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Introduction

The main object of study in this project is the so called cup product, a structure
in cohomology that is important in algebraic topology.

There are various cohomology theories of topological spaces: there is singular
cohomology, which is obtained by dualizing the singular chain complexes of sin-
gular homology; sheaf cohomology, which involves the right derived functors of
the global sections functor of sheaves on a space X; and there is Cech cohomol-
ogy, where a space X is approximated by taking suitable open covers. All these
theories come with the additional structure of a cup product.

Under certain conditions these theories yield isomorphic cohomology groups.
Our goal has been to understand these isomorphisms. Additionally, we have
tried to verify that they respect the cup product structure. It turns out that,
after developing the right tools, there are natural proofs showing that this is
indeed the case. The most important realization is that the cup product struc-
tures in the different cohomology theories are all determined by chain maps from
a total complex (Z ® J)%,, of certain pure resolutions Z® and J* to a pure res-
olution K®, where the resolutions depend on the approach to cohomology that
is considered (singular, sheaf, or éech). Here a pure resolution is a resolution
that remains exact upon tensoring with any sheaf F.

The main work is in understanding pure monomorphisms in the category of
sheaves, and the so called pure injectives, objects that have the injective property
with respect to pure monomorphisms. These notions were already studied and
used to define cup products in a very general setting in [8]. We study them more
concretely in the category of sheaves, which also requires a detour through the
category of abelian groups.

The structure of this thesis is as follows. We first introduce some theory of
singular cohomology, following [I], and we introduce the cup product. As a
little aside we give a nice and short proof of Borsuk-Ulam, which exploits the
cup product structure of cohomology that is lacking in homology.

The main part of the thesis is section 2. We first give an introduction to sheaf
cohomology, following [2]. Then we study pure monomorphisms and pure injec-
tives in the category of sheaves, and use them to define the cup product as in
[8]. We give an introduction to Cech cohomology, and we show that under cer-
tain assumptions there is a natural isomorphism between sheaf cohomology and
Cech cohomology that respects the cup product structure. Finally we show how
Cech cohomology is used for finding concrete cohomology rings by computing
H*(P?,Z/27), with P? the real projective plane.

In the final section of the thesis, we provide a detailed account of the construc-
tion of the isomorphism between singular cohomology and sheaf cohomology
given in [2]. Using the same trick as with Cech cohomology, we show that also
this isomorphism respects the cup product structure.



1 Singular cohomology

1.1 Definitions

In this section we follow [I], chapter 3.

We start with an algebraic discussion of singular cohomology groups of com-
plexes of free abelian groups. Let C be a chain complex of free abelian groups
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and let G be an abelian group. Define C™ = Hom(C,,G), and let 6™ = 9}, :
C"~! — C™ be precomposition by 9. Since 9% = 0 we have 62 = 0, so we get a
complex C*
n+2 n+1 n n—1
L e o 3 et ST
dual to the complex C. We define the n-th cohomology group of C' with values
in G to be the n-th homology group of C*, so H"(C; G) = ker d,,+1/im 6.

We have the following relation between singular homology groups and cohomol-
ogy groups with values in G.

Theorem 1.1 (Universal Coefficient Theorem for Cohomology). If a chain
complex C' of free abelian groups has homology groups H, (C), then the coho-
mology groups H"(C; G) of the cochain complex Hom(C,,, G) are determined by
natural split exact sequences

0 — Ext(H,_,(C),G) — H"(C;G) — Hom(H,(C),G) — 0 (1)

These exact sequences are natural in the following sense: if we are given a chain
map [ : C — C', it induces a commutative diagram

0 Ext(H,-1(C, G) H"(C; G) Hom(H,(C),G)
(£ fr (o)

0 Ext(H,_1(C",G) H™"(C"; G) Hom(H,,(C"),G)
Proof. See [I] paragraph 3.1. O

It should be noted that although the sequences are natural in the sense ex-
plained, the splitting is not natural.

Because we will not go very deep into singular cohomology in this thesis, we
do not specify the maps appearing in the theorem: we will only need it for
some short computations, for which the above suffices. For the same reason,
we will not give the definition of the Ext groups appearing in the sequence (the
interested reader can consult [I] paragraph 3.1), but we will just explain how
they can be computed for finitely generated groups. This can be done using the
following proposition.




Proposition 1.2. Suppose H, H' are abelian groups. Then we have the follow-
ing identities:

o Ext(H ® H',G) 2 Ext(H,G) ® Ext(H',G).
e Ext(H,G) =0 if H is free.

e Ext(Z/nZ,G) = G/nG, where n is a non-zero integer.

Now let X be a topological space. We can do the above construction with C'(X)
the singular chain complex of X, i.e. C,,(X) is the free group generated by n-
simplices 0 : A" — X in X. Since these n-simplices form a basis for C,(X),
and giving a homomorphism on a free group is the same as giving values on a
basis, we can view the cochain group C™(X;G) as the functions from the set of
n-simplices in X to G. So for example, C°(X;G) can be viewed as the set of
functions from X to G (without any continuity restrictions).

We define the n-th cohomology group of X with values in G by H*(X;G) =
H"(C(X);G). By theorem these cohomology groups fit in the natural split
exact sequences

0 — Ext(H,_1(X),G) — H*(X;G) — Hom(H,(X),G) — 0 (2)

The following lemma provides a useful interpretation of H'(X; G) for path con-
nected spaces; we will use it to give a natural proof of Borsuk-Ulam.

Lemma 1.3. Let X be a path connected space. Then there is a natural isomor-
phism H'(X; G) = Hom(H;(X),G) = Hom(7(X),G).

Proof. For every topological space Ho(X) is free, being a direct sum of Z’s
with precisely one summand per path component. Hence sequence yields
the first isomorphism for any space X. In case X is path connected, H;(X) is
naturally isomorphic to the abelianization of 71 (X). Since G is an abelian group,
this implies the last equality, since any homomorphism 71 (X) — G factorizes
through H; (X). O

Since in this thesis we will mostly concern ourselves with comparing various
cohomology theories, we will not give the various tools that are available for
actually computing the cohomology of a concrete space X. These tools (similar
to the ones in homology) can also be found in [I] paragraph 3.1.

1.2 Cup product in singular cohomology

An interesting structure in cohmology that is not present is the cup product. It
turns out there is a natural way of defining a product on cohomology, which
carries some extra information that bare cohomology groups don’t have: this
allows one to distinguish spaces one couldn’t from the homology or cohomology
groups alone. An example of this will be given later on in the thesis, in section



Let X be a topological space. Suppose A and B are abelian groups. Let
¢ € C*(X; A) and v € C'(X; B), so ¢ is a function from the set of k-simplices
in X to A and 1 is a function from the set of l-simplices in X to B. If o : A**! .
X is a (k 4+ I)-simplex in X, its restrictions o|[vg, - ,vg] and o|[vg, -+, V1]
are respectively a k£ and an [ simplex in X. This allows us to define a map
¢ — € C*YX; A® B) in terms of ¢ and ¥:

(¢ —)(0) = d(ol[vo, -+, vk]) @ Y(ol[vg, -+, vi4])-

By properties of tensor products, this gives a bilinear map

—: CF(X; A) x CY(X;B) — C*(X; A® B),

and by the universal property of the tensor product, this uniquely defines a map

—: C*(X;A)® CY(X;B) — C*(X; A® B).

The two ways of considering this map, one as a bilinear map from the direct
product and the other as a homomorphism from the tensor product, are equiva-
lent. We will mostly use the second way, as it is more natural in our discussion.

The following identity is crucial and in a sense defining (to be made clear later
on in the thesis) of the cup product.

Lemma 1.4. We have §(¢p — ) = 5¢ — 1 + (—1)k¢ — 61p.

Proof. We write out the proof of the equivalent relation for the cup product in
Cech cohomology in lemma m The reader may check that the two proofs are
essentially identical. O

The equality 6(¢ — 1) = 6¢ — ¢ + (—1)k¢ — 61 shows that if ¢ and ¢ are
cocycles (i.e. d¢ = 09 = 0), then §(¢ — ¥) =0, s0 ¢ — ¢ is a cocycle. It
is also clear that the product of a cocycle and a coboundary, in either order, is
again a coboundary (since one of the two terms in the sum on the right hand
side vanishes in that case). From this it follows that we obtain bilinear maps
maps

—: HF(X; A) @ H(X; B) — H""(X; A® B)
called the cup product. If we take A = B = R a ring, this makes the direct sum
H*(X; R) = @O H(X; R)
keN
into a graded ring, which we call the cohomology ring of X.
The following example is fundamental.
Theorem 1.5. Let P™ be the n-dimensional real projective space. Then
H*(P",Z/27) = 7./2Z]a]/(a")
with o € HY(P™;Z/27).

Proof. We do the computation for n = 2 in section using Cech cohomology.
For a proof of the general case see theorem 3.12 in [I]. O



1.3 Proof of Borsuk-Ulam

As an application of cohomology rings, we give a natural proof of the theorem
of Borsuk-Ulam using cohomology.

Theorem 1.6 (Borsuk-Ulam). Let f : S™ — S™ be an odd map, i.e. a map
satisfying f(—x) = —f(x). Then deg f is odd.

We first develop some theory of covering spaces. Let X be a connected, locally
path-connected and semilocally simply connected space, and choose a basepoint
z € X. Then X has a universal cover u : (X,Z) — (X, z). In this case, there
is a correspondence between the set of homomorphisms (X, z) — G and the
set of isomorphism classes of pointed G-coverings of X.

Theorem 1.7. There is a bijective correspondence between the set of homo-
morphisms p : m(X,z) — G and the set of pointed G-coverings of X up to
G-isomorphism:

Hom(m (X, z),G) ={p: (Y,y) = (X,z) G — covering}/ ~
where ~ indicates G-isomorphism.

In this correspondence, given a G-covering p : (Y,y) — (X, z), a homomorphism
pp + m(X,z) — G is constructed as follows: for [y] € m1(X,z) the element
pp([7]) € G is determined by the action p,([v])y = y * 7, where the action on
the right hand side is the monodromy action.

Suppose p : (Y,y) — (X,z) is a G-cover, and suppose we have a map [ :
(Z,z) = (X,z). Then the fibre product (Y xx Z,(y, 2)), which fits in the the
commutative diagram

(Y XX Z7 (y,Z)) (Ky)
q p
(Z2) — . (x)

3)
is a G-cover of (Z, z) via q.

Let pp, : m1(X,z) — G denote the homomorphism corresponding to p : (Y,y) —
(X,z), and similarly let p, : m1(Z,2) — G denote the homomorphism corre-
sponding to ¢ : (Y xx Z,(y,2)) = (Z, 2).

Lemma 1.8. We have p, = pp o f«, where f, : m(Z,z) — m (X, x) is the map
induced by f.

Proof. We have to show that for all [n] € 71(Z, z) we have

(pp o L))y, 2) = (y, 2) * 1.

Let v = fomn, then p,y(y)y =y * 7, hence (p, o f)([n])(y,2) = (y *7,2). But
also (y,z) *xn = (y * v,2) by commutativity of the diagram Hence we are
done.



In this section we will denote by P™ the real projective space RP™ and set
G =7Z/2Z. We will use that S™ is a Z2/Zcover of P", where the action of Z/27Z
on S” is given by x — —z. Let p : S — P" be the corresponding quotient
map.

Note that an odd map f : S™ — S™ induces a quotient map f : P* — P"
making the diagram

f
Sn S
p‘ p
P P

(4)

commute. This diagram induces a commutative diagram of cohomology groups

f

H*(S™; Z,/22)

p* [ B
H*(P"; 7Z)27.) f

H*(S™; Z,/2Z)

*

p

Hk (P 7,/27,
( /2Z) -

with the arrows going in the other direction.

Proposition 1.9. The map f : H'(P™;Z/2Z) — HY(P"; Z/2Z) is an isomor-
phism.

Proof. Using theoremwe can interpret H'(P"; Z/27) as the set of Z/2Z-
coverings of P". Using lemma we see that the map f* sends the covering
S™ — P™ to the fibre product S™ X pn P™ — P™. By the universal property of
the fibre product and diagram [4] we get a continuous map S™ — S™ X pn P™.
This map is bijective on fibers and by definition is a map of coverings, so it
is an isomorphism. Hence S™ X pn P"™ — P™ cannot be the trivial covering
727 x P™ — P", which shows f is non-trivial.

O

Proof. [1.6] Since H*(P™;Z/27) = 7./2Z[a]/(a"*") with o € H'(P";Z/27Z) by
from proposition [I.9] we conclude that also

H"(P"; Z/2Z) *— U™ (P";Z,/22)

is non-trivial. It is well known that this map is multiplication by deg f mod 2,
from which we conclude the theorem. O



2 Sheaf Cohomology

2.1 Definitions

Another theory of cohomology is cohomology of sheaves on a topological space
X, computed using injective resolution. The notions involved make sense for a
class of categories called abelian categories, defined in [2] paragraph 4.2.1: they
are categories with some additional structure, which for example allow us to
talk about exact sequences. We will follow 2] in developing cohomology in this
general setting. The category of sheaves on a topological space X has a natural
structure of abelian category (as [2] shows in paragraph 4.1), so we can apply
the results obtained in the more general case to define sheaf cohomology.

Definition 2.1. Let C be an abelian category. An object Z in C is called injective
if for every morphism ¢ : A — Z together with a monomorphism i : A — B
there is an extension morphism ¢ : B — Z, such that ¢ =1 o 1.

Exercise 2.2. Show that Z is injective if and only if the functor Hom(—,Z) :
C — Ab is exact.

Definition 2.3. Let C be an abelian category and A4 be an object in C. We
say j : A — M?* is a resolution if it is an exact complex in C. A resolution
j:A— M- is called injective if M" is injective for all i > 0.

We say an abelian category C has enough injectives if every object A in C
admits a monomorphism j : A — Z° into an injective object. If we have such an
embedding for 4 and C has enough injectives, we can then embed the cokernel
object cokerj into another injective object Z'. Continuing like this leads to the
following proposition.

Proposition 2.4. In an abelian category C with enough injectives, every object
admits an injective resolution.

Let ¢ : A — Z° be a resolution and let j : B — J°* be an injective resolution.
Suppose we are given a morphism f : A — B. Then the defining property
of injective objects allows us to extend this to a chain map from A — Z° to
B — J°, and even in a unique way, as is made precise in the following theorem.

Theorem 2.5. There exists a chain morphism ¢ : Z® — J* satisfying jo f =
fo oi. Moreover, ¢ is unique up to chain homotopy.

Proof. See [2] proposition 4.27. The chain map is constructed by consecutively
applying the injective property of the J*. The same is true for the construction
of the chain homotopy. O

If 7 is also injective, this leads to the following result.

Corollary 2.6. Any two injective resolutions A — Z* and A — J* are homo-
topy equivalent.

Proof. Theorem [2.5| gives chain morphisms ¢ : Z* — J® and ¢ : J* — Z°
extending the identity, and moreover by theorem 1 o ¢ and ¢ o 1) must be
homotopic to the identity on Z°®, respectively J°. O



Now let C and C’ be abelian categories, and F : C — C’ a left-exact functor. If
C has enough injectives, then corollary allows us to define the right derived
functors with respect to F. In the case that C is the category of sheaves on a
space X, C’ the category of abelian groups, and F the global sections functor T',
the right derived functors will be the cohomology groups we sought to define.

Definition 2.7. Let A be an object of C, and let A — Z° be an injective
resolution. Define the 4’th right derived functor R‘F(A) with respect to F of A
to be R'F(A) = H'(F(Z*)).

This definition does not depend on the chosen injective resolution, as any two
resolutions Z® and J* are chain homotopy equivalent by an thus so are the
complexes F(Z*) and F(J°).

Some important properties of the right derived functors are the following.

Theorem 2.8. For objects F,G,H of C, we have the following:

o ROF(F) = F(F)
o If
05 FSH65 10

is a short exact sequence in C, we can construct a natural long exact se-
quence

0= F(F) % FG) % FH) 2 RUF(F) 25 RIF(G) L5 RIF(H) S -

inC'.
o If T is injective, then R'F(Z) =0 fori > 0.

Moreover, these three properties define the objects R'(F(—)) up to canonical
isomorphism.

Proof. See [2] theorem 4.28. O

The right derived functors can actually be calculated using acyclic resolutions,
which are often easier to find than injective resolutions.

Definition 2.9. An object M in C is called F-acyclic if R'F(M) = 0 for all
1> 0.

Let A — M*® be a F-acyclic resolution of A (i.e. the M® are F-acyclic).
Proposition [2.5] gives us a chain map

i M® =T

to an injective resolution of A induced by the identity, unique up to homotopy.

~

Proposition 2.10. The chain map i induces an isomorphism i, : H'(F(M®)) =
R'F(A).



Most authors give a natural isomorphism given by a boundary map O in the
long exact sequence of but they don’t verify that the canonical chain map
also induces an isomorphism. We verify it here.

Proof. We first follow the proof of proposition 4.32 in [2] and look at the short
exact sequences

0 A->M" 5 B0

and
0-A—-7I°-C—0,

where B = coker(A — M) and C = coker(A — Z°). Then the objects B and C
admit shifted resolutions

0B M ..

and
d° 1

Since F' is left exact we have
F(B) = ker(M' — M?)

and
F(C) = ker(Z' — T?).

This means that the long exact sequences associated to the short exact sequences
give commutative diagrams

0

H!(F(M?®)) ——— coker(F(M°) — F(B)) RIF(A)
Ty id
H!(F(I*)) ———— coker(F(Z°) — F(C)) 9 R'F(A)

(6)

where 9 induces an isomorphism because M° and Z° are acyclic. We get a
natural isomorphism

i H'F(M®) = R'F(A).

Also note i, induces an isomorphism i,: R'F(B) = R'F(C), which will be
necessary later to use induction. For ¢ > 2 consider the short exact sequences

0 — coker d'~2 L M L coker d' — 0
and

. di—l . di .
0 — coker d"72 Z— T? = coker d' — 0.

10



Again, the two objects coker d’ admit shifted resolutions
i AT i
0 — coker " —— M — --.

. d’i+1 .
0 — coker d* =— 7Tt — ...

so by left exactness of F' we get commutative diagrams

0

H(F(M?®)) —— coker(F(M?) — F(coker d)) R'F(coker d'—2)

T Ty

— coker(F(Z%) — F(coker d*)) 0

HY(F(Z*)) RYF(coker d'=2)

(7)
The map i, on the right is an isomorphism by induction and the maps O are
isomorphisms because M? and T* are acyclic. We conclude i, induces a natural
isomorphism _ _
iv: HHE(M®) &5 R'F(A)
O

We want to apply the developed machinery to the category of sheaves on a space
X. This means that we have to show this category has enough injectives, i.e.
for every sheaf F we have to construct an embedding j : 7 — Z into an injective
sheaf.

Lemma 2.11. Let F be a sheaf on X. Define Faoqd by Faod(U) = [l,cr Fas
with the obvious restriction morphisms. Then Fgoq 15 a sheaf on X and the
canonical morphism given by F(U) — [[,cy Fr is injective.

Proof. It is obvious that Fgoq is a sheaf. Suppose 0 € F(U) maps to 0 €
HmGU]:I' Then there exists an open cover (U,).cv, where x € U,, such that
oly, = 0. By the unicity axiom of sheaves, 0 = 0. So the map F(U) — [[,cy Fau
is injective for all U C X open, so the morphism F — Fgoq is injective. O

It is well known that Ab has enough injectives. If we define Z(U) = [[,cy 1=
where I, is some injective group containing F,, then using the above lemma we
get an injection F — .

Lemma 2.12. The sheaf T is injective in the category of sheaves.

Proof. We clarify the proof in [9], chapter 3 proposition 2.2. Suppose we have a
morphism ¢ : K — Z. For x € X and U an open containing z this defines maps

oz K(U) = I

after projecting, from which we obtain maps ¢* : K, — I, (note, these are
not the maps on stalks induced by ¢: the stalk Z, is not equal to I,). To see
this, suppose f € K, is represented by o,7 € K(U). Then ¢ and 7 agree when

11



restricted to some open V' C U, so ¢y (o) = ¢y (7), from which it follows that
¢U,5(0) = du (7). Then for all opens U C X we get commutative diagrams

K(U) eco I
[Lev Ka

(®)

Since K(U) injects into [ ], . K, the maps ¢ : K — Z, completely determine
the morphism K — Z. On the other hand, providing maps IC, — I, forallz € X
clearly defines a morphism of sheaves K — Z in view of the above diagram. We
conclude that the functor Homgp, (—,Z) is the composition of the direct product
over all z € X of the stalk functor, with the functor [], . v Homap(—, I;), which
are both exact functors. So Homgny (—,Z) is exact and we conclude that Z is
injective by [2:2] S

O

Hence we have shown that every sheaf F admits an embedding F — Z into an
injective sheaf Z. By [2:4] every sheaf admits an injective resolution F — Z°.
After all this work, we can now finally define the cohomology groups of F.

Definition 2.13. Let F be a sheaf on X. Define H (X, F) = R{(T(F)) =
HU(I'(Z*)), where Z°* is any injective resolution of F and I is the global sections
functor.

A useful class of I'-acyclic sheaves are the so called flasque sheaves.

Definition 2.14. A sheaf F is called flasque if the restriction morphisms pyy :
F(U) — F(V) are surjective.

Proposition 2.15. Flasque sheaves are I'-acyclic.
Proof. See [2], proposition 4.34. O

By proposition [2.10] flasque resolutions can be used to calculate the cohomol-
ogy groups of a sheaf. The sheaf Fgoq of lemma [2.11]is an example of a flasque
sheaf. These particular kinds of flasque sheaves were first discovered by Gode-
ment. He used them to construct flasque resolutions of sheaves, as we will do
later, and defined sheaf cohomology in terms of those resolutions. The above
proposition shows this yields the same cohomology as when one works with
injective resolutions.

2.2 Cup product in sheaf cohomology

In this paragraph we use the ideas in [8], where the cup product is developed in
a very general setting. The notions of pure monomorphisms and pure injectives
(objects that have the injective property with respect to pure monomorphisms)
are central. We will investigate these notions in the category of sheaves: after

12



taking a detour through abelian groups, we will develop criteria for morphisms
of sheaves to be pure, and give an explicit pure embedding of a sheaf F into a
pure injective Z. After that we will define the cup product for sheaves, using
an approach that is a bit more general than in [§], in that we also consider
pure acyclic resolutions; this might be useful if one wants to compute concrete
cohomology rings. In this section Cy denotes either the category of sheaves on
a space X or the category of abelian groups, which are both abelian categories
that have a tensor product available with all the usual properties.

Definition 2.16. A double complex K** in Cy is a collection of objects KP4,
p,q > 0, together with boundary morphisms D; : KP9 — KP*+1.4 and D, :
KP4 — KP9tLl gatisfying D? = 0 = D32 and Dy o Dy = Dy o D;. The total
complex K71, associated to K*® is the collection of objects K™ = @Hq:n KP4
with boundary morphisms defined on KP4 — KPtha @ KP9tl by D = Dy 4+
(=1)PDs.

We first prove the following technical lemma.

Lemma 2.17. The total complex K1, associated to a double complexr K** is
in fact a complex. If the rows and columns of K** are exact, then K*® is an
exact complex.

Proof. We prove this for modules then from Mitchell’s embedding theorem it
follows for C. We consider K 25 Kn+1 2y gn+2 On KP4, p 4 q = n, the
boundary map is D1 + (—1)P Do, so a € KP'? is mapped to Dia + (—1)?Dya €
Kprtha g Kpatl Applying D’ yields

D?a+ (—1)*D3a + (1) DyDya + (—1)P Dy Dea = 0

since l)2 = D% =0 and D1D2 = D2D1.

We show the other inclusion if the rows and columns of K**® are exact. Sup-
pose an element (a, q) € P KP4 maps to 0 under D. Then we have the
equations

p+g=n

Diano =0, Dyapq = (—1)’Diap—1,4+1, D2aon =0,

where p+qg=mn, 0 <p,qg<n.

We see directly that a, o = D1b,_1, for some b, o € K" 10, Tt follows that
D2D1bn,0 = DlDan,O = (—1)"‘1D1an_171, from which it follows that an—1,1 +
(—l)nDan_Ll € ker D1 =im Dl. Hence Up—1,1 = len—l,l+(_1)n71D2bn—1,1
with b,_11 € K"~ %!, Hence a,_1; € im D.

We do induction on ¢. Suppose by induction ap, ¢ = D1bp—1,4 + (—1)?Daby, g41.
Then DlDprfl,q = D2D1bp*1,q = Dgapvq = (—1)1’*1D1ap,17q+1, hence D2bp*1,q+
(—=1)Pay_1 4+1 € ker D1 = im Dq. Hence a1 441 = D1by_2, 411+ (=1)P"1Daby_1 4,
and ap_1 441 € im D.

We conclude by induction that (a, ) € im D. O
Let F and G be sheaves on X, and let 7 — Z°®, G — J° be resolutions with

boundary maps respectively D and Ds. Then the sheaves 7P ® J9 with bound-
ary maps D; ®id and id® D5 form a double complex (Z®7)**®, and we can form

13



the total complex (Z® J)%,;. To induce the desired cup product, we would like
a chain map from F ® G = (Z ® J )%, to an injective resolution F @ G — K°,
but there is a problem: although F ® G — (Z ® J)%,, forms a complex, it is
not a resolution, since the rows and columns in the double complex (Z ® J)**
are not exact. To overcome this difficulty, we have to work with so called pure
resolutions.

Definition 2.18. In Cy an exact sequence
ALBSe
is called pure if for every object D the induced sequence

AoD @Y oD 2% e

is exact.

A resolution A — M® is called pure if A — MO is a pure monomorphism (i.e.
0 — A — MO is pure exact) and if M*® is pure exact at every object.

Since the functor — ® D is right exact, we will be mostly interested in under-
standing pure monomorphisms. A big class of pure monomorphisms is formed
by inclusions of a direct summand into a direct sum.

Lemma 2.19. Embeddings A — A@® B of the form (id,0) into a direct sum are
pure.

Proof. Tensoring with C yields

Uwc) P Usc)e (o B)

since the tensor product distributes over direct sums. This is clearly a monomor-
phism.

O

In the category of abelian groups, injective objects are precisely the divisible
groups. So if we have a monomorphism Z — I into an injective I, tensoring
with Q/Z we get Q/Z — 0, as I ® Q/Z = 0. To see this, take a pure tensor
a®bel®Q/Z, and note that there exists an n € Z such that nb = 0. If we
let = be such that nx = a, then we have

a®b=nzxb=xnb=2xx0=0.

So it is impossible to get pure resolutions of injective objects in the category of
abelian groups, and hence we can also not expect to get them in the category
of sheaves over X. For this reason, we will work with pure acyclic and pure
injective resolutions.

Definition 2.20. An object Z is called pure injective if for every map ¢ : A — T
and every pure monomorphism ¢ : A — B there is an extension morphism
1 : B — T such that ¢ = ¢ 0.

We say Cp with ® has enough pure injectives if every object A can be embedded
purely in a pure injective 7.

14



Precisely in the same way as for injective resolutions, we can prove the following
results.

Proposition 2.21. If Cy has enough pure injectives, every object A admits a
pure injective resolution A — I°, understood as a pure resolution with the I*
pure injective objects.

Theorem 2.22. Suppose ¢ : A — B is a morphism in C, and suppose i : A —
Z°® and j: B — J* are pure resolutions. If J*® is pure injective, there exists a
chain morphism ¢ : I® — J* satisfying j o ¢ = ¢g o i. Moreover, ¢ is unique
up to chain homotopy.

So in the same way as for injective resolutions we see that if Cy has enough pure
injectives, any object A admits a pure injective resolution unique up to chain
homotopy equivalence.

Our goal now is to show the category of sheaves on a space X has enough
pure injectives. For this, we first turn to the category of abelian groups. Pure
subgroups have apparently been studied extensively in the literature: it is a
useful concept, intermediate between subgroup and direct summand. They
were first studied by Priifer, a famous group theorist who worked early in the
twentieth century. For more information, see the introduction to chapter 5 in
[10].

There is a slight complication in that [I0] and other authors in the field of
infinite abelian groups use a different definition. They say a subgroup H C G
is pure if the following holds: if the equation nz = y with y € H has a solution
in G, then it has a solution in H. In the following proposition, we show this is
equivalent to our definition. We need a lemma from [I1], which we specify to
the situation of abelian groups.

Lemma 2.23. Let M, N be modules over a commutative ring R, and suppose
Yo ®y; =0 in M ® N with z; € M, y; € N. Then there are finitely
generated submodules My C M and Ny C N such that > z; ® y; = 0 in
My ® Ng.

Proof. See [I1] corollary 2.13. O

In the following proof, the implication 2. = 1. uses ideas from the proof of
proposition 2.19, iv) = iii), in [I1].

Proposition 2.24. The following are equivalent for an inclusion H ENYe ™
Ab.

1. For every abelian group A, the map H ® A e o ® A is injective.

2. For every finitely generated abelian group A, the map H® A ELINYe! ®A

18 injective.

3. For every finitely generated abelian torsion group A, the map H® A Jeid,
G ® A is injective.

4. For every n, the map H ® Z/nZ BNy Z/nZ is injective.
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5. If the equation nx = y with y € H has a solution in G, then it has a
solution in H.

Proof. The implications 1. = 2. = 3. = 4. are trivial. Statement 4. says that
the induced map H/nH — G/nG is injective, i.e if y € H maps to nG, then it
is contained in nH, which is precisely 5. We conclude 4. <= 5.

4. = 3. A finitely generated torsion group is of the form

k
A= EB Z/niZ.
i=1

by the structure theorem of finitely generated abelian groups, so the map H ®
f®id
A —— G ® A becomes

k k
P H/nH - P G/niG
=1 =1

with the induced map on the components. The component maps are injective
by 4. hence it is injective.

3. = 2. We can write H as
A=7" ©® Ator

with Aty the torsion part of A by the structure theorem of finitely generated
abelian groups. Then the map H ® A ELLNYE ® A becomes

H @& (H® Ator) = G 3 (G R Ator)-

The map H" — G" is clearly injective and the map H ® Aior — G ® Agor 18
injective by 3.

2. = 1. Suppose Zle gi®a; € ker f®id, i.e. Zle f(gi)®a; = 0. Let A’ be the
group generated by the a;. Then by lemma there exists a finitely generated
subgroup Ay C A containing A’ such that > ., f(g:) ® a; = 0 considered as an
element of G ® Ay. Hence Zle g; ® a; considered as an element of H ® Ag is

in the kernel of H ® Ay 2% G'® Ag. By 2. it follows that 3% | g;® a; = 0 in
H ® Ay, so it is also equal to zero in H ® A. O

Now that we know we can use phrasing 5. from the previous proposition as a
definition, we can use the results from the literature. To understand them a
little, we will explain the concept of cocyclic group. We follow [10], section 1.3.

A cyclic group A can be characterised by considering morphisms into it: A
is cyclic if there exists an element @ € A such that a morphism ¢ : B — A
is surjective if and only if a € im ¢ (take a any generator of A). We define
cocyclic groups by the dual concept: a group A is called cocyclic if there exists
an element a € A such that a morphism ¢ : A — B is injective if and only if
a ¢ ker ¢. This element a is sometimes called a cogenerator. As all subgroups in
A can be obtained as kernels of quotient maps, this means that a is contained
in all nonzero subgroups of A, which in turn implies A has a smallest nonzero
subgroup. If on the other hand A has a smallest nonzero subgroup, any element
in this smallest subgroup is a cogenerator.
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Example 2.25. Let p be a prime, and consider Z/p*Z. The only nonzero
subgroups are of the form (p’) = Z/p*~I7Z where 0 < j < k — 1, and they form
a chain:

Pt -z

It follows that cyclic groups of prime power order are examples of cocyclic
groups. It is also immediately clear that cyclic groups of order mn where m,n >
1 and ged(m,n) = 1 are not cocyclic, because the Chinese remainder theorem
yields an isomorphism

Z/mnZ = 7/mZ ® Z/nZ,
so the subgroups Z/mZ @ 0 and 0 @ Z/nZ have trivial intersection.

Example 2.26. Let p be a prime. Consider the so called Prifer group denoted
by Z(p®). It can be identified with the group of the p™-th roots of unity in
C, where n varies over N, or equivalently with Z[%] /Z, i. e. the subgroup of

of fractions in Q/Z with denominator a power of p. Within Z(p>) the p*-th
roots of unity, where k is now fixed, form a subgroup of order p* isomorphic to
Z/p*Z. These are easily seen to be the only proper subgroups, so the complete
list of nonzero proper subgroups form a chain

B ey

It follows that Z(p>°) is another example of a cocyclic group.

It turns out these are the only examples of cocyclic groups.

Theorem 2.27. If A is a cocyclic group, then A= 7 /p*Z or A = Z(p™).

Proof. If a is a cogenerator, then (a) cannot be infinite and equal to Z, since
Z has many proper subgroups. Hence it has to be finite and have prime order,
otherwise it also has proper subgroups. The rest of the proof consists of showing
that A can have at most one subgroup of order p™, and that this group must be
cyclic, from which the claim follows. See [10] theorem 3.1. O

In [10], pure injectives are classified in terms of cocyclic groups. The proof uses
a quite a bit of theory of infinite abelian groups, so we won’t include it here.

Theorem 2.28. An abelian group is pure injective if and only if it is a direct
summand of a direct product of cocyclic groups.

Proof. See [10] theorem 30.4. O

Theorem 2.29. Fvery abelian group can be purely embedded in a direct product
of cocyclic groups.

Proof. See [10] lemma 30.3. O

Combining the last two theorems implies that Ab has enough pure injectives.

Theorem 2.30. The category of abelian groups Ab has enough pure injectives.
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Now we can turn to the category of sheaves on a space X. Since the question
of whether a morphism of sheaves is a monomorphism can be decided on stalks,
purity of a monomorphism can also be decided on stalks. Also purity can be
decided by looking at the corresponding morphisms on sections. To show this,
we first need the following lemma.

Lemma 2.31. We have (F®G), =2 F, ®G, forallxz € X.

Proof. Since sheafification preserves stalks, we should compute the stalks of the
presheaf with sections F(U)®G(U). But since the functor F @ — is a left adjoint
and thus commutes with direct limits, it follows that this presheaf has stalks

Lemma 2.32. A monomorphism of sheaves F — G is pure if and only if
the monomorphism F, — G, is pure in Ab for all x € X, if and only if the
monomorphism F(U) — G(U) is pure in Ab for allU C X.

Proof. We prove the first equivalence; the proof of the second is similar.

Suppose F — G is pure. Let G be an arbitrary abelian group. Then
F® QX —-0® QX

is a monomorphism, with G5 the constant sheaf with values in G. Taking stalks
at = and applying [2.31] we see that F, ® G — G, ® G is injective, so F, — G,
is pure.

Suppose F, — G, is pure for all x. Let H be a sheaf and consider
FOH—-GRH.

Taking stalks at  and applying [2.31] we get F ® H, — Gp ® H,, which is
injective by purity of F, — G,. Hence F @ H — G ® H is a monomorphism and
F — G is pure. O

With these tools in hand, we can start constructing a pure embedding into a
pure injective sheaf for every sheaf F. We use the same strategy as before when
constructing an embedding into an injective sheaf: we embed F into Fgoq and
then embed Fgoq into the sheaf 7 given by

Z(U) = H 7,
zeU

where 7, is a pure injective group purely containing F,. By the same argument
as in[2.12] Z is pure injective.

Proposition 2.33. The canonical embedding i : F — Fgoq 1S pure.

Proof. We show F — Fgoq induces a map of the form [2.19] into a direct sum-
mand on stalks, from which the result follows by and

Let z € X and consider the injection i, : Fr — (Faod)z- Let m: [[cx Fo — Fa
be the projection map onto F,. Since Fgoq is flasque, the map Fgoa(X) —
(FGod)z is surjective for all x € X. To see this, note that every o, € (Fgod)x
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is represented by some o € Fgoda(U) with € U, and the map Fgoa(X) —
(Fcod)z factorises as Fgoa(X) = Faod(U) = (Fcod)z- So the diagram

fGod(X) HmeX Fa
(]:God):r g ]:a:

9)

defines a surjection q : (Fgod)s — Fz. It is well defined, since if two sections
o and 7 in Fgod(X) represent f € (Fgod)z, then they agree on some open
neighbourhood of z and we must have 7(o) = 7(7). It is surjective because 7
is. Also, if o € F(U) represents o, € F, then moi(c) = 0y, s0 qoiy(0,) = 0y
So g defines a retraction and i, is split.

O
Definition 2.34. Let F be a sheaf on X. The canonical Godement resolution is
obtained by first taking the injection 7 — Fgoq of lemma[2.11] then embedding
FGod/F into (Faod/F)cod to obtain an exact sequence 0 — F — Fgod —

(Fcod/F)coa- We continue like this indefinitely to get a resolution. By
this is a pure acyclic resolution.

The last thing to show is that Fgoq — Z is pure. For this it is useful that by
[2:24] purity of a morphism of abelian groups can be decided by tensoring with
Z/nZ. This is an example of a group of finite presentation, which are groups A
fitting in an exact sequence

7™ s 7F 5 A= 0.

So these are finitely generated groups for which there exists a presentation of
which the kernel is also finitely generated. Obviously for Z/nZ we have the
exact sequence

07257 Z/nZ 0.

Let {4;}icr be a family of abelian groups and let B be an abelian group. There
is a canonical morphism

iel i€l

given by (a;)ier ® b — (a; ® b);er. In general this fails to be an isomorphism,
but we have the following.

Proposition 2.35. If B is of finite presentation, the canonical map

(JJ4) @B = [](4i® B)

i€l i€l

is an isomorphism.

Proof. See [12]. O
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From this we conclude:

Corollary 2.36. If A; — B; is pure fori € I, then [[,c; Ai — [I,c; Bi is pure.

Proof. We only have to tensor with Z/nZ to check this by and in this
case the tensor product distributes over the direct product by the previous
proposition. We conclude by purity of the maps A4; — B;. O

Proposition 2.37. The morphism Fgoq — L is pure.

Proof. For U C X the morphism Fgoa(U) — Z(U) is a product of pure

monomorphisms:
H Fo — H 1.
zeU zeU

By the previous corollary this is a pure monomorphism and we conclude by
2.02
O

Combining all of this we see:

Theorem 2.38. The category of sheaves on X has enough pure injectives.

Of course all this work would be futile if pure injective resolutions didn’t com-
pute the cohomology of a sheaf F. Fortunately we have the following.

Proposition 2.39. Pure injectives are flasque.

Proof. We follow the proof in [6], which proves that injectives are flasque, but
the same proof shows pure injectives are flasque. Note that to prove that a pure
injective Z is flasque, we only have to show the restriction maps F(X) — F(U)
are surjective for U C X.

So suppose Z is pure injective, and let U C X. Define Zx ;;(V') to be Zx (V')
when V' C U and 0 otherwise. Then we have a natural exact sequence

0—=>Zxy— ZLx-

This is in fact a pure exact sequence, since on sections it is the identity if V' C U
and 0 otherwise.

Note that a morphism f : Zy — Z is determined by picking an image f(1) €
Z(X) (one can see this by using that the constant sheaf is the sheafification
of the constant preseheaf), and in the same way a morphism g : Zy ; — T
is determined by picking an image g(1) € Z(U). So let g : Zx ;; — Z be the
morphism given by ¢g(1) = o € Z(U). Let f be the morphism that makes the
diagram

Lxy Zx

A
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commute, which exists by the pure injective property of Z. Then it follows that
px.u(f(1)) =g(1) =0, so px,u is surjective.

O
We are now in a position to construct the cup product. Let F and G are sheaves

on X. Let F — A® and G — B*® be pure acyclic resolutions. Let F @ G — K*®
be a pure injective resolution. Then we get a complex

F®G— (A B)Tor;

and by purity this is actually a resolution: by (A®B)%., is an exact complex
in degree n > 0, and by using purity twice we see that

FoG—o>FoB =5 A2eB°

is a monomorphism, and that the complex is exact in degree 0. It is in fact
a pure resolution, by associativity of the tensor product and the fact that it
distributes over direct sums. Hence we get a chain morphism

(-’4@ B)’fot - ’C.

extending the identity on F ® G, which is unique up to chain homotopy. Note
that the tensor product A* @ B is obtained by taking the sheafification of the
presheaf with sections A¥(U) ® BY(U). So there is a canonical map

(A" @ 0(B') — I(AF @ BY).

Finally we get maps
(A% @ T(B') — T(KF),

since taking global sections commutes with taking finite direct sums. Taking
cohomology we get maps

HYX, F) @ H'(X,G) - B(X, F© g),
which we call the cup product.

Lemma 2.40. Suppose we have acyclic resolutions F — A® and F — B® and a
chain map f : A* — B® extending the identity. Then f induces an isomorphism
on cohomology.

Proof. Choose an injective resolution Z of F. By [2.10] chain maps ¢ : A®* —

Z°®* and j : B* — Z° extending the identity on F induce isomorphisms on
cohomology. Choose such maps and consider the diagram

A.

1N

B.

r (1)

Since i and jo f both extend A°® to Z°, this diagram commutes up to homotopy.
Hence f induces an isomorphism on cohomology. O
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Proposition 2.41. The cup product does not depend on the choice of pure
acyclic resolutions of F and G, nor on the choice of pure injective resolution of

F®g.

Proof. Choose pure acyclic resolutions F — A®, F = A’*, G = B*, G — B'°,
and take pure injective resolutions (F®G) — K*, (F®G) — K'®. Choose chain
maps i : A* — Z® and j : B — J° to pure injective resolutions Z*® and J*® of F
and G, extending the identities on F and G. Consider the diagram

(A ® B) Ty K
1QJ
(I ® \7)’.1“01:

i'®j \

(A" ® B') %y,

IC/.
(12)

Note that the maps i ® j and i’ ® j' are a priori maps on presheaves, but by the
universal property of sheafification, they also induce maps on the corresponding
sheaves. The maps (Z ® J )%, to K£°®, K'® are the up to homotopy unique chain
maps existing since (Z ® J )%, is a pure resolution. For the same reason, we
have maps (A® B)Y,, = K* and (A’ ® B')},, — K'*. The diagram

(A ® B)To K*
i \
(Z® T )%t K’

(13)

commutes up to homotopy since all directions extend (A®B)%,, to K£'®. Consider
the diagram

(I® j)’.I‘ot IC.

N

(A" ® B') %y

,l:/®j/

K’
(14)

The lower triangle commutes up to homotopy since both directions extend (A’ ®
B')%o: to K'®, while the upper triangle commutes up to homotopy since both
directions extend (Z ® J)%,, to K'® . So the whole diagram commutes up to
homotopy.

We conclude that the whole diagram [I2] commutes up to homotopy. Taking
global sections, we get the commutative diagram
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D(A*) @ T(B) I(A* @ B) (k)
i®j P®J /

I @ (7" I(TF e J'
77 i'®j5 \

r(A™*) e r(B") rA"* e B ()

(15)

Since by lemma the morphisms 4,4’, j, j' induce natural isomorphisms on
cohomology, finally we conclude, taking cohomology, that

H*(I(A%)) @ HY(D(B*)) HMH(T(K?))
H*(T(A")) @ H(T(B"®)) H(T(K))
(16)
commutes.
O]

2.3 Cech Cohomology

In this section we introduce Cech cohomology, a computational tool for sheaf
cohomology. We introduce the Cech resolution, which is much easier to handle
than the other resolutions computing cohomology given so far, and show that
under certain conditions, it computes sheaf cohomology. We also show, in a way
that avoids using spectral sequences like [8] does, under these conditions there
is a natural isomorphism between Cech and sheaf cohomology that respects the
cup product. We follow [2] section 4.1.3 for the definitions.

Let F be a sheaf on X and {U,;};er a finite open covering; T is given a well-
ordering. For a set I C T define

Ur = (Ui
icl
Define for each set I C T the sheaf F; on X by
Fr(U)=FUNUp).

which is the extension by 0 of the restriction of F to U;. Then we define sheaves
F* by
FrU) = @ FW).

[I]=k+1
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For a subset I C T, I = {ig, - ,ix} (where ig < i3 < --- <ig), let Iy = I\{is}.
Let 0 = (07)7 € F*¥(U), where I ranges over subsets I C T' of cardinality k + 1
and o; € F(UNU;). We define boundary maps d : F¥ — F*+1 by

k+1

(do)s =Y (1),

s=0

UnUy»

where J ranges over the subsets J C T of cardinality k+ 2. Also define j : F —
FY by

do = (olunu, )ien
for 0 € F(U). It is easy to show this turns j : F — F* into a complex.

Proposition 2.42. The complex j : F — F* is in fact a pure resolution of F.
Proof. The fact that j : F — F* is a resolution is well known, see [2] proposition
4.17.

We prove purity. Note that we have

|I|=k+1, z€U;

since taking stalks commutes with direct sums. Hence the map j induces

Fo— P Fe

zeUr

given by the identity on each component, which is clearly a split monomorphism.
For k > 1 consider

(FFh), 2o (FR), o (FFH,,.

We tensor with a group G to get

de.®id da®id
P rec= H FRec=S H @ FedG
|I|=k, z€Us |J|=k+1, €Uy |K|=k+2, z€Uk

Note that since d is an alternating sum, we have in fact (d, ® id)(a ® b) =
(dz(a) ®b) = dy(a®b), where the last d,, is the morphism induced on stalks by
the boundary morphism of the Cech complex with values in the constant sheaf
Fr ® G. We know this is exact since this complex is a resolution, so by [2:32] we
are done. O

We call the above resolution the Cech resolution of F.

By applying the global sections functor to F*, we get a complex I'(F*®) given

by
N(FY= @ F.
|T|=k+1

The Cech cohomology groups H (X, F) of F with respect to the covering {U; }ier
are defined to be the cohomology groups of this complex.
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Given an injective resolution F — Z°, by [2.5] the identity on F induces a chain
map i : F* — Z°, unique up to chain homotopy. This defines a canonical map

i, H¥(X, F) — H*(X, F)
for all k. It is an important theorem that i, is an isomorphism under some
conditions on the open cover {U; }ien.

Theorem 2.43. Suppose F is a sheaf on X. Suppose {U;}ier form an open
cover of X such that
HE (U7, Flu,) =0

for k > 0 and all T (we say {U;}ien is a good open cover with respect to JF).
Then the canonical map i, is an isomorphism:

i HF(X, F) = HFNX, F)

Proof. See [6] for a proof avoiding spectral sequences. O

2.4 Cup product in Cech cohomology

Let F and G be sheaves on X. Let {U;} be a good open cover of X with respect
to F, G and F ®G. Let F*, G* and (F ® G)*® be the Cech resolutions of the
sheaves F,G, F ® G. Consider the morphism

—: FHU) @ GH(U) = (Fe §)M(U)
where if K = {io,' . 'ik—&-l} and I = {io, s ,ik}, J = {ik, s 7ik’+l} then
— (c®@T)k =01 ®Ty.

We have the following identity, reminiscent of the one in singular cohomology.

Lemma 2.44. We have d — (0 @ 7) =— (do ® 7) + (=1)¥ — (¢ ® dr) for
oc®TeFHU)®GY(U).

Proof. We have

k+1
S
~ (dO' & T)K = Z(—l) O iy iy i 1105 kg1 @ Tipgr, sintit
s=0
and
k4141
k _ s
(*1) ~ (U ® dT)K = Z (*1) Tig, iy @ LT S Y |ik7"' Vik4l41
s=k
where K = {ig, - ,ix4+i+1}- When adding these expressions the last term of the

first sum cancels the first term of the last, and we're left with d — (c ® 7). O
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From this it follows that we get a cup product on Cech cohomology. Moreover,
note that by the universal property of sheafification — induces maps of sheaves
FF @G = (F®G)FtL. By the universal property of direct sums we get maps

(F® QB = (F @ G)F+!. The lemma now implies that the diagrams

d
(F @ Gkt (F @ G)ktl+t

~— ~—

(]:®g)k+l (]:® g)k+l+1

(17)

commute, since sheafification preserves commutative diagram (it is a functor).
This means precisely that the collection of these maps yields a chain map:

(FOG) T — (FRG)*

This chain map contains the information of all the cup product maps in Cech
cohomology.

We would like to be able to use Cech cohomology to compute cohomology rings,
and for this we want a natural isomorphism between Cech and sheaf cohomology
that respects the cup product. Let F — F* be the Cech resolution, and F — Z°
be a pure injective resolution. Then by purity of the Cech resolution, there is
a chain map ¢ : * — Z°*, unique up to chain homotopy. This map is a natural
candidate.

Lemma 2.45. The map ¢ induces an isomorphism on cohomology.
Proof. Choose an injective resolution J of F. Choose chain maps f : F* — J°*

and g : Z* — J°*. Now f induces an isomorphism on cohomology by and
T is flasque, so g also induces an isomorphism. Consider the diagram

(18)
Since f and g o4 both extend F*® to J°, i induces an isomorphism. O

Theorem 2.46. The natural isomorphism
i HR(X, F) = HYN(X, F)
induced by the chain map i : F* — Z°® respects the cup product.

Proof. Let i : F* — I* and j : G* — J* be chain maps of the Cech resolutions
of F,G to pure injective resolutions, extending the identity. Pick a chain map
from (F ® G)® to a pure injective resolution K® (which is possible since it is
pure), and do the same for (Z ® J)*. Consider the diagram
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~—

(-F®g)’.1‘ot (F®g).
1®]
(I® j)’.l“ot — K:.

(19)

Here the lower — is the up to homotopy unique chain map inducing the cup
product in sheaf cohomology.

As was discussed above, the upper — is a chain map. It follows that all directions
in the diagram extend the pure resolution (F ® G)%., to the pure injective
resolution K®, so the diagram commutes up to homotopy. Taking global sections,
we obtain commutative diagrams

L(F*) @ (G I(FF @ Gh I((F® G)kth
iQj i®j
I(T) @ T(J) DT @ ') ——— T

(20)

As i and j and also the vertical map on the right induce natural isomorphisms
on cohomology by [2:45] passing to cohomology we get the commutative diagram

~—

H¥(X,F) @ HY(X,G) H(X, F® Q)
HE(X, F) @ H (X, G) — s HF!(X, F & G) o
as desired. O

2.5 Some computations

In this section, we will do some explicit computations of cohomology rings us-
ing Cech cohomology. We will give an example of two spaces that have the
same cohomology groups, but a different cup product, whence they cannot be
homotopy equivalent.

We first compute the cohomology of the real projective plane X = RP?, which
we will denote by P2. We construct an open cover of S?. Choose an equator and
cover it by four open bands of the same size. Then cover the open hemisperes
perpendicular to this equator by two opens, in such a way that these opens don’t
meet. This yields a cover {U; };e; with I = {0,1,2,3,4,5}. This is a good cover
with respect to Z and Z/27Z of S? in the sense of [2.43|since al intersections of
opens in this set are empty or contractible. Note that the Z/2Z = (p) action on
52 permutes these opens in such a way that pU; NU; = @ for all i € I, so taking
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the images of the opens in this cover under the covering map p yields a good
open cover {V; };cr with respect to Z and Z/27Z of P2, where now I = {0,1,2}:
while the non-empty intersections are not contractible, they consist of finitely
many contractible components.

We will compute the cohomology with coeflicients in the constant sheaves Zx
and Z/27Z , There are 6 components in the twofold intersections in this open
coverwihiéil we call a,b,c,d, e, f and 4 different components in the threefold
intersection which we call S, T, R,U. The following diagram illustrates this:

1

2

2 1

f
X T /
e S 0 R e
/ U X
f
If we take coefficients in Zx, complex of the global sections of the Cech complex
is
73 A 78 By 7t o,
with dual bases of the basis {0, 1,2}, {a,b,¢,d,e, f}, {S,T, R,U}. Writing out
the boundary maps, we see that with respect to these bases we have

-1 1 0
-1 0 1
-1 1 0
A= -1 0 1
0o -1 1
0o -1 1
and
1 0 0 -1 1 0
1 =10 0 0 1
B= 0 -1 1 0 1 0
0 0 1 -1 0 1
As expected we have
§ 1
HY(P?,Zy)=kerA=(|1])=Z
1
Moreover we have
1 0
0 1
. 1 0
im A= ol 11 y = ker B
-1 1
-1 1
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so HY(P%,Z)x = 0.
Now consider the surjective homomorphism Z* — Z/27Z given by

(a:i)?zo — Z x;(mod2)

=0

It is easily seen that im B (the subgroup generated by the columns of the matrix
B) is the kernel of this homomorphism. Hence by the isomorphism theorem we
conclude

H%(P?,Z) = Z*/im B = 7./27.

Because H!(P?,Z) = 0, the cup product structure is not very interesting: it is
just multiplication within Z = HY(P?,Z), and trivial on Z/27Z = H2(P?,Z), i.e.

H*(P?%,2Z) 2 Z[a]/(a?, 20),

with o the generator of H?(P?,Z).

For this reason we now take coefficients in Z/27Z, because in this case we get
a more interesting structure. The groups now become Z/27Z modules and the
morphisms Z/2Z module morphisms: the coeflicients of the matrices lie in Z/27Z.
The exact same arguments as above apply to show that

H°(P?,Z/27) = 7./27, A% (P?,7,/27) = 7./ 2.

However, we have that in this case

1 0 1 1 0
0 1 1 1 1
. 1 0 1 0 1
1mA*< 0 ) 1 >,keI‘B—< 1 9 0 ) 0 >
1 1 0 1 0
1 1 0 0 1
Note that
1 0 1
0 1 1
1 0 1
ol 117 |1
1 1 0
1 1 0
and
1 0 1
1 1 0
0 1 1
ol Tlo| = ol
1 0 1
0 1 1
SO
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H'(P",Z/2Z) = 7./27. = {

O OO ==
~

Taking the product of the generator with itself we get

2

OO ==
O = O
OO O =

1
1
0
0
1
0
which is the generator of H?(P
we have

" 7/27). Hence the product is not trivial, and

H* (P, 2/22) = (Z/2Z)]a] /(o)
where « is the generator of H!(P", Z/2Z).
Now take X = S? Vv S1. Note that
H*(S% v S',Z/27) =~ H*(S, Z/2Z) & H* (S", Z/27)

which shows that ‘ghe cup product structure is trivial, since it is trivial on
H*(S%,Z/27) and H*(S',Z/27). This means that while S? vV S* and P? have
the same Z/2Z-cohomology groups, the cup product allows us to distinguish
them.
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3 Comparison sheaf cohomology and singular co-
homology

In this section, we follow [2] to compare singular cohomology with sheaf co-
homology, but we provide much more details. We also show this isomorphism
respects the cup product. We start with a definition of a property of topological
spaces that turns out to be crucial in the proof.

Definition 3.1. Let X be a topological space. An open cover {U,};cs is called
locally finite if for every x € X there is an open U containing = such that

#{ieI1:UNU; # 0} < .

A topological space X is called paracompact if every open cover {U;};c; has
a locally finite refinement. Finally, a topological space X is called hereditarily
paracompact if every open subset U C X is paracompact.

This condition admittedly looks a bit strange at first glance. However, the class
of hereditarily paracompact spaces contains the class of manifolds, since mani-
folds are paracompact and every open subset of a manifold is itself a manifold.

Theorem 3.2. Let X be a locally contractible, hereditarily paracompact space.
Then we have a natural isomorphism

HY(X;Z) —» HY(X, Zy)

with singular cohomology on the left hand side and sheaf cohomology on the right
hand side.

In [2] the paracompactness assumption is omitted. Then, however, there is a
problem in the proof which cannot be fixed. The theorem is true without the
paracompactness assumption, see [4], but a different and much more complicated
approach is needed. We give the proof for the theorem with the paracompact-
ness assumption, and comment on what goes wrong in the proof without this
assumption.

Consider the chain complex of presheaves given by the singular chain groups
Cle(U;Z) for U C X. Since C¥,,,(U;Z) consists of functions from n-simplices
to Z, it is a flasque presheaf. Let C* denote the sheafification of CJ,,.
We construct the isomorphism as follows. We first show C*® is a resolution
of Zx. Then we show it is in fact a flasque resolution, so it computes the
sheaf cohomology of Zx. Finally we show the sheafification map induces an

isomorphism on cohomology.

Proposition 3.3. The complex Zx — C* is a resolution.

Proof. For x € X and k > 1, consider the sequence

=1y 08 'k o8 k1
(Coing )z = (Cging)z —> (Cgiiy )z

sing sing sing

Since the C* form a complex, 92 = 0. Suppose o, € ker d*. Then since x has
a basis of neighbourhoods consisting of contractible spaces, we can represent
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oz by o € Csking(U ) with U contractible. Since contractible spaces have trivial

singular cohomology in dimension k£ > 0, the sequence

k-1 Tk O Akl
(Osing )(U) E— (Csing)(U) — (Cm:g)(U)

is exact. By replacing U with a smaller contractible open containing x if nec-

essary, we can assume 0F¢ = 0, so o € im 9*~!. Taking stalks, we see that

o, € im 01, hence the sequence of stalks is exact. Since sheafification pre-

serves stalks, we conclude that the complex C* is exact at C* for k > 1.

It remains to show that 0 — Zy 2y 00 2 1 s exact. We proceed like in
the previous case: we show that 0 — Z, (U) & €2 (U) & CL_(U) is exact

sing sing
for U contractible, we conclude that the sequence is exact at stalks, hence the

conclusion follows for the sequence of sheaves.

So it remains to show that

0= Z(U) % Clug(U) % Cling (U)
is exact for U contractible. It is clear that j is injective: it is the map which
embeds constant functions on U (since U is contractible) in the space of arbitrary
functions U — Z. Clearly constant maps map to 0 under 9, so doj = 0. Suppose
moreover that for o € Cging(U ) we have do = 0. Since U is contractible and
thus path connected, there exists a path between every two points zg,z1 € U,
i.e. there exists a 1-simplex A with boundary points zg,z1. So if (o) = 0
then d(c)(A) = 0, hence o(xg) = o(z1). This shows that ¢ is constant and we

conclude o € im j. O

To show Zy — C* is a flasque resolution, we need the following lemma. Note
that a presheaf F is a sheaf if and only if it satisfies the following axioms:

e (Unicity) Let U C X be an open with an open covering {U;}icr. Let
o € F(U). Then o|y, =0 for all i € I implies o = 0.

e (Glueing) Let U C X be an open with an open covering {U, };c;. Suppose
there are sections o; € F(U;) such that for all 4, j € I we have o;|y,nv;, =
v.nu;- Then there exists o € F(U) such that oy, = o; for each i.

9j

Lemma 3.4. Suppose X is hereditarily paracompact and suppose F is a presheaf
on X which satisfies the glueing axiom. Then the maps

FU)— FHU)
induced by sheafification are surjective.

Proof. See [3] proposition 1.13. O

Remark 3.5. The assumption that X is hereditarily paracompact (or some
other assumption) is necessary here: see [4] or [5] for counterexamples when
this assumption is omitted.
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In [3], theorem is stated without the paracompactness assumption, but in
the proof lemma is used; maybe this is the source of the confusion in [2].

We continue with the proof. Denote by Ck (U)o the set of cochains that
restricted to some open cover are 0, i.e.

CE (U)o={p¢c SIIlg( )|3 open cover U with ¢|yy =0 for all V € U}.

sing

This is the kernel of the map CE  (U) — C*(U) induced by sheafification. So

sing

by [3.4] we have the following corollary.

Corollary 3.6. We have natural isomorphisms
smg( )/ smg( )0 = Ok(U)

From this it follows immediately that C* is flasque as the quotient of a flasque
presheaf. So Zy — C® computes the cohomology of Z. The only thing left to
show is that the map

Cfmg( ) - Cskmg( / smg( )

induces an isomorphism on cohomology.

Let U be an open covering of X. Define C¥(X) to be the subgroup generated
by k-simplices ¢ in X with image contained in some V' € Y. Then proposition
2.21 in [1] says that the map

i:CY(X) — Cr(X)

induced by the inclusion is a chain homotopy equivalence. The proof uses the
technique of barycentric subdivision. Hence the dual map

1 Cling(X) = (CHp)" (X)

sing sing
is also a chain homotopy equivalence. To see this, take duals in the relation
—id=0P — P0
with the map p of 2.21, [I], to obtain
pit —id=9*P* — P*0"
so P* is a chain homotopy between p*i* and id. In the same way ¢*p* is chain

homotopic to id.

The kernel of i* is exactly (CY%,,)*(X)o, the set of cochains that restricted to U

sing
are 0. Taking cohomology in the sequence

(Ca) " (X)o = CLug(X) = (CHp)" (X)

sing sing sing

yields H*((CY )(X)o) = 0 for all k.

sing

Note that {( mg)k( )o}u is a directed system partially ordered by inclusion
(there is an inclusion (Csbfng) (X)o — (Cs‘fng) (X)o if V is a refinement of U). It
follows that the direct limit of this system is equal to the union of the system,
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which is equal to Cs’“mg( )o. Since (co)homology commutes with taking direct

limits, we conclude
Hk((csing)(X)O) =0.

for all k. Now taking the long exact sequence of singular cohomology associated
to the short exact sequence of complexes

0— (CSiIlg)k( ) Csklng( ) - Osklng( )/ ilng( )0 —0

shows that the quotient map induces an isomorphism on cohomology, which
concludes the proof.

Remark 3.7. Note that we could have used any abelian value group G instead
of Z and the same proof would have worked.

We turn to the cup product. Let A be an abelian group. Let Cing(A)® be
the complex of presheaves with sections the singular cochains, and C(A)® the
associated complex of sheaves, where we take values in A. To prove the natural
isomorphism between sheaf cohomology and singular cohomology respects the
cup product, we take the same approach as with Cech cohomology: we prove
that Ay — C(A)® is a pure resolution, after which we deduce the desired
compatibility in more or less the same way.

Proposition 3.8. The resolution Ay — C(A)® is pure.

Proof. The group C’S"ing(U ; A) consists of maps of the free abelian group C(U)
generated by the k-simplices in X into A. Since giving a homomorphism from a
free abelian group into another group is equivalent to giving images on a basis,

we can interpret it as a product

smg H A

where o ranges over the k-simplices in U Tensoring with a group B of finite
presentation now gives isomorphisms

Ch (U A)® B = HA@BNHA@B Ck (Ui A® B)

where the middle isomorphism is due to[2:35] This isomorphism respects bound-
ary maps and restrictions, so we get a chain isomorphism between (Cying(A) ®
B)* and Ay ® B = Csing(A ® B)®. Arguing like in the previous section, the
second complex is exact on contractibles, so under our assumptions it is exact
at stalks. So the same holds for the first complex, from which it follows that the
complex of stalks associated to the complex Cging(A)® is pure. But this is also
the complex of stalks associated to the complex C'(A)®. Hence C(A)® is itself

pure by
Also the embedding Ay — CY(A) is pure: on presheaves, for U contractible it
is the embedding

A=A

zeU

given by [[,c, id which is clearly split. Again, it is pure at stalks, from which
our claim follows. O
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We need the following lemma to show the cup product on presheaves induces a
map on the corresponding sheaves.

Lemma 3.9. The sheafification of the presheaf with sections Csking(U;A) ®
1 . vk 1

Csmg(U,B) is C*(A) @ C*(B).

Proof. We use the description of sheafification in terms of compatible stalks,
namely: the sheafification of a presheaf F is given by the sheaf F# with sections

]:#(U) = {(su) € H F. such that *}
uelU

where * is the following property: for every u € U there exists an open V with
uw €V C U and a section o € F(V) such that o, = s,, with o, the image of o
in F,. See also [13].

Since sheafification preserves stalks and taking stalks commutes with tensor
products, the description this gives for (C*(A) ® C'(B))(U) is the subset of

H (Csklng)x ® (Céing)&C

zeU

such that for every u € U there exists an open V with u € V' C U and a section
o € C*(U;A) ® CY(U; B) such that o, = s,. But sections in C*(U; A) and
CY(U; B) are locally equal determined by the presheaves C’Sking(A) and Céing(B),
so this is the same as requiring that for every u € U there exists an open
V with u € V C U and a section o € Ck (U; A) ® CL,.(U; B) such that
0w = Sy4. This is the description of the sheafification of the presheaf with
sections C%,, (U; A) ® CL,,,(U; B). O
Let A and B be abelian groups. Note that the maps on singular cohomology

—: Ck (U;A)® C!

sing sing

. k+l1 .
(U7 B) — Csing(U’ A® B)
which induce the cup product, by the universal property of sheafification and
lemma [3.9] induce maps of sheaves

—: CF(A) @ CY(B) - C*(A® B)

and the cup product is completely determined by these maps. By the universal
property of direct sums we obtain maps (C(4) ® C(B))kH — CH(A® B) and
the same way as in Cech cohomology, lemma implies that these form a chain
map

(C(A4) ® C(B))to, — C(A® B)*,

which contains the information of all the cup product maps in singular coho-
mology.

By the argument in lemma the up to homotopy equivalence unique chain
maps i4 : C(A)®* — I and ip : C(B)®* — I} to pure injective resolutions of
Ay and By induce natural isomorphisms on cohomology. Let K°® be a pure
injective resolution of Ay ® By, which by the proof of lemma [3.9]is equal to
(A® B)x. The diagram
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(C(A) @ C(B)) Yot C(A® B)*
14 ®ip
(IA ®IB)%‘ot = Ke

(22)

where the arrows are the canonical ones, commutes since all directions extend
the pure resolution (C'(A4) ® C(B))%, to the pure injective resolution /C°®. Since
the vertical maps induce natural isomorphisms on cohomology, the horizontal
maps induce the cup product on respectively Cech and sheaf cohomology, and
the sheafification map C%,  (A) — C*(A) induces an isomorphism on cohomol-
ogy, we conclude that the diagrams

H*(X; A) ® HY(X; B)

HE (X A ® B)

~ ~

HY (X, Ay) ® HY(X, Bx)

commute.
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