the Schwartz kernel of T with respect to this pairing, which is defined by
<KT77TTU ® W;V> = <rI\l1,V>7 uc Ccoo(v7 8)7 v E Cso(v7 5*)7

where the pairing on D'(V x V,EK E*) x C2*(V x V,E K E*) is taken with respect to
% p. Here, the bundle £ X £* = 77 @ m3E* — V is given by the tensor product of
the pullbacks 77€, and 73&*, where m,m : V x V' — V denote the projections over
the first and the second factor, respectively.

Denote by A = {(z,z) : x € V} CV xV the diagonal in V' x V and consider the

inclusion map ta : A =V XV, (z,2) — (z,x). Assume that
WF' (K1) N A(T*V \ {0}) =0, (3.1)
where A(T*V '\ {0}) is the diagonal in (7*(V)\ {0}) x (T*(V)\ {0}). Then by [Hor90,
Theorem 8.2.4], the pull-back
iAKt € D'(V, End(£))
is well defined, where we used the identification (A (E X E*) ~ € @ & ~ End(€). If Kt
is compactly supported we define the flat trace of T by
tI‘b T = <trEnd(€)<L*AKT)7 ]_>,

where again the pairing is taken with respect to p. It is not hard to see that the flat
trace does not depend on the choice of the density pu.



DYNAMICAL ZETA FUNCTIONS FOR BILLIARDS 19

3.2. The flat trace of cut-off resolvent. We introduce a cut-off function y €
C°(V,) such that Y =1 on K,,. For g € C>°(R* \ {0}) define

Tl;’ﬁu = (/ g(t)f{(e_tq’“fu)idt> . ue C™(G, Ey).
0

We may apply the Guillemin trace formula [Gui77, §2 of Lecture 2] (we refer to [BSW21,
Lemma 3.1] for a detailed presentation based on the argument of [DZ16, Appendix B]),
which implies that the flat trace of T’;’g is well defined, and
7)) 7t tr(at
= |det(Id—P,)|

where the sum runs over all periodic orbits 7 of (¢;). Here,

P, = d@—T(“{) (wﬁ)’Eu(wﬁ)@Es(wﬁ)
is the linearized Poincaré map of the closed orbit

t=A(t) = (v(1), Eu(v(1)))
of the flow (¢;) and w5 € Im(7) is any reference point taken in the image of 4. Note
that if we take another point wf € Im(7), then the map dp_.(,)(w%) is conjugated
to dp_-(y)(ws) by d@y, (wy), where ¢; € R is chosen so that ¢y, (wy) = wsy. Hence the
determinant det(Id —P,) does not depend on the reference point ws and is well defined.

The number tr(af*

5") is the trace of the linear map

k.0 )
O r(y) 5k,£|w& — 8k,£|w.—ya

wy,T
where for ¢t € R and w € G, we denote by
K,
@t Erelo = Erelaw)

the restriction of the map @f’f : Exe — Ery to the fiber & 4|,. Again, if we take another

. k.t : . kit .
reference point w%, the map o is conjugated to o’ hence its trace depends

) wyir(7)
only on 7, and this justifies the notation tr(ag’g).

Next, we follow the strategy of [BSW21, §4.1] which is based on that used in [DZ16,
§4] for Anosov flows on closed manifolds to compute the flat trace of the (shifted)
resolvent defined below. We may apply formula (3.2) with the functions g, 7(t) =
e *or(t), where or € C°(R") satisfies suppor C [¢/2,T 4+ 1] for 0 < &€ < dy =
min,ep 7(7y) small and o = 1 on [¢,7]. Then taking the limit 7" — oo, we obtain,
with (2.14) in mind,

e T 7 (4) tr(al?
' REA(s) =) % ~( il ), Re(s) > 1. (3.3)
| det(Id —P,)|

Here for Re(s) large enough and € > 0 small, we set

R (s) = Xe ST (Qpe +5) 71X,
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and ¢ is chosen so that e==Q%¢ supp(X) C V,,, so that R*4(s) is well defined. The equal-
ity (3.3) is exactly Equation (4.21) in [BSW21], and we vefer to the aforecited work for a
detailed proof of this identity. Note that the flat trace tr” R%(s) is well defined thanks
to the information of the wavefront set WF'(KR;;,Z(S)) obtained from (2.16), together

with the multiplication properties satisfied by wavefront sets (see [Hor90, Theorem
8.2.14]).

Next, one states the following result, similar to that in [F'T'17, Section 2]. This crucial
lemma explains the reason to introduce the bundles & ;. For the sake of completeness,
we present a detailed proof.

Lemma 3.1. For any periodic orbit v related to a periodic orbit v, we have

d—1d%—
k+€ _ —1/2
Z tr(af®) = | det(Id —P,)| 7"/,
]detId P)= =

Proof. Let v(t) be a periodic orbit and let ¥(t) = (y(t), Eu(y(t)), wy € 7, z € 7. Set
Py = do—r)()lmaey: Pris = dpr) (2)]m.2),
Py1 = dor(5)(@5) ker dre () P = AP 7 () (W5) ™ ier dme ) -

The linearized Poincaré map ﬁv of the closed orblt ~ satisfies

det(Id —P,) = det <Id o5, @Eu(w)) (3.4)
= det (Id —P,) det (Id—P, )

since Ey(w) ~ Ey(z) ® ker drg(w) and Ey,(w) ~ E,(z) by Lemma 2.1. Recall the well

known formula
k

det(Id—A) =Y " (=1)' tr VA
5=0
for any endomorphism A of a k-dimensional vector space. Moreover, notice that
tr(aﬁ’z) =tr A"P, , tr /\KP,y_i,
since by (2.8), Oz~ ¢ coincides with the map
AF [d¢r(7) (71'(;(&)5)) } (029 A [dgo.,-(,y) (w;)} : /\kg*|w§ X /\KJT"LU:Y — /\k(€*|w:f X /\€~/—"|w:/.

Therefore, one gets

—d d—1
Z Z k+£tr )
=0 k=0
d—1 d?>—d (3.5)
= br(y)(w5) (Z Pt /\kP%u) (Z(—l)%r/\”{/i)
=0

= | det(P,,)| "2 det(P, )| det(Id — P,,) det(Id — P;i).



DYNAMICAL ZETA FUNCTIONS FOR BILLIARDS 21

Here we have used the equality
br () (w3) = | det dpr ) (T (w5))|ws) |2 - | det (dGr ) (w5) [kerang) |
= [det(P,,.)| | det(P,..)
which holds because P, , and P, | are defined with dy_, and d¢_;, respectively. There-
fore (3.4) yields
tr(al’)  det(Id—P,,) det(Id =P, )| det(P, )|~/

kL .
kZE( ) |det(Id—P7)] | det(Id —P,)|| det(Id P%l)Hdet(Pw)k1

(3.6)

Since P, is a linear symplectic map, we have
det(Id =P, ) = det(Id =P, ,), det(P,,) = det(P,,),
and one deduces
| det(Id —P,)| = | det(Id — P, ,,)|| det(Id — P, )|

= | det(Py.)l| det(Id =P, )[| det(Id =P )|

= | det(P,,)| ! det(Id — P, )%
For t > 0 the map d@, = (dp_;)~! is contracting on ker drg C Es(ws) (resp. dg_; is
contracting on E,(z)) and these contractions yield det(Id — P, 1) > 0 (resp. det(Id —P,,) >
0). Thus the terms involving P, | in (3.6) cancel and since

|det(Id —P,)|~"/2 = | det(P,,)|"/? det(Id — P, ,,) ",

the right hand side of (3.6) is equal to |det(Id —P,)|~1/2. O
3.3. Meromorphic continuation of 7y. From Lemma 3.1 and (3.3), we deduce that
for Re(s) > 1, we have

—1d?—d
nN(s) = (=) " RE(s),
0 ¢=0

U

e
Il
o~
Il

where 7n(s) is defined by

7(7)s

Z\detl— |1/2°

Since for every k, ¢ the family s — R¥‘(s) extends to a meromorphic family on the
whole complex plane, so does s — 7n(s). Indeed, it follows from the proof of [DG16,
Lemma 3.2] that s — Kgke(q 1s continuous as a map'

C\ Res(RY) = DL(G x G, &, KEL).

IThis follows from the fact that the estimates on the wavefront set of R¥*(s) given in [DG16,
Lemma 3.5] are locally uniform with respect to s € C.
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Here for s ¢ Res(R) the distribution Ky, is the Schwartz kernel of RM(s) and
(see (2.16) for the notation)

F=A.UT  UE x E*,
where A, = {(V.(w,Q),w,Q) : (w,Q) € T*(V,) \ {0}} and

Yoo = {(Ty(w,Q),w,Q) : (w,Q) € T*(V,)\ {0}, t = ¢, (V(w),Q) =0},

while Dr(G x G, & W &) is the space of distributions valued in &, X &, whose
wavefront set is contained in I'. This space is endowed with its usual topology (see
[Hor90, §8.2]). Thus, outside the set of poles Res(R**), we apply the procedure with
a flat trace. In particular, s + tr” R¥*(s) is continuous on C\ Res(R}) by [Hor90,
Theorem 8.2.4]. Finally, Cauchy’s formula implies that this map is meromorphic on
C and this completes the proof that the Dirichlet series nx(s) admits a meromorphic
continuation in C.

Next, we establish that nx(s) has simple poles with integer residues. To do this,
we may proceed as in [DG16, §4]. For the sake of completeness we reproduce the
argument. Let so € Res(Rgy) for some k,¢. Recalling the development (2.15), it is
enough to show that

tr’ (Ye =0t [(Que + s0) 'TIH] ¥) =0, 5> 2, (3.7)

and
tr’ ()Ze*E(SMQ’“@)H';’f)Z) = rank II%". (3.8)
In the following we fix k£ and ¢. We may write

m
kil __ E
Hgo - u; ® Vi,
=1

where ® denotes the Hilbert tensor product and by (2.17) for i = 1,...,m we have
w, € D'(Vy, &), supp(wy) C Ty, WF'(w,) C Ei,

- - 3.9
vi € D'(Vi,,Ery), supp(vy) C T, WEF'(v;) C E*. (3.9
The relations B B B
By B0 (T (V) o)) = 0,
make possible to define the pairing (u;, v,) on & x &, for i,p = 1,...,m which yields

a distribution on V,. This distribution is compactly supported since
suppu; Nsuppv, C 'y NI'_ = l?u

The family (u;) is a basis of the range of IT%*. By definition of the flat trace and the
information on the wavefront sets, we can write

o (e~ ) [(Quy + so) T )

m

- Z/~ (Xe =TV (Que + s0) 1wy, Xvi).

=1

(3.10)
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Here the integrals make sense taking into account the estimates of the supports and
the wavefront sets of u; and v, mentioned above. Since IT%f o [T = TI%¢) the family
(v,) is dual to the basis (u;) in the sense that

/~ (;,vp) =0ip, 1< i, p<m, (3.11)
where 9;,, are the Kronecker symbols. Introduce

C(g?k,z = {u € D’(f/u, Eky): suppu C 'y, WF(u) C E_*H (Qre + 50)'u = O}.

Then, since Y = 1 near K., one deduces that Ye S0t Qo (Qy, + $0)ITELY maps
C’ﬂlg%xCJ)H, and XCOM—>{O} j=>1.

This fact and (3.11) show that (3.7) holds. To prove (3.8), we write

Z/~ <>N<e—5(50+Qk,e)ui’>zvi>
&
= Z/~ (u;, v;) —Z/ dt/~ <5{e*t(s°+Q’“*£)(Qk,z+so)ui,)Zvi>.
i u i Y0 Vu

Now, we replace € by ¢ in (3.7) for any ¢ € [0,¢], and we obtain that the last sum in
the right hand side of the above equation vanishes. Finally, applying (3.11), we obtain
(3.8).

4. THE DYNAMICAL ZETA FUNCTION FOR PARTICULAR RAYS

In this section we adapt the above construction to prove the following result.

Theorem 4. Let g € Ny. The function n,(s) defined by

Tﬁ(/y) 737—(7)
p—t 1
77(1(5) E |det(1d P )|1/27 R,G(S) > )
~EP, m(y)EgN

where the sum runs over all periodic rays v with m(y) € gN, admits a meromorphic
continuation to the whole complex plane with simple poles and residues valued in Z/q.

Note that for large Re(s) we have the formula
1p(s) = 2ma(s) — nn(s). (4.1)

In particular, Theorem 4 implies that np(s) also extends meromorphically to the whole
complex plane, since 7nn(s) does by the preceding section. In particular, we obtain
Theorem 1 since 27y(s) has simple poles with residues in Z.
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4.1. The g-reflection bundle. For ¢ > 2 define the g-reflection bundle R, — M by

R, = ([SRd\ (wl(b) U Dg)} x Rq)/ ~, (4.2)
where the equivalence classes of the relation ~ are defined as follows. For (z,v) €
SRE\ (ﬂ_l(lo)) U Dg> and ¢ € R?, we set

[(ZE, v, 5)] = {(ma v, 5)7 (:B7 Ul? A(Q) ’ 6)} if (CB, U) € D, (17, U,) € Dout,
where A(q) is the ¢ x ¢ matrix with entries in {0, 1} given by

0 1

Clearly, the matrix A(q) yields a shift permutation
A(Q)(gla 627 ceey ’Sq) = (gqa 617 ceey 5(171)'

This indeed defines an equivalence relation since (z,v’) € Doy whenever (z,v) € Dy,.
Note that

Alg)?=1d, trA(q =0, j=1,...,q— 1 (4.3)
Let us describe the smooth structure of R,, using the charts of M and the notations
of §2.2. For z, € Dy, let U,, = B(0,6) = {x € R : |z| < J} be a neighborhood of 0
used for the definition of F,, (see §2.2) and let

U0, =] —¢€€[xB(0,0) x B(0,5) = W,,

be a chart. Then the bundle R, — M can be defined by defining its transition maps, as
follows. Let W = W~}(B\ 7 1(dD)) be a chart. In the smooth coordinates introduced
in §2.2, we have W, NW =W, U W_, where

W, =10,e[ x B*72(0,0) and W_ =]—¢,0[ x B*7%(0,4).

Then we define the transition map «,, : W, N W — GL(R?) of the bundle R, with
respect to the pair of charts (V,,, ¥) to be the locally constant map defined by

" Id  ifzeW.,
o, (Z) =
Alg) ifz e W,.

For z,, z, € D,, the transition map of R, for the pair of charts (¥, , W,/) is declared
to be constant and equal to Id on W, N W,,. In this way we obtain a smooth bun-
dle R, over M, which is clearly homeomorphic to the quotient space (4.2). Since the
transition maps of R, are locally constant, there is a natural flat connexion d? on R,
which is given in the charts by the trivial connexion on RY.

Consider a small smooth neighborhood V of K. As in §2.4, we embed V into a
smooth compact manifold without boundary N, and we fix an extension of R, to N
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(this is always possible if we choose N to be the double manifold of V'). Consider any
connexion V7 on the extension of R, which coincides with d? near K, and denote by

Fyi(2) 1 Ry(2) = Rylpi(2))

the parallel transport of V7 along the curve {¢,(z) : 0 < 7 <t}. We have a smooth
action of ¢! on R, which is given by the horizontal lift of ¢;

vi(2,€) = (u(2), Pya(2) - €), (2,6) € Ry

As in (3.2) we see that for a periodic orbit v we define P, as an endomorphism on
R?. From (4.3), and the fact that V7 coincides with d? near K, we easily deduce that
for any periodic orbit v = (¢(2))recj0,+(y), We have

if m(y)=0 mod g,
P, = {q (7) ! (4.4)

0 if m(y)#0 modgq.

4.2. Transfer operators acting on GG. Now, consider the bundle
SIZ,E = gkl ® WéRq,
where 7R, is the pullback of R, by n¢ and & is defined in §2.6, so that 7;;/R, — G

is a vector bundle over G. We may lift the flow ¢! to a flow ®}“% on &, which is

defined locally near [N(u by
W u@v®E)
= (Bw), biw) - |(dedlre@) ™)™ () © (@GUW) () © Prulz) -€))
for any w = (2, F) € G, u®@v®§ € & () and t € R. Here b;(w) is defined in §2.6.

As in §2.8, we consider a smooth connexion V¥ = V% @ 7%, V7 on 5,;{6. Define the
transfer operator
DL C%(GLEL) - CF(GLE])
by
L u(w) = Oy u(@y(w)], u e C=(G,EL).
Then the operator

d

k"€7q7*
Pk,&q = _<(I)—t )

” ,ue C¥(G, &)

t=0

which is defined near I?u, can be written locally as V];(’Z’q + Ay for some Agy, €
c>(U,, End 513,12) which is defined in some small neighborhood U, of K,. Next, we
choose some By, € C*(G, End 8,31) which coincides Ay, near [?u We consider 17“
and Y as in §2.7, and set

Qhiy = V’;Z’q + By CF(G, &) = CF(G,EL).
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4.3. Meromorphic continuation of 7,(s). For x € C>(V,) such that Y = 1 near
I?u, we define
RY4(s) = e o Weat)(Qppq +5)7'X

Repeating the argument of the preceding section one can obtain an analog of (3.3)
where the factor tr(a ,’jg) must be replaced by tr( “Ytr(P, ). This leads a meromorphic
continuation of R¥%4(s).

On the other hand, by (4.4) one gets tr(F, ) = 1,n(m(7y)). In particular, proceeding
exactly as in the the preceding section, we obtain that for Re(s) large enough,

e=s7()

—1)E g REG(s) = : 4.
Y (DM’ RE qz |det1d e (4.5)

k.t

( )GqN

Therefore, repeating the argument of §3, we establish a meromorphic continuation of
the function s — n,(s). Finally, by using (4.5), we may proceed exactly as in §3.3 to
show that gn, has integer residues. This completes the proof of Theorem 4.

5. THE MODIFIED LAX—PHILLIPS CONJECTURE FOR REAL ANALYTIC OBSTACLES

In this section, we assume that the obstacles Dy, ..., D, have real analytic boundary.
Then the smooth structure on M defined in §2.2 induces an analytic structure on M.
Indeed, with notations of §2.2, the local parametrizations F, of Dj, can be chosen
to be real analytic, as Dj, is a real analytic submanifold of SR?!. This makes the
transition maps (2.3) real analytic, and thus we obtain a real analytic structure on M.
In the charts defined by ¥,, and ¥ (see §4.1), the billiard flow ¢, is a translation and it
defines a real analytic flow. Of course, the Grassmannian bundle G — M also becomes
real analytic. Consequently, the lifted flow ¢; on G, which is defined by (2.6), is real
analytic as well.

Consider the bundles 8,32 — G defined in §4.2 for ¢ > 2,1 < k < d—1 and
1 < ¢ < d?—d. In the case ¢ = 1 the bundles EM — G are isomorphic to &g, Exy
being the bundles defined in §3. As before, we naturally extend the flow ¢; to a flow
@4 (which is non complete) on &Ly We set

P g, ad & =P &,

k+¢ even k+¢ odd
Define the flows (I>+ and ®; ,

(I’Zq: @ (I)f%q and ®t_,q: @ (I)fj’q'

k+¢ even k+¢ odd

acting respectively on the bundles 5; and &, by

Then @fq is a virtual lift of ¢; to the virtual bundles Ei, in the sense of [Fri95, p.
176].  Also, following [Fri95, p. 176], given a periodic ray -, one defines x,(£;) =
X~+(&]) — x4(&;). More precisely, given a point w = (2, E) € G, z € 7, and a bundle
§ — G over G, one considers the transformation ®,(,y : §, — &, where , is the fibre
over w and ®; is the lift of the flow @, to . Then we set x,(§) = tr ®,(,). For a period
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ray v related to a primitive periodic ray 7* one defines p(y) € N determined by the
equality 7(7) = ()7 (7).

After this preparation one introduces the zeta function

o 1 X+ (&5) o—s7(7) ofs
Guls) = exp( q;mndetad—ﬁm ). Re(s) > 1

This function corresponds exactly to the flat-trace function s — T°(s) introduced by
Fried [Fri95, p. 177]. On the other hand, one has

W (E) = S (=1 0 wy).

k0

According to the analysis of §3 for the function (x(s), one deduces that

— 1 —
ds 8 Gils) Z | det(I
yeEP

M=y~ )
Similarly, the argument of §4 implies

d 2y T(yf)esT0)
glog((g(s) ) =2 ; et(d =) 2m2(s), Res> 1.

m(y)e2N

Res > 1.

Consequently, the representation (4.1) yields

np(s) = _%10g<<<21((83)) ), Res > 1. (5.1)

For obstacles with real analytic boundary the flow ¢, is real analytic and the bundles
Sqi are real analytic, too.

For convenience of the reader, we recall the definition of the order of a function f
meromorphic on the complex plane (see for instance [Hay64]). For r > 0, denote by
n(r, f) the number of poles of f in the disk {|z| < r} counted with their multiplicity.
Introduce the (Nevalinna) counting function

t
Let logt : R — R* be the function defined by

N(r, f) = /0 S =m0 D) g 4 w0, )10

logz if z>1
+ .. = 4
log x_{o it <L

The proximity function m(r, f) is defined by

2
mirf) = 5= [ 1og" (") iap
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and T(r, f) = N(r, f) + m(r, f) is called the (Nevalinna) characteristic of f. Finally,
the order p(f) of f is defined by

log"™ T
p(f) = limsup log” T(r, /)
r—00 log r
We are now are in position to apply the principal result of Fried [Fri95, Theorem
p. 180] (see also pp. 177-178) saying that the zeta functions s — (i(s), k = 1,2, are
entire functions with finite orders p(¢x). Thus (3/¢; is a meromorphic function with

order max{p((1), p(C2)}-

Proof of Theorem 3. Denote by {p;} C C the set of resonances for the wave equation
in the domain R?\ D, with Dirichlet boundary conditions. Our purpose is to prove
that there exists o > 0 such that

tH{p; + 0<Imp; < af = oo.

By the work of Tkawa [[ka88b, Tka90a] and a modification of its proof to cover the case d
even (see Appendix B), it is sufficient to show that the Dirichlet series np(s) cannot be
continued as an entire function on C, that is, np(s) has at least one pole. We proceed by
contradiction and assume that 7p(s) is an entire function. Applying the representation
(5.1), this means that (»(s)?/(i(s) has neither poles nor zeros. As we have mentioned
above, this function has finite order, so by the Hadamard factorisation theorem we
deduce that (5(s)?/¢1(s) = exp(Q(s)) for some polynomial Q(s). This implies that
np(s) = —Q'(s) is a polynomial, which is impossible. Indeed, since np(s) — 0 as
Re(s) — o0, this implies that @’(s) must be the zero polynomial. By uniqueness of
the development of an absolutely convergent Dirichlet series of the form ) a,e
[Per08], this leads to a contradiction. O

APPENDIX A. HYPERBOLICITY OF THE BILLIARD FLOW

In this appendix we show that the non-grazing flow (¢;) defined in §2.1 is uniformly
hyperbolic on the trapped set K.. Throughout this section we will work with the
Euclidian metric. As it was mentioned in §2.4, we can obtain the uniform hyperbolicity
of the flow (¢;) on K in the smooth model from that for (¢;) on K.. The flow (¢;) is

hyperbolic on K, if for every z = (z,v) € BN K, we have a splitting
T.RY =RX(2) ® Ey(2) @ E,(2),
where X (z) = v and E4(z)/E,(z) are stable/unstable spaces such that d¢;(z) maps
Ey/u(2) onto Eg,(¢(2)) whenever ¢(2) € B N K., and if for some constants C' >
0,v > 0 independent of z € K., we have
Ce "||v||, wv€ FEsz), t=0,

1dee(2) - vf| < (A.1)
Ce V|||, ve B, (2), t<0.

First, we consider the case of periodic points. Our purpose is to define the un-

stable and stable manifolds F,(z) and F(z) at a periodic point z, and to estimate

the norm of d¢.(2)|g,(.) for b = u,s. Consider a periodic ray v with reflection points
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FIGURE 2. The map ¥, : (u,v) — (v, )

2 = (qi,wi), ¢; € 0D, w; € ST i =0,...,m(y) = m. We will apply the representa-
tion of the Poincaré map established in Theorem 2.3.1 and Proposition 2.3.2 in [PS17].
To do this, we recall some notations given in Section 2 of [PS17]. Let II; C R? be
the plane passing thought ¢; and orthogonal to the line ¢;¢;+; and let II; be the plan
passing thought ¢; and orthogonal to w;_y. For j =i (mod m) we set II; = 1I;, ¢; = ¢;.
Set \; = [|¢i-1 — ¢i]| and let o; be the symmetry with respect to the tangent plane
a; =T,0D. Clearly,

ai(wi) = Wit1, OZ(H;) = Hi, HO = Hm

We identify I1;_; and IT; by using a translation along the line determined by the segment
[¢i—1,qi] and we will write o;(II;_1) = II,.

We may identify I1; x II; with ., = 7., (TR?)/E.,, where E., is the two-dimensional
space spanned by w; and the cone axis at z;. Given (u,v) € II;_y x II;_; sufficiently
close to (0,0), consider the line ¢(u, v) passing through u and having direction w; 1 + v
(the point v is identified with the vector v). Then ¢(u,v) intersects 0D at a point
p = p(u,v) close to ¢;. Let ¢'(u,v) be the line symmetric to ¢(u,v) with respect to the
tangent plane to 9D at p and let «’ € II; be the intersection point of ¢'(u,v) with II;.
There exists a unique v’ € II; for which w; 4+ v’ has the direction of ¢ (u,v). Thus we
get a map

\I]i : Hi*l X Hi*l > (U,U) — (U/,U/) € H,L X Hz

defined for (u,v) in a small neighborhood of (0,0) (see Figure 2). The smoothness of
the billiard ball map B introduced in §2.4 implies the smoothness of ¥;. Next consider
the second fundamental form S(&,7n) = (G;(€),n) for D at ¢;, where

Gy =dnj(q) 0y — o
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is the Gauss map. Introduce a symmetric linear map JZ on II; defined by for &, n € IT
by

(i0i(€), 03(n)) = —2(wi—1, n;(a:) ) (Gi(mi(€)), (),

where (.,.) denotes the scalar product in R? and n; : I, — «; is the projection on ay
along Rw; 1.

Notice that the non-eclipse condition (1.1) implies that there exists [y € ]0,7/2|
depending only of D such that for all incoming directions w; ; and all reflexion points
¢; € 0D;, one has

—{wi—1,n5(q:)) = (wi, n;(g;)) = cos fo > 0.

Consequently, the symmetric map 17;2 has spectrum included in [y, po] With 0 < iy < o
depending only of kK = cos 3y and the sectional curvatures of dD. Finally, define the
symmetric map

wi = 3;1{;@'31' . Hm — Hm
with s; = 0, 00;_10---00y. By Theorem 2.3.1 in [PS17], the map d¥;(0,0) has the

form

and the linearized Poincaré map P, related to v is given by
Pvzd(\lfmoollll)(0,0) Iy x IIg — I XH07

which implies

b (s O (1 Ml N (T I
YN0 s ) \ W T At v T4+ MY )

Now we repeat without changes the argument of Proposition 2.3.2 in [PS17]. For
k=20,1,...,m, consider the space M, of linear symmetric non-negative definite maps
M : T — TI. Next, let My (g) C My, be the space of maps such that M > eI with
e > 0. To study the spectrum of P,, consider the subspace

Lo = {(U, MoU) S Ho}, M() c M(),

which is Lagrangian with respect to the natural symplectic structure on Il x IIy. By
the action of the map dW;(0,0), the space Ly is transformed into

Ly = {on(I + M M), o (I + Mpy) Mo +)u s u € o} € I x 0.
Introduce the operator
A - My — M,
defined by
Ai(M) = o; M(I+ \NM) o7t + 4.
Therefore we may write Ly = {(u, Myju) : u € 1} with M; = A;(M,). By recurrence,

one defines

Ly = {(u, Myu) : welly}, My =A(My—1), k=12,...,m.
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The maps A are contractions from My_1(g) to My(g), and hence
A= Am 0-+--0 Al

is also a contraction from My(e) to My(e). We choose My € My(e) as a fixed point of
A and notice that € > 0 can be chosen uniformly for all periodic rays. Thus we deduce

2 (a1) = (125:)
with a map S : Il — IIy having the form
S =0l + A A, (My)) 0 01 (I + A1 AL, _o(Mo)) 0 -+ 0 o1 (I + A M),
where A = Aj 0 A1 0---0A;. Setting

dy = H;éln dist (DZ, Dj) > 0, dy = ITl;;iX dist (DZ, Dj),
1£] 17

and 5 = log(1 + edy), one obtains
1Sull = (1 + doe)™ [[u]l = & |Jul|.

Obviously, the eigenvalues of S are eigenvalues of P, and we conclude that P, has
(d — 1) eigenvalues vy, . .., 41 satisfying

| =™ j=1,...,d—1

For 0 < 7 < Ay, consider a point p = ¢,(2) € BN ~y, where 2z = (r,v) € Dy,. The
map ¢, : Dy, — B is smooth near z and moreover do,(z) : ¥, — Y4, (). We identify
Iy x Iy with X, and ¥4 (,) with the image

A6 (2)5, = (é Tf) (I x TL,).

Next we define the unstable subspace of X ;) as

Bu(o(2) = a6, )k = (§ 77 ) (2

Let 0 <7 <A\, 0<0 < A\y1 withp > 1andsett = —743"  A\j+ 0. Then ¢ is
smooth near p and

du(p)ls, = ddo(B(2)) 0 dB(2) 0 dg_~(2) : 5, = Yo, (p)-

Thus we have the diagram

Eup) 2% E.(64(p))

ld(bfq—(p) Td‘ﬁa(Bp(Z))
My - L, 28 o

where xo : Iy 3 u — (u, Mou) € Lo C ly x Iy and x, : I, 5 u — (u, Myu) € L, C
IT, x IT,,. It is easy to obtain an estimate of the action of d¢y(p)|g, () for p = ¢,(2), v =
do,(z)(u, Myu) € E,(p). Clearly,

dor(p) - v = (dos(BP(2)) 0 AB?(2))(u, Mou).
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By the above argument we deduce
dB?(z)(u, Myu) = (Spu, M,Spu) € L,
with
Sp = 0p(L + ApAj,_1(Mo)) 0 01 (1 + Ap1A,_5(Mo)) 0 -+ 0 01 (1 + A Mp).
Setting Sy = f/d; and w = (u, Myu) = d¢_,(p) - v, we have

Zpd T
1dB?(2) - wl| = [[(Syu, MypSpu)|| = [|Spull = e®™ [lul| > e®H 7= [u]],
hence we get
1dB?(2) - w]] < Coe™*Me™||w|| = Coe™ ™! ||dp_r (p)v]|- (A.2)

Here we used the estimate
1/2
ool = (Jlel® + 1Moul?) < (14 B2l

with || Mo ||, < Bo and we set Cy = (1 + B2)~'/2. The constant By can be chosen
uniformly for all M; and all periodic points since for every non-negative symmetric

map M one has
_ 1 1
1M+ XeM) T < = < -
A do
and the norms ||¢| are uniformly bounded by a constant depending on the sectional
curvatures and s > 0. Consequently,

[ AR(M)]| < Bo, (A.3)
the same is true for the fixed point My = A,,(M,,—1) and the estimate (A.3) is uniform
for all periodic points. Finally, estimating the norm of d¢_,(B?(z)) = (é _?I), we
obtain [|d¢,(B?(2))¢|l = (14 di)~"[|¢]| and

[dee(p)ull = (1 + di) ™" Coe™ e ||dg_ (p)o||
> (1+di)Coe e v]].

It remains to treat the case p = ¢.(2), 2 € Dy, 0 < t = 7+ 0 < M. Then
&1(p) = ¢r40(2) € BNy and we obtain easily an estimate for ||(d¢,40(2)) - v

Our case is a partial one of a more general setting (see [LW94]) concerning Lagrangian
spaces {(u, Mu)} with positive definite linear maps M. Such spaces are called pos-
itive Lagrangian. A linear symplectic map L is called monotone if it maps positive
Lagrangian onto positive Lagrangian. In [LW94] it is proved that any monotone sym-
plectic map is a contraction on the manifold of positive Lagrangian spaces. After a
suitable conjugation the map L has the representation (see Proposition 3 in [LW94])

L (AT 0N (1 R
~\o a)\Pp 14+PR

with positive definite matrices P, R. In our situation we have A =1, R = A\, I, P = 1);.
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To determine the stable space Eq(z) at z, we will study the flow ¢; for ¢ < 0 and
repeat the above argument leading to a fixed point. The linear map P ! for a periodic
ray v with m reflexions has the representation

Pﬂ/—l _ (d\lfl)_l 0---0 (d\llm)_l : 1g x 11y — Iy x Iy,

—1
g = (%0 L) (T ).
Recall that Ty = IT,,,. Consider a Lagrangian Qo = Q,, = {(u, —Nyu) : u € T} with
a symmetric non-negative definite map N, € M,. Then
(dW,) " Q= { (07 (I + Ao (¥ + Ny, =0, (0 + Ny )u) = w € o}
={(u, —Np_1u) : u €Il 1},

where

where

Nt = 03 G+ No) (T4 Ao+ M) 01 Ty — T
By recurrence, introduce the Lagrangian spaces

Qr = {(u, =Nyu) :u € I}, Np = Bi(Nigy1), k=0,...,m—1,

where
Bi(M) = 0y, ($rs1 + M) (f + A1 (Vrgr + M)>10k+1 Ty — 1.
It is easy to see that By, are contractions from My 1(g) to My (g) since
Okt1 (Bk(Ml) - Bk(M2)>0k_i1
= (I 4 Mera (Yr + M) (My = Ma) (T + Noga (rger + M) ™"

Therefore, B = By o --- o B,,_1 will be contraction from My(e) to My(e) and there
exists a fixed point NN,,, € My(e) of B. Moreover,

-1 u . gu
i <—Nmu) - (—Nm§u> e
where

S =07 (I + M (¥1 + B{(Nm))) 0 03 (I + Ao (th2 + By (Nim)))
0---0 O’;Ll(f + A (U + Ni))
and B, =Bpo---0B,,_1, k=1,...,m — 1. Clearly,
1Sull > (1 + dog)™||ull, u € Iy,

where ¢ > 0 depends of the sectional curvatures of D. Thus the stable manifold at
¢5(2), —Am—1 < 0 < 0 can be defined as E(¢,(z)) = dé,(2)(Qrm) and we may repeat
the above argument for the estimate of d¢;(¢,(2)) acting on Es(¢,(z)) for t < 0.

The intersection of the unstable and stable manifolds at y = ¢:(2), 0 < ¢t < A, is
(0,0). Indeed, we have

Eu(y) = dou(2)(Lp-1),  Ei(y) = doin, (6,(2))(Cp),
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where L, 1 = {(u, Mp_u) : weIl,_y x1I,_1} and @, = {(—u, —Nyu) : v € II, x I}
Assume that E, (y)NEg(y) # (0,0). Then there exists 0 # v € Ly,_1Nd¢_», (o, (2))(Qp)-
By the above argument d¢_» (¢»,(2))(Qp) = {(u, =Np_1u) : u € II,_; x II,_1}. This
implies the existence of u # 0 for which (M,_; + N,_1)u = 0 which is impossible since
M,_1+ N, is a definite positive map. Consequently, £,(y) and E,(y) are transversal
subspaces of dimension d — 1 of ¥, and we have a direct sum ¥, = E,(y) ® E,(y).

Now we pass to the estimates of d¢.(2)|g,(»), where z € BN K, is not a periodic
point. Since z € K., the trajectory v = {¢(z) : ¢ € R} has infinite number successive
reflection points ¢, € 0D;,, k € Z, with an infinite sequence

Jo = (ij)jez, 1 # ij41.

For every p > pg > 1 define the configuration

I B (A T A if 4, #i_,,
a, = (i ‘ ) ifd =i

Iy ooy 00y ooy lp1) i 4y =1,

Repeating «,, infinite times, one obtains an infinite configuration and following the
arguments of the proof of Proposition 10.3.2 in [PS17], there exists a periodic ray -,
following this configuration. Thus we obtain a sequence of periodic rays (Vp,+%)k>0-

Let {gyr € OD;,} be the reflexion points of 7,. For the periodic ray -, passing through
dpo € OD;, consider the linear space

Lpo = {(u, Mpou) : w0} CIlo x .
Our purpose is to show that the symmetric linear maps M, o € M, o(e) composed by

some unitary maps converge as p — 0o to a symmetric linear map My € Mj(e) on Ilj.
This composition is necessary since the maps My, p = po, are defined on different
spaces. To do this, we will use Lemmas 10.2.1, 10.4.1 and 10.4.2 in [PS17]. Consider
the rays v,,44, ¢ = 1, and 7. These rays have reflection points passing successively
through the obstacles

L'=D Di - s Digy..s Dy, D =1L".
According to Lemma 10.2.1 in [PS17], there exist uniform constants C' > 0 and § €
(0, 1) such that for any |k| < pp and j =1,...,q, one has
gpo 1 = dpogill < OO+ 0778) lgpgijn — @l < C(87F 4 77F).

We need to introduce some notations from [PS17, Section 10.4]. Let x € 9D; and
y € 0D; with i # j, and assume that the segment [z, y| is transversal to both 9D, and
0D;. Let II be the plane orthogonal to [z, y], passing through z. Let e = (z—y)/||lz—y||,
and introduce the projection 7 : II — T,.(0D) along the vector e. As above, we define

l—pg—1) Q97 * ipg? Hipg+1

the symmetric linear map ¢ : II — II by
(J(u),u} = 2(e,n(z))(Gp(m(u)), 7(u)), well,

and notice that _
spec ) C [ur, po], 0 < 1 < puo.
Setting Dy = 2C, we have the estimates

Gporjn — @l < Dod?** k= —py+1,...,0, j=1,....q



DYNAMICAL ZETA FUNCTIONS FOR BILLIARDS 35

Fix 1 < j < ¢ and introduce the vectors

dk+1 — Gk o — Apo+3j,k+1 — Gpo+j .k
HQkJrl _QkH’ g

€ — .
[

Consider the maps ¢y : II, — II; and 15,’{; : II, — 1II}, related to the segments
(@k—1, qx) and [Gpo+jk—1,Gpo+jk), Tespectively. Let M_p 1 @ II_p 1 — II_, 41 and
M’ I — II_ be symmetric non-negative definite linear operators. By

—po+j ° —po+J
induction, define

My, = op My (I + M M) o+, k=—po+2,...,0,

where A\, = ||gx—1 — k|| and oy, is the symmetry with respect to 7, dD. Similarly, we

po+j

define M}, k = —po + 2,...,0, replacing vy, Ay and oi, by ¢¥5, Aporik = | dpotih—1 —
Qpo+j.k|| and oy, respectively. Next, introduce the constants

b= (14 2ukdy) ' <1, a; =max{d,b} <1,

where dy > 0 and k > 0 were defined above. We choose M_,, 1 so that ||M_, +1|| < B
and by induction one deduces || M| < By. Here By > 0 is the constant in (A.3). We
have uniform estimates

| M| < Bo, |IMp]| < By, k=-po+1,...,0. (A.4)

Applying in [PS17, Lemma 10.4.1], there exists a linear isometry A, : R? — R? such
that Ag(II}) = IIj, and Ay satisfies the estimates

|Ax — I < CyDo(1 +0)6*,  |lvh — At || < CoDo(1 + 8)5", (A.5)

for any k = —pg + 1,...,0. Now we are in position to apply in [PS17, Lemma 10.4.2]
saying that with some constant £ > 0, depending only on D, x, § and b, for k =
—po+1,...,0 we have

1M, — AMA | < DoBal™* 4 26Dy — Ay MY, A (A.6)

The norm of the second term on the right hand side is bounded by 2Byb**+ro—1) and
for kK = 0 one gets

po+1 —p0+1||

1My — AgMyAG* | < DoEal® + 2Bob* ™).

Applying the above estimate for the rays 7,,+,, the maps M|, Ay will depend on the ray
Ypo+q and for this reason we denote them by M/ ;, A, . Now we use these estimates for

q,0»
the maps M/ .00 My o related to the rays v,,14 and yp,44 and by the triangle inequality
one deduces

/ —1 ! —1
”AquMq,OAq,O - Aq’vOMq’,OAqCO

| < 2DgEa}’ + 4Byb*@o ), (A7)
Here A, o(IT,,) = Tlp and Ay (I, o) = Iy are some isometries satisfying the esti-
mates (A.5). Clearly, one obtain a Cauchy sequence (Aq oM, A_()g=1 which converges

to a symmetric non-negative linear map My in Ilp. Moreover, if for every ¢ we have
M > el, then Mo el.
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After this preparation we define the unstable manifold at ¢.(zo) for some 0 < 7 <

lg1 — qol| as the subspace

E(¢-(2)) = do(2){(u, Mou) € TIy x Iy : u € Iy} C Xy, (2).
It is important to note that the procedure leadlng to the estimate (A.G) can be repeated
starting with Mo instead of M_, 1. Then if Mk are the maps obtained from MO after
successive reflexions, we obtain an estimate

1My, — AeMAGH| < DoEal*™ 4 p>F+0= || My — A My AL
for k=1,...,po/2.

We can repeat the above argument for p = ¢,(2), v € Ey(p), and t = —7+37F | A+
o, where 0 <7 < Aj and 0 < 0 < Ayy1, to estimate ||dgy(p) - v]|. We apply (A) with the

expansion map S defined as the composition of the maps (I + A\pAj_ 1(M0)) and we
get (A.4). Flnally, the construction of the stable space Es(¢,(2)), —|lg-1 —qol| <o <0
can be obtained by a similar argument and we omit the details.

APPENDIX B. IKAWA’S CRITERION FOR EVEN DIMENSIONS

In this appendix we prove the result of Ikawa [[ka90a, Theorem 2.1] for all dimensions
d > 2. This results is based on Lemma 2.2, Proposition 2.3 and Theorem 2.4 in [Ika90a].
For the modification covering all dimensions d > 2, it is necessary only to modify
Lemma 2.2 since the other results are independent of the dimension d. Below we
consider only the resonances p; for which 0 < arg p; < 7 and we omit this in the
notation. In what follows set

A, ={pj: 0<Imp; <p|Rep;|, 0 <argp; <}
Let p € C*(R, [0, 1]) be an even function with supp p C |—1, 1[ such that
p0) =1 it i <172,

and with the property that its Fourier transform is nonnegative,

plk) = /eitkp(t)dt >0, keR.

Let (¢,)4en and (mg),en be sequences of positive numbers such that ¢, > dy > 0 and
ly,mg — 00 as ¢ — 00. Finally, set

pq(t) = p(my(t —¢,)), teR,
and ¢y = [ p(t)dt. The result [Tka90a, Lemma 2.2] must be modified as follows.

Lemma B.1. Let o > 1 and assume that
#{j e Af - 0<Imp; <o} = Pa) < .
Then
Z 1Pa(15)] < Coe*mitle™ + coP(a)m,* (B.1)

i €Ay
for some constant Cy > 0 independent of o and q.
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Proof. We write

2= 2t

ZjEAp szAp ZjEAp
Im z;>a Im z;<a

In the sum (II) there is only a finite number of terms and

[ stonate = eyt < [ ptonge )it < comg?

For (I) one integrates by parts,

(_1)d+2 d+2

(u—>d+2q / P (my(t = L))" dt. (B.2)

Since supp p, C [, — m;l, by+my ] and Tm p; > a, we have

/P(mq(t — L)) dt =

|€ztuj| < e—tlmuj < e—a(Zq—mq ) < e%e —ozﬁq

In particular the right hand side of (B.2) is estimated by Ce® T||p||cd+2 (r) With

a constant C' > 0 independent of j and ¢q. On the other hand, by the results of Vodev
[Vod94b], [Vod94a] we have the estimate

#s gl < kY < Cuke,

and the series

= 1 (k+1)4
Z|ug|d+2 > 2 wgclzwécg

s =1 k=1 k<|pj|<k+1

is convergent. This completes the proof. [l

Notice that the other terms in the trace formula of Zworski (1.2) are easily estimated.
In fact, since A — () has compact support, one gets

‘/ /¢ _COS )‘t)d/\> (gt —Eq))dt‘ < Czp/p(mq(t —{,))dt

< C’¢com;1
Similarly,
We can put the estimates of these terms in (coP(a) + Cs)m,'. Finally, under the
assumption of [[ka90a, Lemma 2.2|, we have, for all ¢ € N,
[(u, pg)| < Coe*mi e + (¢ P(ar) + C3)my ", (B.3)

with constants Cy, P(«), C5 independent of the sequences (¢,) and (my).
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Define the distribution F, € D'(R*) by

Z D)7 (y)é(t — (7))
1/2 ‘

= |det (I —P,)|

Then for Res > 1 we have np(s) = (Fp(t),e*). As we mentioned above, the following

results are proved in [Ika90a] and their proofs are independent of the dimension d. For

convenience of the reader we present the statements.

Proposition B.2 (Prop. 2.3, [Ika90a]). Suppose that the function s — np(s) cannot
be prolonged as an entire function of s. Then there exists ag > 0 such that for any
B > ap we can find sequences ({y), (mg) with £, — 0o as ¢ — oo and such that for all
q = 0 one has

e <my < el and  |(Fp, p)| > e 0%,

Theorem 5 (Theorem 2.4, [[ka90al). There are C,cay > 0 such that for any sequences
(¢,) and (m,), it holds

(s pg)| = |{FD, pg)| = Cetom . (B.4)

Remark B.3. In [[ka90a, Theorem 2.4], on the right hand side of (B.4), one has the
term m, for some € > 0 instead of m(;l. In particular the above estimate holds,
increasing 3 > ay.

The above theorem is given in [lka90a] without proof. However its proof repeats
that of Proposition 2.2 in [[ka88c] following the procedure described in [Tka85, §3] and
exploiting the construction of asymptotic solutions in [Tka88a]. The first term on the
right hand side of (B.4) is obtained by the leading term in (1.3) applying the stationary
phase argument to a trace of a global parametrix (see Chapter 4 in [PS17]) or to the
trace of the asymptotic solutions given below. For the second one we must estimate a

sum
Zq—i—mq
> / r (t)dt,

~EP g—mg !
T(V)<Zq+mq
where r, is a function in L _(R), which is obtained from the lower order terms in the
application of the stationary phase argument. Since 7,(t) could increase as t — oo, we
need a precise analysis of the behavior of r,(¢).

We discuss briefly the approach of Ikawa and refer to [[ka85], [[ka88a] for more
details. First one expresses the distribution u(t) defined in Introduction by the kernels
E(t,x,y), Eo(t,z,y) of the operators cos(tv/—A) & 0 and cos(tv/—4), respectively
(recall that —A is the Laplacian in Q = R?\ D with Dirichlet boundary conditions on
0D). Consider

: _ | Eltz,y) if (2,y) €QxQ,
E(t,x,y){ 0 if (z,y)¢QxQ.
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If DC{z: |z] <ap}, then
supp,., (E(t,2,9) = Bo(t,2,)) € {(2,9) € RT < RY: [z S ag+1, lyl <ao+1}.

For t € supp p, we must study the trace

/ (B(t,z,x) — Eo(t,z, ), pg)dz
Qq
with Q, = {z € Q : || < ap + ¢, + 1}. For odd dimensions the kernel Ey(t,z,z)

vanishes for ¢ > 0. For even dimensions, = — Fy(t,z,z) is smooth for any ¢t > 0 and
we can easily estimate

-1
< Aomq

/Qq(Eo(t,x,x),pq>da:

with Ag > 0 independent of ¢ by using the representation of the kernel Ey(¢,x,y) by
oscillatory integrals with phases e*(®=¥«)%t) (see for example, [PS17, §3.1]).

Now, choose g € C(Q,) and write the kernel E(t, x,y)g(y) of cos(tv/—A)g(y) as

E(t,z,y)g( (2m)~ / dw/ kY u(t, 2k w)e RO g (y)dk,
Sd-1
where u(t, x; k,w) is the solution of the problem

(02 —A)u=0 in RxQ,
u=0 on R x0Q,
u(0,7) = g(z)e*=«)  gu(0,z) =0,

with a function g € C'°(Q) equal to 1 on supp g. In the works [Ika85, Tka88a, Tka88¢c,

T w(N)

Bur93]) of Ikawa and Burq, asymptotic solution w®™) = of the above

problem have been constructed. They have the form

N
W akw)y= 3 HE OIS E (1w (ik)
h=0

|j|d0<a0+eq+1

Here j = {j1,Jo,- -, Jn}s Je € (L,....7), Jk # Jea1, K =1,2,...,n—1, |j| = n is a con-
figuration related to the rays reflecting successively on 0D;,,0D;,, ...,0D;, (see §2.3).
The phases p; are constructed successively starting from (z,w) and following the reflec-
tions on obstacles determined by the configuration j. The amplitudes are determined
by transport equations. The reader may consult [[ka85, §3|, [[ka88c, Equations (3.2)
and (3.3)], [Tka88a, §4] and [Bur93] for the construction of vji. The function u — w®™)
is solution of the problem

(8152 - Am)(u - w(N)) = k_NFN<tax; k7w> in R x Qa
u—wN) =k Noy(t, vk, w) on R x0Q,
(u — w0, 2; k,w) = 0p(u — w™)(0,z; k,w) = 0.
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Here Fy is obtained as the action of (0?7 — A,) to the amplitudes UjiN, while by is
obtained by the traces on 9@ of the amplitudes v; x. It is important to note that the
asymptotic solutions w™¥) are independent of the sequence (mg). The integral involving

u—w™N) s easily estimated and it yields term O(m!) (see [Ikag5]). For the integral

with wfﬁ) involving wéﬁ) one applies the stationary phase argument as k — oo for the

integration with respect to z € Q,, w € S9!, considering ¢ as a parameter. Next, in
[[ka88a], estimates of the p derivatives of vjih(m, t,w) with respect to r € Q,, w € S

with bound Cpe~2%a(t + 1)" have been established. Here C, > 0 and ay > 0 are
independent of ¢,. This implies the estimate

~ a Lo 2 _
[(u = Fp, pg)| < Ae gt [j] < ey
with constant A > 0 independent of ¢. Since

.o 2 o
#{j: il < d—oq} <e®l v,

we obtain (B.4), by using a partition on unity >, ¢¥;(z) =1 on Q.

Combining Proposition B.2 and the estimates (B.3) and (B.4), it is easy to find

a > 0 so that the strip {z: 0 < Imz < a} contains an infinite number of resonances.
Indeed, let

a=(d+2)(ag+a+1), B=-—F

and suppose P(«) < co. Then

mZJrlefan > eldtDBlag=aty — =Bl

and from (B.3), (B.4) one deduces
(Coe® + coP(a))e Pla > em b — Cetag=Pla = gmo0ta(] — ™),

Since 8 > «p, letting ¢ — oo yields a contradiction.
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